
































Torsion of a Circular Shaft With Diametri- 
cally Opposite Flat Sides 


By W. J. CARTER! ano J. B. OLIPHINT,? AUSTIN, TEXAS 


The solutions for torsional stress and torsional stiffmess that of Fig. 1. A net spacing of '/\er was used. The results are 
of circular shafts with flat sides which are presented in this given in Table |! 
paper have been obtained by means of the relaxation tech- 
nique. The solutions for both shear stress and torsional FABLE 1 VALUED OF MAEDA SaEAS Graaes AND 
stiffness are given for four ratios of flat side dimension to , janis ait 
diameter of the shaft. The stress for a very small flat has r ‘ —_ M, 
been obtained by use of a hydrodynamic analogy to the 8. ¢ 1.34 Géu 1.357 Ger+ 
torsion problem. A comparison of the results obtained is 
made with those given by Okubo. 1. 57 Go 1.076 Gore 

1.71 Geu 0.733 Gers 


INTRODUCTION 
1. 86 Géw 0. 438 Géer+ 


HE problem of the elastic torsional behavior of prismatic al 
bars has been studied extensively by many investigators 


Saint Venant showed that all such problems may be re- It is believed that the values for the maximum shear stress 


duced to a solution of Poisson's equation over the cross section Tmax, and the values of the torsional stiffness given in Table 1 are 

accurate to within 2 or 3 per cent. The maximum stress in all 
vy = ory ory _ 2G6 cases is found at the center of the flat side 
oz? oy? 

where @ is the unit angular twist of the bar in radians, G is the 

shear modulus of the material, psi, and y is the stress function 

for the cross section. The shear stress is the gradient of the “y 

surface,” that is, the shear stress is OW /On, where n is the dire 

tion normal to the boundary. The contour lines of the y- 

surface are lines of shear stress direction. The torsional stiffness 

of the cross section M, is given by the expression 


M,=2S S fdr dy 


The exact solution of Equation [1] has been obtained for only 
4 comparatively small number of cross sections, circles, ellipses 


equilateral triangles, and so forth. The shear stress and torsional 


stiffness of most sections must be obtained either by some sort of 
spproximate solution or by a numerical solution of Equation [1 
The relaxation technique has been employed by the authors in 
obtaining the solution for cross sections of the type shown in Fig 
l The relaxation te hnique has been discussed in great detail 
elsewhere (1, 2)? and consequently will not be described here. 


MAXIMUM SHEAR Srress aNp TorsIONAL Stirrness OF Fiat- 
TENED SHAFTS 


The cross sections for which solutions were obtained are like 
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Fig. 2 shows the values of Tmax plotted versus a. For com- 
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Okubo’s results were obtained by the use of an approximate solu- 
tion employing a variation of the technique given by Shepherd 
(4). Itis seen that the agreement is very good. For values of a 
greater than 60 deg, Tmax for the flattened shaft is essentially the 
same as for a rectangle which would enclose the flattened shaft 
the rectangle is shown by dotted lines in Fig. 1). 

The determination of Tmax for small values of a by the relaxa- 
tion method would be much more laborious than for the cases 
listed. 
spacing, thus multiplying the number of operations te be per- 
formed. 
small irregularity such as a small flat or a small keyway radius is 


Such solutions would require the use of a much finer net 
This difficulty is always met when the behavior near a 
to be investigated by the relaxation method 


TORSIONAL STRESS FOR SMALL FLATS BY 


HypropYNAMIC ANALOGY 


CALCULATION OF 


Greenhill (5) has shown that the stress function y is mathe- 
matically identical with the stream function of the motion of an 
ideal fluid circulating with uniform vorticity in a tube of the same 
The velocity distribution in the 
hydrodynamical model is mathematically identical with the shear 


cross section as the twisted bar. 
distribution in the twisted bar. For the case of a circular shaft 
with a sma!] semicircular groove parallel to the axis of the shaft, 
the maximum flow velocity around the groove in the tube would 
be approximately twice the flow velocity on the tube wall far re- 
moved from the groove. It then may be concluded that a small 
semicircular groove very nearly doubles the maximum shearing 
strevs in a shaft 

The fluid velocity increase across a small flat on the tube wall 
can be determined as follows: (a) The ideal fluid flow around a 
nonrotating circular cylinder can be transformed by the Karman- 
Trefftz transformation (6) into the flow around a biconvex air- 
foil at zero angle of attack; (b) the flow around the biconvex airfoil 
can be transformed by the bilinear transformation into a flow 
pattern corresponding to the flow over the tube wall and flat. It 


should be noted that such a scheme would be valid only for small 
flats, since the airfoil flow satisfies Laplace’s equation and will 
have a singularity at the center when transformed to the circle. 
The Ka&rmén-Trefftz transformation which transforms the flow 
around a nonrotating circular cylinder into the flow around a bi- 
convex airfoil at zero degrees angle of attack is of the form 
+ a)? + ({ — a)? 


(¢ a)? 


The Z-plane is the plane of the flow around the biconvex airfoil 
and the ¢-plane is the plane of the flow around the circular cylin- 
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der, Fig. 3. 21 a/m). 
If V is the free-stream velocity far removed from the airfoil, it 


The exponent p has the value p = 


may be shown that the maximum flow velocity on the biconvex 
airfoil is 


4) 
where if is the velocity at the center of the biconvex airfoil For 
this special case 

Pipe = 2a?® 
pa 


for small a 
cos a 


for small a 


[6] 


The complex transformation which maps three distinct points 
Z;, Zz, and Z; into any three desired points w,, w2, and w; that are 
distinct is known as the bilinear or Mobius transformation. This 
transformation is 


ZitZe Z 
Zs Z2 Z:) 


u wW, )( We Ws) Z 


w) (Z 


w Ws) We 


In this instance it is desired to transform Z; = i into w, = 1, Z: = 





th into w. = 0, and Z; = 1 into w; = 1. Such a transforma- 
tion will map the upper portion of the biconvex airfoil into a 
straight line corresponding to the flat and the center streamline 
approaching the biconvex airfoil into a circle corresponding to the 


tube wall, Fig. 4. 





CARTER, OLIPHINT—TORSION OF CIRCULAR SHAFT, DIAMETRICALLY OPPOSITE FLAT SIDES 


The maximum fiow velocity across the flat is found by multi- 
plying Equation [7] by (dZ)/(dw). A differentiation of Equation 
[5] vields 


o 
GOr(1 ; a‘) 
— = (15 


a’ 
! ) 
dZ " (Ze Zs Ze Zu ws) ( rr r? 


du w Ws { We w, XZ; Zz; 
Equation [15} has been used in drawing the curve for Tmax for the 
and upon substitution there results portion of the curve in Fig. 2 from a = Odegto a = 7.5deg. It 
should be noted that @ must be expressed in radians for sub 
dZ , stitution in Equation [15 
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Optimum Single Propellers in Radially 
Varving, Incompressible Inflow 


By FRANK LANE,? STATE COLLEGE, PA 


The Betz process for minimizing the energy loss of single 
propellers is extended to the propeller operating in radially 
varying inflow, with a view toward the development of 
optimum stern propulsion for bodies of revolution. As- 
suming the usual lifting-line treatment of the propeller 
blades, an application of the isoperimetric problem in the 
calculus of variations is directed toward minimizing the 
energy loss while maintaining constant total thrust. Re- 
sulting expressions describe the optimum radial distribu- 
tion of induced velocity in terms of an undetermined mul- 
tiplier. The magnitude of the required total thrust, in 
turn, fixes the value of this multiplier, making the solu- 
tion determinate. Inclusion of blade-profile drag at a 
later point in the development serves to determine an op- 
timum propeller diameter for minimum over-all energy 
loss. The method gains in accuracy as the ratio of blade 
number to advance ratio increases, due to an approxi- 
mation in the relation between the circulation and in- 
duced velocity. 
rn the 


The following nomenclature is used paper 


B number of blades 
section drag coefficient 
section lift coefficient 
orrection factor for finite blade number 
advance ratio based on reference length J; V»/ni = J 
reference length; some characteristic length of the ir 
flow velocity function 
propeller rotational speed; revolutions per second 
(rps) 
useful power, neglecting blade-profile drag 
nput power, neglecting blade-profile drag 
useful power including profile-drag effect 
input power including profile-drag effect 
torque 
local radius 
tip radius of propeller or of trailing vortex sheets 
thrust 
velocity of advance of propeller relative to undisturbed 
fluid 
variable axial inflow velocity, a function of relative 
radius, r/l 
resultant of relative incident and induced velocities 
induced velocity 
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aXial component of u 
tangential component of u 
circulation or bound vorticity per blade 
circulation per blade as B —~ 
? ingle between resultant velocity V,, and plane of pro 
peller 
® = value of ¢ at outside radius of propeller or vortex sheets 
p = fluid density 
® = prope ler angular velocity; radians per sec ond 
\ = Lagrange undetermined multiplier 
€ = arctan (C,/C, 
n = efficiency, Puse/Pin, neglecting profile drag 


Na = efficiency, Puseig)/Pinig, including profile drag 


Subscripts 


a axial component 

h = hub 

d = including drag 

( = tangential component 


ultimate wake 


INTRODUCTION 


The conditions on induced-velocity distribution and bound 


wting in an undisturbed 
Betz, Prandtl, 
well-known requirement 


ticity 


for the optimum propeller 
luid have been developed to a high degree by 


and Theodorsen pais The 


trailing 


(Goldstein 
hat for maximum efficiency the vortex sheets move as 
~olid helicoids under the influence of their own induced velocities 

us derived first by Betz under the restriction of light loading 
ind extended later by Theodorsen to include the case of moder- 


ite loading. Circulation functions corresponding to this opti- 
mum distribution of induced velocity were developed by Prandt! 
ind Goldstein. This paper describes an extension of the opti- 
nizing process to propellers operating in axially symmetric, non- 
iniform inflow, such as might be encountered in the wake of a 


body of revolution. Given a prescribed inflow and required 
values of thrust and operating advance ratio (based on some char 
icteristic dimension of the inflow rather than on the usual pro 
whereby the 


col responding bound vor 


peller diameter 1 method is presented optimum 


induced-velocity distribution and the 
Moreover, 


blade-profile drag fixes an optimum propeller diameter for mini 


ticity function may be derived consideration of 


mum total energy loss. Certain assumptions are introduced 


luring the optimizing process in order to simplify the develop 


nent, but a final re-evaluation of the resulting formulas justi 


fies these earlier assumption 
Metuop or SoLution 


OUTLINE OF PROBLEM AND GENERAL 


Fig. 1(a) illustrates the axial component of a radially varying 
mit eine 
1919 


Schraubenpropeller mit geringstem Energieverlust; 

Zusatz von L. Prandtl,”’ by A. Betz, Goettinger Nachrichten 

Reprinted in Prandtl and Betz, “Vier Abhandlungen zur Hydrod 
amik und Aerodynamik,’’ Géttingen, Germany, 1927. 

On the Vortex Theory of Screw Propellers,”” by S. Goldstein 
Proceedings of the Royal Society of London 
123, 1929 pp $40. 465 

Theory of Prepellers 


Ine., New York, N.Y 


England, series A, vo 
lr. Theodorsen, McGraw-Hill Book 


pany 1948 
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The 


with respect to which all velocities will be 


inflow relative to the plane in which a propeller is to operate 
reference velocity Vo, 
made dimensionless, represents the velocity of advance of the 


propeller relative to the undisturbed fluid. The reference length 
| may be taken as any characteristic length of the velocity dis- 
tribution or of the body causing the disturbance. Only the axial 
component V of the symmetric inflow is considered in the present 
is effective 


development, since the radial inflow component 


Axis of Symmetry 


AxtaL CoMPONENT OF INFLOW VeLociTty RELATIVE TO 


Prope_ier PLANe 





Fie, 1 Biape-ELeMent Vevcocrry Diagram 


chiefly in increasing the wake contraction. The wake-contraction 
effect, in turn, is minimized by expressing the circulation function 
in terms of the ratio of local radius to the radius of the outer edge 
It must be assumed, however, that the 
radial inflow component is small relative to the axial inflow. It is 
assumed further that the major portion of the velocity defect 

Vo V’) in the inflow is frictional in origin and that the departure 
of static pressure from its free-stream value is relatively small 


of the trailing vorticity 


This implies that the increase in axial velocity downstream is 
brought about almost entirely by propeller action rather than 
by any potential velocity regain which would oecur even in the 
absence of the propeller 

typical dimensionless blade-element 


The induced ve- 


Shown in Fig. 1(b) is 
velocity diagram at some relative radius r/1 
locities, shown as dimensionless quantities, are dependent upon 
the degree and type ol loading to which the propeller Is subjected 
Optimizing propeller efficiency resolves itself into the determi 
nation of the most favorable radial distribution of these induced 
velocities and of the corresponding circulation function 

Proceeding from the incident flow conditions just described 
the method of optimizing Is as follows: Expre ssions for thrust, 
torque, power input, and useful power are developed in terms 
of general distributions of 
ity after replacing each blade by a lifting line of bound vorticity. 
With the aid of Prandtl’s relation between induced velocity and 


induced velocity and bound vortic 


bound vorticity and with the usual geometrical restrictions on 
induced velocities, the integral expressions for useful power and 
input power are rewritten in terms of induced-velocity compo- 
nents. An application of the calculus of variations is then di- 
rected toward minimizing input power while holding constant 
the thrust or useful power 
a radial distribution of induced velocity for optimum efficiency 


The resulting expression prescribes 
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The introduction of blade-profile drag is postponed until a later 
stage where it is useful in determining the most favorable propeller 
diameter for minimum total energy loss. 


EXPRESSIONS For Turust, Torque, anv Power 


Keeping the induced-velocity and bound-vorticity functions 


perfectly general for the moment, we can express the total thrust 


and torque of a B-bladed propeller, neglecting friction, as follows 


Th r=vitee [- * (“ : ) :(") (1) 

1 =t 2/2, « | 

7 . / Vai Ve l 

' ' , } "Ry 7 ( V + w, F r I2 
orque ( l j r 2) 
rqu r pp / ry ] Vy (: 


Thes 
radius from hub to tip 


integrations are carried out over the extent of the blade 
Useful power is given by the product of thrust 7’ and advance 
, while input power equals the torque Q multiplied by 
angular velocity w. 


velocity } 


The optimizing problem consists in minimizing the input power 
In order to 
perform this operation, it is necessary to determine functional 
relations between circulation and induced velocity as well as the 


while maintaining constant useful power or thrust. 


relation between the induced-velocity components themselves 


CIRCULATION FUNCTION INDUCED 


Vevociry 


RELATION BETWEEN AND 


For a fictitious infinite-bladed propeller, the relation between 
circulation or bound vorticity I, and induced velocity is given 
directly by elementary considerations of vortex continuity and 
Stokes’ theorem. 
approaches infinity is 


The expression for circulation per blade as B 


Sea im f/r\ u 
; 3] 
Vo B (;) Vo 

where w, is the tangential component of induced velocity at the 
propeller plane. This component builds up to its ultimate value 

of 2w, immediately downstream from the propeller plane 
For single propellers operating in undisturbed fluid two meth- 
ods are available for extending the infinite-blade circulation func- 
tion to the case of a finite blade number. Goldstein‘ solved the 
exact potential problem for a system of rigid helicoidal laminae in 
. uniform axial flow. This corresponds physically to the solution 
for a finite-bladed propeller with the Betz-type optimum induced- 
velocity distribution 
propellers operating in undisturbed fluid, proves to be too cum- 
bersome to handle in the optimizing process, and is no longer 
exact for the condition of nonuniform inflow with its rotational 
Prandtl in an earlier treatment, derived an approxi- 
mate relation between circulation and induced velocity, the ap- 
proximation becoming more exact as the ratio of blade number 
This relation also applies only to the 
Betz-type induced-velocity distribution and was, of course, de- 
rived for the case of the propeller in an undisturbed fluid. In 
view of its susceptibility to an application of the variational cal- 
culus, Prandtl’s approximation is chosen for the present optimiz- 
The use of this relation in radially varying in- 
flow will be justified later. The results of Prandtl’s work may be 
expressed in terms of a single factor F, by which the infinite- 


Goldstein’s solution, while rigorous for 


haracter. 


to advance ratio increases, 


ing treatment 


bladed circulation function is multiplied to allow for the effect of 
Thus 


finite blade number 


= FT* 
, 4n 
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: [GI 


are cos exp - 
2 sin %, 


Here r/R denotes local radius divided by tip radius, and ® is the 
angle @ evaluated at the tip radius. The subscript u is employed 
in Equation [5] to indicate that the quantities (r/R), and ®, 
must be evaluated in the ultimate wake, or sufficiently far down- 
stream for the induced velocities to have attained their ultimat« 
values. Assuming, however, that any wake contraction will be 
nearly uniform, r/R at the propeller plane will be closely equal to 
(r/R), at the corresponding point in the ultimate wake, ie., on 


the same trailing vortex element. Thus 


(1), = (x) 


for the same trailing vortex element 
>, of the angle ¢ at any radius may be evaluated closely by mak 
ing the usual assumption that both w, and w,, the axial and tan 
gential induced-velocity components, respectively, increase by 
factor of 2 from the propeller plane to the ultimate wake. 

The application of Prandtl’s finite-blade correction factor to 


The ultimate wake value 


propeller operating in a nonuniform inflow requires some justi 
fication. A close scrutiny of Prandtl’s development indicates 
that three conditions are necessary in order to apply the result- 
with any degree of confidence: (1) The vortex sheets downstream 
from the propeller must move as rigid helicoids under the influ 
ence of their own induced velocities. (2) The quotient B/J/ 
must be large in order that Prandtl’s approximation to the flow 
ubout the vortex-sheet edges approach the true solution. (3 
The form of the 
toward the propeller-blade tips in order to approximate effec 
tively the conditions of Prandtl’s two-dimensional flow mode! 
The requirement of high B/J, values is entirely compatible wit! 
high efficiency, since induced tip losses decrease as B/J, increases 
Restriction to low velocity-gradient magnitudes in the propeller 
tip region is consistent with normal wake forms for bodies of 
revolution and with the relative propeller diameters R/l which 
The requirement that the 


inflow-velocity function should be fairly fla 


result from the present development 
vortex sheets move as rigid helicoids in the ultimate wake can onl) 
be assumed to bold for the present. Fortunately, it will appear 
later from the results of the optimizing treatment that this con- 
dition is met fairly closely when the propeller operates with it- 
optimum distribution of induced velocities. Hence we proceed 
in the development with Equations [4] and [5] 
necessary relation between circulation and induced velocity 
Under the assumption that w, and w, increase by a factor of 2 
from the propeller plane to the ultimate wake, we may write 


providing the 


1 
tan ®, = tan 6. = 
r/R=1 


Ww 


i-quation [7} must be regarded as arising from a hypothetical ex- 
tension of conditions at the propeller into an idealized ultimate 
wake for the sole purpose of applying the Prandtl! correction fac 
tor. Discrepancies in the angle ®, due to the assumptions in- 
volved in Equation [7] are minimized in the determination of / 
by the form in which this angle appears in Equation [5] 
SOLUTION OF THE ISOPERIMETRIC PROBLEM 


Using the relation between circulation and induced velocity 
the expressions for useful power and input power may be written 


eR 
Pa = vere f ir 
ra 
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' "Re r w, <( + “*) (7) ; 
V32p in =F — . d 19 
ai LVo Vo J l 
It is important to note here that the finite blade factor F is inde- 
pendent of local induced velocities at radius r, but depends oniy 
upon tip values of induced velocity in so far as these affect the 
angle ®, 

The immediate aim of the optimizing process is the develop- 
ment of some relation between the induced-velocity components 
whereby the input power may be minimized while useful power 
is held constant. This may be expressed formally in the notation 
of the calculus of variations as 


* [dP dPruse r 
fa A Ja/ ) 0 10 
d(1 d(r/l l 


Here 6 denotes variation and A is the Lagrange undetermined 
multiplier. If we express the bracketed portion of Equation [10 
entirely in terms of relative radius r/l and one quantity which is 
i function of r/l, the formal solution of Equation [10] will pro- 
vide the conditions on this function necessary to satisfy our op- 


timizing relation. We choose the tangential induced-velocity 


omponent w, as the function of r/l most easily handled, and ex 
press the input and useful power integrands entirely in terms of 
r/land w{r The circulation function I is already in the re- 
It remains to express the axial induced-velocity 
component w, This 


Is accomplished by following the usual assumption that the total 


quired form 
in terms of the tangential component w, 


induced velocity w, is closely normal to the resultant velocity 
. in the wake 


is expressed as 


ultimate The requirement that w, be normal 
| 
tan @, 


r 


Ou 


Now the operation indicated by Equation [10) may be performed 


in the following manner 


BY (2: G wt) 


ow, | d(r 
wr ft ) ’ t 
Pp — : : 14 
Vo 
; F = u wr iw, is 15 
Vo Lwr 2u wr 2w,/\V + 4w, 


Equation [15] is the desired relation, indicating that the quantity 
on the left must remain constant over the radius of the propeller 
blade for optimum efficiency It can be shown, further, from this 
relation that the assumption of rigid helicoidal motion of the 
vortex sheets in the ultimate wake, under the influence of in- 
duced velocities, is quite closely approximated for values of w, 
ind w, which are reasonably small relative to the reference ve- 
locity Vo. This serves as justification for the use of Prandtl’s F- 
factor for nonuniform inflow in the present case 


APPLICATION OF OptTiMIzING EQUATION TO PROPELLER DESIGN 


Equation [15] merely places a condition of constancy on the 
left-hand expression, the magnitude of this constant depending 
on the value of the undetermined multiplier A. The problem 
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becomes determinate, however, upon the specification of a re- 
quired value of total thrust. For any fixed value of A, Equations 
[12] and [15] may be solved simultaneously for w, and w, at any 
relative radius in terms of the radius itself and V, which is a 
known function of relative radius. Choice of a propeller (rela- 
tive) tip radius R/I will then allow the computation of the blade 
factor F, and ultimately the value of the thrust integral. It is 
thus found that for each of a range of possible values of A, a cor- 
responding relative tip radius will provide the required thrust 
This suggests immediately the possibility of carrying the opti- 
mizing process one step further and determining an optimum rela- 
tive tip radius. The logical approach is to find several combi- 
nations of A and R/l each of which provides the required thrust, 
plot efficiency as a function of R/l or A, and choose the peak of 
the efficiency curve Actually, however, unless profile drag is 
incorporated into the expressions for thrust and power, only a 
lower limit on #/! will arise from this procedure when applied to 
inflow velocities normally encountered with slender bodies of 
revolution. The inclusion of profile drag, on the other hand, re- 
sults in a curve of efficiency with a well-defined maximum and « 
corresponding optimum tip radius. 

At this point, therefore, it becomes expedient to introduce 
profile drag into the expressions for useful and input power 
Letting tan € denote the ratio C,/C, at any radius, the expressions 
for thrust and power are modified as follows 


"R 
inr w ) ) 
Prone .° "a vo | r > = : ws 
, 
l tan éetan @) d j 8a} 


tan € r 
(1 ; )a ( ) {Ya} 
tan d l 


The determination of an optimum tip radius is then performed 


in the following manner: Several values of \ are chosen, and the 
corresponding distributions of induced velocity are determined 
from Equations [12] and [15]. For each value of A several trial 
values of tip radius #// are chosen and the corresponding F-fac- 
tors are determined. The values of tan € can be estimated closely 
from a knowledge of the desired lift-coefficient magnitudes and 
typical drag-coefficient information. Then the thrust 
determined from Equation [8a] and plotted for each value of tip 
The intersection of this plot with the 
For this 
and the quo- 
gives the value of efficiency ny. This process 
Finally, a plot is made 


can be 


radius at a fixed value of A 
value of required thrust gives the desired tip radius. 
radius, input power is found from Equation {9a}, 
tient Puseig)/P 
1s repeated for each of several values of A 
of efficiency versus either \ or the corresponding value of R/!, and 
the peak efficiency determines the optimum tip radius 

It can be shown, for practical values of tan € and for usual wake 
forms V(r/l), that the introduction of profile drag into the de- 
velopment at an earlier stage alters the optimum induced-velocity 
distribution to a negligible extent, while complicating the entire 
procedure considerably. Furthermore, the approximate meth- 
ods necessary for estimating tan €, while not sufficiently accurate 
for final performance calculations, are adequate for the optimum 
tip-radius determination 


TypicaL Resutts AND INTERPRETATION 
Shown in Fig. 2 is an inflow-velocity function as measured clos 


* The author is indebted to D. J. Gildea, formerly of the Penn 
sylvania State College, for this portion of the investigatio. 


to the tail of a body of revolution with 7:1 fineness ratio. Also 
illustrated is the corrected velocity function, which will be ex- 
plained later. In this particular instance the reference length / is 
taken as the maximum radius of the body causing the disturb- 
ance. The propeller-optimizing calculations described herein 
were carried out in detail for this velocity function at an advance 
1.675, with a thrust requirement equal to the body 
Some of the results of these 


ratio of J; = 
drag plus an interference correction 
calculations are of sufficient interest to merit inclusion in the pres- 


ent discussion 
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It should be noted first that the velocity function in Fig. 2 
satisfies the requirement of a small gradient outboard in the 
neighborhood of the propeller-blade tips. Application of the 
optimizing procedure led to a set of pairs, \ and R/l, for each of 
which the prescribed value of total thrust was attained, using 
Equation [8a] with an estimated distribution of tan ¢. The re- 
sulting curve, Fig. 3, of efficiency 9, as a function of tip radius 
shows a well-defined maximum. A relative tip radius of R/l = 
0.708 with its corresponding value of A will then give the minimum 
total energy loss for a propeller operating at the specified thrust 
in the inflow-velocity function of Fig. 2 at J; = 1.675. 

Finally, Fig. 4 shows the radial distribution of axial and tan- 
gential induced-velocity components for the peak efficiency con- 
ditions found from Fig. 3, while Fig. 5 indicates the degree of de- 
parture of the vortex sheets in the ultimate wake from true heli- 
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bic. 4 Rania, Disrrisution oF Revative AXtaL and TANGENTIAL 
Inpucep-VeLocitry CoMPONENTS CALCULATED FOR A CorRRESPOND- 


ING TO Peak Erriciency or Fra. 3 


oidal form (rtan @, const The relatively large values of 
to,/Vo in the inboard region, Fig. 4, explain the minor departure 
of the trailing vorticity from true helicoidal form in this region, 
Fig. 5, 


REFINEMENTS AND CORRECTIONS 


In performing an actual propeller-design calculation based on 


the theory presented here, several refinements are necessary: 

(1) If the propeller is located close to the tail of the propelled 
body, the thrust required for self-propulsion must be somewhat 
larger than the bare-body drag, due to interference effects. The 
prope ller, in effect, induces a negative pressure field over the after- 
portion of the body, thereby causing an effective increase in drag 
Chis correction can be estimated in terms of the drag and need 
not be incorporated into the optimizing scheme as a local function 
of w,/| 

(2) The inflow-velocity function measured or calculated at the 
Jane of the propeller must be altered to allow for upstream con 
traction due to axial induced velocities. Fig. 2 shows, in addi 
tion to the original measured inflow-velocity function, the final 
ontracted distribution corresponding to the loading of Fig. 4 


Che upstream contraction effect could be considered an integral 
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30 50 : 80 30 


Por or (r/l) TaN @ TO Derermine Departure or Uvt- 
mate Vorticiry From True Hewicormpat Form 


part of the optimizing operation, and an attempt made to include 
it in the form 0V/dw,, in the isoperimetric problem; however, 
while the actual existence of the contraction correction has a 
marked effect on the induced velocities for specified thrust, the 
hange in the correction for slightly distribution of 
induced velocities at constant total thrust should introduce only 
1 higher-order effect on the optimum induced-velocity function. 
tepeated trials may be used to refine the estimate of tan é if 


varying 


greater accuracy is desired. Based on a first estimate of tan ¢ 
the optimizing process may be carried through to the 
This better esti 


mate of the radial distribution of tan €, and a reca 


point of a 
tentative choice of airfoil sections illows 
ulation based 


irate tor ¢ 


on the new values will be sufficiently ac ign purposes 
It should be noted that the profile-drag estimate affects only the 
utter stages of the uptimizing process, i.e., the optimum diameter 
‘calculation, and has no influence upon the induced-velocity ca 

ulations for various A-values. 

One final problem arises whenever the ratio of propeller hul 
This difficulty is not 


confined to the treatment of propellers in nonuniform inflow, but 


diameter to tip diameter becomes large 


exists for propellers with large hub-to-tip diameter ratios operat 
ing in undisturbed fluid as well. The fault lies in the failure of 
either the Prandtl or the Goldstein circulation functions to satisf\ 
hub boundary conditions, since both of these theories are based 
on an effectively zero hub-to-tip diameter ratio. Further in 
vestigation of this effect is necessary to provide design informa 
tion for propellers with relatively large hubs operating either ir 


nonuniform inflow or in undisturbed fluid 





A Progressing-Wave Approach to the 
Theory of Blast Shock 


By R. G. NEWTON, 


This paper deals with a theoretical description of the 
motion of a spherical shock wave in a homogeneous me- 
dium, such as a blast shock in free air. In order to facili- 
tate such a treatment, a simple assumption concerning 
the flow is made. The concept of a “progressing wave”’ 
as used in this paper is explained and compared with 
that used by other authors. A simple assumption is made 
about the motion of the progressing wave, and on its 
basis an ordinary second-order differential equation for 


the shock front is derived. Conservation of energy in the 


shock sphere reduces this to an ordinary first-order differ- 


ential equation. Examination of the asymptotic behavior 
of the wave reveals that the original assumption in its 


The 


original assumption is then suitably modified and the re- 


simplest form contradicts conservation of energy. 


sulting new equations derived, including asymptotic 


values. Values for the high-pressure approximation, i.e., 
near the center of the explosion, are derived, and finally 
asymptotic as well as high-pressurg values are derived for 


the pressure decay behind the shock front. 


NOMENCLATURI 


The following nomenc!l 


iture is used in the paper 


particle velocit 
density 

pressure 
velocity of sound 
temperature 
radius of shock sphere, i.e., distance of shock front from 
center 

livided by sound velocity 


shock, i.e., Mach number of 


of shock front 


in gas 
shock 


velocity 
at rest front of 
velocity 

R/eot 


tance 


ratio of distance shock front has traveled to dis 


a sound wave would have traveled in same time 


interval 


denote partial differentiation with respect 
respectively. A subscript 0 denotes 
front of the shoc k 
tt 


Subseripts f and 
to time or radia 


i value in the still gas ir a subscript 1 de- 


e shock, Le a limit as one ap- 
rom behind; A is the 
value 1.4 for 


notes a value direct «hind 


proaches the shock discontinuity ratio of 


the specific heats of the gas in question, with the 


air at atmospheric pressure 
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? CAMBRIDGE, MASS 


INTRODUCTION 


In attempting to find the distance-time curve of a spherica! 
shock front resulting from an explosion in a free gas at rest, one 
is confronted with the usual problem in the theory of shock 
waves, namely, that of several simultaneous, nonlinear partial 
differential equations with boundary conditions which partly 
lie on an unknown boundary (the shock curve) determined by 
the Rankine-Hugoniot relations) 
tial that the differential equations themselves do not imply at 


these conditions It ts essen- 
ill the position of the shock discontinuity but that, in case there 
is to be a shock, all they imply is that a discontinuity must occur 
somewhere within certain limits (between the two branches of the 
The 


position of the discontinuity is determined only by the additional 


limiting line, the envelope of the characteristics exact 


For this reason it is not advisable 
flow behind the shock 
ront in which the shock itself, a breakdown of the flow equations 


|, plays any particularly distinguished role 


tankine-Hugoniot relations 


to make any kind of assumption as to the 


impossible to obtain an ordinary differential equa 


front from the flow equations and the Rankine 


alone, it is imperative, in order to obtain sucl 


an ordinary dif ntial equation, to make some arbitrary but rea 


sonable assumptions about the “wave form” of the flow, or 
other kind of auxiliary as 


wave assumption of a simple type 


umption in its place 
has been made by G 


His approach, however, gives the shock front a distinguisl 


tion in the wave form, as, for ex ample the peak 


sumed to follow an equation of the forn 


r/R; ! f ‘ i 
Such assumption 


with z particle velocity 


lowing form 


Here 


of distorting the 


the f are suitable 
(These 


inconsistent 


as is done in Courant 


simple functions for the wave 


Urport 


are necessary, since a constant-wave amplitude is 


with the Rankine-Hugoniot relations in the spherical case 


The original idea, of course, is to attempt the satisfaction of the 
flow equations with such assumptions in which 7, is constant, i.e 
. Phat 
18 what Taylor does and vi ih is possible, as he recognizes, on 

near the center of the 


the shock front moves in such a way that R =const (t' 


in the high-pressure ition, Le 


spproxin 
explosion 


In keeping with the idea not to assign to the shock breakdow 


ot the juations of flow any distinguished role, we shall adopt 


Courant-Friedrichs’ way of writing the wave assumption, but 


we shall no longer assume that is constant In other words 


the point 7 = 1 will now travel with a trajectory different from 
that 
is now broken off, independently of the similarity assumption o 


the flow 


of the shock front; the wave will still stay “similar,”’ but it 


by the shock discontinuity 


Formation of a Blast Wave by a Very Intens« 
British Ministry of Home Security, R¢ 
Flow and Shock Waves,”’ by R. Cour 
York, N.Y 


*The 
by G. L. Taylor 
¢ “Supersonic 


Friedrichs, Inter 


Explosion 
210 
ant and K,. «) 


science Publications, New 1948, p. 419 
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The distorting factors in the flow have to be chosen judiciously 
in order ‘or the conservation of excess energy enclosed in the 
shock sphere (which we must assume in the case of an instantane- 
ous explosion) to lead to a useful mathematical relation. The 


energy in excess over the heat energy originally contained in the 


shock sphere is given by 


"kh 1 
) Do 
E = 49 f ( utp +! P) a 
S/o 2 7 l 


As it stands, the fact that dE/dt = 0 does not lead to any useful 
mathematical relation, as it is impossible to eliminate the in- 
tegral involved. It naturally suggests itself to adopt such as- 
sumptions for the form of the flow that, after introduction of a 
suitable variable of integration, one can eliminate the integral 
between the expression for the energy and the differential equa- 
tion of its constancy. Such are the distorting factors used by 
Courant and Friedrichs,* and we shall follow them. 

FLow ASSUMPTION AND DIFFERENTIAL EQuaTION 
he differential equations for spherical flow are ° 

ul + un, + P, 
up, + plu, + 
(pp ") + ul pp 
where we assume that. we are dealing with a perfect gas and there- 
fore set 
ch = 7 p/p 


The Rank ine-Hugoniot relations are as follows ‘ 


+ 21/U%y + 


The flow will be Sssumed to be of the following form 


W(n 


II(») 


p= rn 


and, in accordance with Equation [4 


After straightforward calculation one obtains the equation’ 


DnWn = A(W, C) {14] 
* V., e.g., ibid., p. 418; or “Progress Report on Theory of Shock 
Waves,” by v. Neuman, OSRD 1140. 
* Reference (2), p. 123f. 
? Reference (2), p. 419 
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with 


D = (1 — AW)? AC? 


[16] 


“) P 
¥ 


We now combine the shock relations, Equations [5] to [8] with 
9] to [12], equating the values of the total time derivatives of 
our variables directly behind the shock front as obtained from 
Equations [5] to [8] with the ones obtained 
from Equations [9] to [12]. Thus we eliminate Wn between 
these results and Equation [14] and express P;, C;, Wi, and m 
in terms of R,t, U, and U. The result, after some cumbersome 
computations, is an ordinary second-order differentia] equation 
for the shock front 


A=(l1 W)(1 AW )W (saw 
{ 


w= 2\—2—h [17] 


respective 


UtP(U, V) = QU, V) 118) 


where ? and Q are the following polynomials 


P(U, V) = aoV + anV?2U + anVU? + anViU? + a,VU' 
+ ayVIU* + agsV2U® + ayV'U 

= biVU + bel? + baV2U2 + buV'U? + bol?! 
L be V2U* + bisVUS + brogl!® + Bog V 208 

L br VU7 + Bool” 


QU, Vv 


with the coefficients 


ay = 4A*(7 + 1 

ay SA¥(y + 1 

a2 = 2A%(7 + 1) (7 
a3 27( y + iP 
ay 277 4+ 
ay = 2y(y + 1)? 
a2 8ry¥(y + 1 
ars iA*y(y + 1)(2 


1) (¥ 


tA¥(1 
= 8A*Y(¥ 
Ay + 1) 
2A[—7Ay 
+ uly? 
4A*y (3 
(y + 1) [6 
+ w(6y l ¥’)) 
A[—10y 407? + SA¥y? + 14Ay¥ 
GAY? + uly? — Sy? — Sy + 1 
th2y(8y — 3y?— 1 
27(¥? 1) (1 DY 
2h¥(¥ — 1) [227 
8A%y% I 


2ry? 


6A¥ 


I8y 


uly + 1)] 


bes = 


We now have to adjust the constants A and k so that the shock 
velocity approaches the sound velocity in the free gas at large dis- 


tances; i.e., we demand that 


liimU=limV=1 = as 
Therefore, since we must have Ut—+ 0 as t—> © we must demand 
that Q(1,1) = 0. But from Equation [21] 


Qi, 1) = (2A 2 k)(1 Ay(y + 1) 22 


using Equation [17]. Since this must vanish, it follows that 


unless A = 1 


k = Xr 1) [23} 


On the other hand, for very large values of U compared to 1, 
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Equations {19} reduce to the high-pressure approximation 
UtV(ayV? + axl'V + awl?) 


Ube V2 + byl Vi + bol? {24] 


This equation has a solution of the form R = cAl®, where 8 must 
satisfy the equation 
Bar. pa 


+ Blax (se 


bos T 


hog) 


CONSERVATION OF ENERGY 
We shall now consider the energy integral of Equations [19] in 
accordance with the assumption that the excess energy in the 
shock sphere over the enclosed heat energy of the still gas is con- 


stant and equal to the energy released by the blast This energy 


, d 
/ ») r? di 
¥ l 


in this and then using 9 as the 


is 


29 + 26 
i 
2 u*p « 


Substituting Equations [9] to [11 
variable of integration, we obtain 


txt “+ 
r 
2ta 
We differentiate this 
boundary values from Equations [5 


with to the time, substitute the 
to [11], set dE /dt 
eliminate the integral between the result and Equation 


The result 


respect 
= 0, and 
26a) 
ean be written in the following manner 

V2 

4 Eot 


; 


with 
al 


Now, ast — th 
tendtol. Hence 


left-hand side tends to zero, while 


and } 
we must have 


and thus again the condition, Equation [23 

There is, however, one exceptional case fk +5 2A 0 
then the integral in the foregoing equation can be eliminated only 
together with FE. But again obtaining dE /dt, equating it to zero, 
then in the resulting equation (which does not contain the in 
setting{= o,U=V= 


tegral any longer 1, we get the contra- 


dictory equation 


5 2\ = 0 
Equation [23] must hold, as we now see, unconditionally. 

that 2A = 0, then m = 
and cannot be satisfied for the entire shock 


[Therefore the excluded and 


Notice 


const 


case k 4 must be 


from Equation [26a ifk +5 
That is Taylor’s case 
curve but, as we see, leads to a contradiction at t—> 

By the use of Equation [23] the first-order differential equation 


of the conservation of energy becomes, after some simplification 


3 


Ay 


A PROGRESSING-WAVE APPROACH TO THE 


THEORY OF BLAST SHOCK 


with 


ay? 
Gr 


Ey = E/eo'p: 28 

We notice from this that as R — 0, U must tend to infinity, 
since otherwise the right-hand side would tend to zero, while the 
left-hand side remains greater than some positive constant 
Hence, near the origin, the high-pressure approximation always 
holds, provided that we allow R to tend to zero, Le., 
consider a point explosion 


in case we 


Asymprotic BEHAVIOR 


We shall now consider the asymptotic behavior of the shock 
front. Since U , we set U = 1 + €', and R = 
eft + v + €), and V = 1 + vt~' + a, where v is a constant 


(97) 
«i 


—~ last- 


and €' + Oast— Then Equation hecomes 


2e’ + et) z = (7 + Qvt + et + vy? 


29 
Now we let (— and neglect terms of higher order than the first 
one occurring. We then have to distinguish between two possible 
cases as follow = 


Case A, X + 1 


have to substitute 


Phen Equation [29 
this in | iv 


behaves asymptotically as 


vields € ~ Bt-*. We 
juations The left-hand side of 
Equations [19 


\*)Bt 
Phe 
10 


and | 


constant term, Q ‘ ight-hand side of Equations 


vanishes be+ juation [23 The coefficients of t 


on the right seen to vanish by 


ure 


No 


substitution of 


Equations [21] and [25 v the coefficient of ~* is, after some 


omputation, seen to be 


Sy(y7 + 3A 1)B 


coeth { 
this case must be excluded 
Case B Then | 
€= Bt-', t €" 
for P(1, 1 


ltiy 


Since we see that the ents of 


ire not equal on both sides 


juation |29| yields 


2B 


asymptotically 
Again we substitute in 
Equations 

of the left-hand side i 


ise ot Equations 20 


the asymptotic behavior 
as is found by the 
the coefficients of f°, t 


vB 
sutvy = 0 


*, and 
that of ¢ is 
not equal to that on the left unless vy = 0 
with the fact that the 
implies that { 


t~? vanish, while Sy(y + 1 which again is 
together 
udvances with 


shock front never i velocity 


leds than c, const Co, Which 


t the 


11] are not compatible with the conservation of en rgy 


Is impo sible 
Thus we have to conclude tl issumptions, Equations [9] to 
That is 
we cannot assume that the central point of the similarity 


30 to speak, name! 


to say 


the point defined by n l 


, moves with such 


1 simple equation of motion as r~*t = const 


More Generar Frow AssumpPTioNn 


We shall now attempt to satisfy the equations of flow, shock, 


and conservation of energy by letting the parameters A and & in 


Equations 9] to [11] be functions of the time 


A(t 


It then develops that we have to modify Equation [10] slightly in 


order to have the pressure tend to a constant value throughout 


space as the time tends to infinity. Our present assumptions 


will then be the following 


4 
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(30) Hence the necessary condition for (” to tend to 1 as ¢ tends to in 
. finity is fulfilled. 


Asymprotic VALUES 


We shall again consider the asymptotic behavior of the shock 
front For that purpose we again set [ 1+e,V =i 4 
'R eft + + €), with e’ +~Oast— We ex 


[:3:3 Sin termsof UR ind ¢ from Equation [36] 


[t is apparent from Equation [26a] that it is impossible to elimi 2Eoal(¥ 1)U? 
nate the integral between [26a] and the equation dE /dt 0, ‘ 43 yJAV4UU?2 
unless (k + 5)/A = const. Therefore we shall assume this 
For later convenience we define a constant a@ so that Phen we let ¢ tend to infinity, ie., ’ , and, keeping 


only the highest order terms, obtain 


k 5)/A 


We also introduce a function of the time by the definitior 


5 = N \’t log R)/) , ™ 
ng R)/X On the other hand, if we substitute Equations [37] and [38] in 
t so tha iS 


A‘tlog Rk l ACL + 6) 


ind [19], reorder and keep the highest terms only, we obtair 
6/2" + dace’ 
here the prime indicates differentiation with respect to the time 
Just as in the section, Conservation of Energy, we have to 
onsider separately the special case a = 0. It then follows from 
Equation [26a] that 7 const. We then see from Equatior 
9} that u const X R/t, and ast—> ©, R/t— cand thus u, ~ 
const + 0, which contradicts Equation [5]. The case a 0 
therefore must be excluded. Substituting Equation [39] in this, multiplying out, canceling 


Now for a + 0 Equation [27]! will be modified in the following terms, and keeping the highest terms only, we get the following 


Ek 


2e't* 


e"t 
ars-( 


\eé 
27 W hicl 


1 these terms predominates for 
With &, as defined by Equation [28]. mined 
Assumptions, Equations [30] to [33], of course, also modify the Now let us set € 
wriginal second-order Equation [18], and Equations [14] to [16 Hl Phen we notice t 
Straightforward computation shows that the form of Equations the second of the order f 
18] and |19] is retained, but that the coefficients (which, through fourth of the order 
\, become time dependent) now are the following he following possibilitie 
If s 2, then the third term | 
mad, and therefore it must 


t follows that 


Oand B > Ow \ 0, and thus 
0 


s < 3, then the last term in Equation [41] predomi- 


(7 
v9 


From Equations [37] and [38] it follow 


2 + dd and QI, 1 
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nates over all the others and therefore.we must have e€" 


(1 + 3a@)/2 
3. This means, by hypothesis, that —-7 


= 0 and hence s = (1 + 3a@)/2, a 


3 a z 5 
= 3, then the last and the second term are of the same 
7 + 3a)B 
7/2 
i/d 


c) Ifs 


order and hence we must have 7aky) = It follows 


that in this case either a > 0 or a 
d) If s > 3, then the second term predominates over all the 

others; but since then e°t/e i, this case is impossible 

As the values of @ involved in all these cases are distinct from 


one another, we can state the result in the following manner 


If a > O, then s } 
If 0 > > 1/3 
If ‘ a> 5 
If 5/34 a 7/3, 
If —7/3 a 


then s = 2/3 


4, then there is no solution 
then s = {1 + 3a@)/2 


then s } 


We see from this and Equation [39] that 6 — 0, and, therefore 


by Equation [35] A—~last- a , except when a 0, or when 


a 7/3. The problem now is to decide on a suitable value for 
a 
, there cannot 


At the end of the flow e, in the limit as t —~ 


be a pressure gradient left over anywhere in space. But the 


flow Equations [1] to [3] leave the question a priori open whether 


there will be a density and temperature gradient (via the velocity) 


of sound) left 


Since such a permanent gradient is thermody 
namically impossible 
in spite of the fact that the Rankine-Hugoniot 


to [8 


ve shall assume that the flow equations do 
not imply it either 
relations (in addition to Equations [5] contain the state- 
ment of a permanent entropy increase across the shock front 
Kquation [32] then shows that @ must be equal to —1, provided 
one assumes that it is between zero and 7/3. (From the point 
of view of our similarity assumption it is most reasonable to as 
sume that A—> | ast-—> and then, as seen from I quation [35 


6—0.) From Equation [34] we see that, if we hold r fixed and 
let ¢ tend to infinity, p tends, by Equation [32], to OY a 
which is independent of r if and only if a = 1. Therefore w 
shall adopt this value for a 

and using the value 


Applying Case (a), substituting a l, 


of Ey given by I quation [28 we find 
Bt 


and hence 


R Y 42 
ind from Equations [5] to [8] we get the asymptotic values of 


pressure, density, sound velocity, and particle velocity. Writing 
A to denote the difference in the values in front and directly be 


hind the shock, we obtain* 


lyy—1 
aie I 


which for air yields 


R Ep 
with ¥ 
tha 
* This result may be compared to Kirkwood’s, which is Ap ~ 
P,\R— (log R/R:) +; v. John G. Kirkwood and Stuart Brinkley 


Jr., “Theory of the Propagation of Shock Waves From Explosive 
Sources in Air and Water,”” OSRD No. 4918, NDRC No. A-318 


APPROACH TO 


rHE THEORY OF BLAST SHOCK 


1 ¥ 
Ap ~ p ‘ 
wy Y 


and for air 


O10 R 


p ita 


Since for an ideal gas « ykT, where & is the universal gas 


constant divided by the effective molecular weight of the gas,’ 


we can, by means of Equation [46], express the asymptotic value 


For small Ac 


we see from the above relation that AT’ ~ 2eA ky and therefore 


of the rise in temperature across the shock front 


A’ 


Hicu-Presscke ApPROXIMATION 


We shall now 


explosion 


onsider the shock values near the center of the 


regarding the blast as a point explosion. For values 


of f 1, Equation [36] simplifies to 
al A} / { 
orm R 


which has a solution of the 
ak j i ia 


vhere we This shows that unless 8 = 


1 4 é, we 


simply 


write 6 for 6(0 
9 


must have 8 o Now from Equation [35] we 


notice that unless A — 0 or A is t+ 0, both of which cases it 
ix reasonable to reject, we must have in the limit as ¢-+ 0, A(1 4 
ri) 1. Taylor's simple similarity assumption. is therefore again 
ast» 0, BA l In that case we 
a 0, and also 8 = 2/5 


We thus get a result similar to Taylor's for the high-pressure ap- 


the one in which in the limit 
get immediately from Equation [26a 
proximation, although we use a quite different similarity assump- 
tion 

We have seen before that near the center of the blast Equation 


18] reduces to Equrtion [24], which also has a solution of the 


form R = cmAt®. 8 must then satisfy Equation [25], which 


after substitution of Equations [37] and [38] and reordering, be- 


comes 


v 


Hence here again G@ = 1 + 6,i.e., BA = 1 
solution. On the other hand, if 8A + 1 
vields, with 8 


the Taylor case, is a 
then Equation [48 
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and from this A, as A = I/(1 + 4 From Equations [48a] and than 1, we get the asymptotic expression for p; 
[28] we then obtain the following value for A (using a = 1) P 
Y 7 
153 


1° = (KE /cdbpy 50) 
derived in 


unless e"t/e’ + 1 = 0. 
the foregoing (€’ = Bt 


with 
75 OY : 


512m” 2 


lhen, by Equation [5] and straightforward calculation 


and thus near the center of the blast 
52) vields 


Near the center, on the other hand, Equation 


~~ sii 2YF 
2Y Po 
: 3 ‘ col/*/R 
if we neglect the change in y for high pressures Y | 4 


In air, 
quation [5 we ob- 


yp = 0.146 ER Now setting R = eAt’’*, with A given by 
, tain the following 
Y — |, toward which y¥ 


On the other hand, in the limit as 
for air ¥ is actually 


tends as the pressure increases to infinity 


rather close to 1 for pressures of, say, 1000 psi) this becomes 


0.0596 ER 


Pure Pressure Decay 


Now we shall consider briefly the pressure decay behind the 


From the flow equations and the Rankine-Hugoniot CONCLUSIONS 


oln- 


shock front 
relations one « an, by 
ollowing equation for the slope of the pressure curve behind the 


straightforward computation, derive the 
The progressing-wave spproach used here seems to be 


patible with the flow equations and conservation of energy inside 
the shock sphere. Since, however, the exact motion of the wav 
e., say, the motion of the point 7 = 1, which is determined by the 


ate 1, is not known independently of the differen- 


shock front 


equation 
tial equations of the shock front, the latter contain a still un 
known function. One may then regard the two Equations [18 
originally one an integral of the other, as two ordinary 


ind [36], 
differential equations for the two unknown functions of ¢, R, and 


\. The blast-shock problem would be solved completely if these 
two equations were solved for R and X 


By setting ind neglecting terms in powers of €’ higher 





On the Stresses in a Rotating Disk 
of Variable Thickness 


By TI-CHIANG LEE,' TAIWAN, CHINA 


This paper presents an analytic solution of the stresses 
in a rotating disk of variable thickness. By introducing 
two parameters, the profile of the disk is assumed to vary 
exponentially with any power of the radial distance from 
the center of the disk. In some respects this solution may 
be considered as a generalization of Malkin’s solution, but 
it differs essentially from the latter in the method of solu- 
Here, the stresses are solved through a stress func- 
The required stress 


tion. 
tion instead of being solved directly. 
function is expressed in terms of confluent hypergeometric 
functions. Numerical examples are also shown for illus- 


tration. 
INTRODUCTION 


HE problem of analyzing the stresses in a rotating disk of 
variable thickness occurs frequently in machine design, 
especially in the design of turbines As early as 1895 
an analytic solution was obtained by Chree (1)? for a rotating 
disk in the shape of a flat ellipsoid of revolution. In 1912 an 
approximate solution was developed by Donath (2) in which the 
disk is assumed to be divisible into parts, and each part is con- 
sidered as a flat disk of constant thickness. Further develop- 
ment of this approximate solution was made by Grammel (3) in 
1923. A different approximate solution was given by Stodola 
(4) in 1924, in which the profile of the disk is assumed to be a 
hyperbolic curve. For an actual disk, the approximation is ob- 
tained by dividing the disk concentrically into parts and fitting 
each part to the hyperbolic curve. In 1934 Malkin (5) devel- 
oped an analytic solution expressed in infinite series for disks of 
two particular exponential profiles. Another approximate solu- 
tion was suggested by Bisshopp (6) in 1944, in which the actual 
disk is replaced by portions of circular cones 
It may be mentioned that each of the approximate solution- 
mentioned is, in fact, a lengthy process, and indeed a considerable 
amount of labor is required in obtaining the required numerical! 
solution. Naturally, Chree’s solution no longer will be appli- 
cable if the profile of the disk is substantially different from a flat 
ellipsoid of revolution. Malkin’s solution is restricted to two 
particular exponential profiles only, which lie between the conical 
and hyperbolic profiles. In the present solution the profile of 
the disk is assumed to vary exponentially with any power of the 
radial distance from the center of the disk. It is in this sense 
that it may be considered as a generalization of Malkin’s solution 
However, it is not a mere generalization since it differs essential], 
from Malkin’s solution in that the stresses in the disk are solved 
Research Engineer, Aeronautical Research Laboratory 
? Numbers in parentheses refer to the Bibliography at the end of 
the paper 
Presented at the National Conference of the 
chanics Division, State College, Pa., June 19-21 
AMERICAN Society or MECHANICAL ENGINEERS 
Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1952, for publication at a later date. Discussion 
received after the closing date will be returned 
Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society Manuscript received by ASME Applied Mechanics 
Division, July 12, 1950. Paper No. 52—APM4 
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through a stress function instead of being solved directly As will 
be described later, the differential equation for the stress func 
tion is first transformed to an equation of confluent hypergeo- 
metric type so that it can be solved in terms of the confluent hy- 
pergeometric functions. The constants of integration involved 
in the solution are adjusted to satisfy the given boundary condi- 
tions. The stresses are then derived readily from the stress func- 
tion. Finally, the solution is discussed and illustrated by some 


numerical examples 
DirreReENTIAL EQuaTion 


Consider a circular rotating disk of radius a with a central hole 
of radius 6. Let (r, @) be the polar co-ordinates referred to the 
center of the disk as the origin 
Let the thickness of the disk be denoted 


r being a dimensionless variable 
measured by the unit a 
by A, also a dimensionless variable measured by the unit a For 
the present radially symmetrical disk, A is a function of r only 

In the subsequent analysis it is assumed that the stresses in the 
disk do not vary across the thickness of the disk, and also that 
the weight of the disk is negligible in comparison with the centrifu- 
gal force produced by rotation. Under these assumptions, 
the state of stress in the disk may be specified by a stress function 
¢, a function of r only, which satisfies the following differential 
equation (7) 


r? dh do r dh 
tre) yp Q (3 + v)phr*. . {1} 


ode 
aes h dr di hd 


where v is the Poisson's ratio of the material of the disk, and p = 
pw*a’, w being the angular velocity and p the density of the disk. 
The radial and tangential stresses in the disk are then given by 


ip 


Mernop or SoLuTion 
Suppove that the thickness of the disk is given as a function of 


ras follows 
( exp(hr 3) 


at the center of the disk 
k and being the parametric A doubly 
family of curves can be obtained by varving these two constants 


where c is the hypotheti ’ thickness 


constants infinite 
When & and s are both positive or both negative, A increases with 
increase of r; but when k and s have different signs, it decreases 
with increase of r. The latter case only is of practical significance 
In particular, when & vanishes, it is a flat disk of uniform thick- 
ness 


Substitute this value of A into the preceding equation and fur 


ther write 
@ = perWi(t 
where 
t = kr* {5} 


It then appears that the function W satisfies the following differ- 
ential equation of confluent hypergeometric type (8) 
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[6] 


where 


\7 
) 


Phe general solution of this equation may be written as follows 


wit 1P(t BQ R(t s 


where # is a particular integral of the solution and P and Q are 
the « 


integration, 


omplementary functions 
It 


tegral 2? mav be given by 


{ and B being the constants of 


ean be shown readily that the particular in 


Rit 


(3 
a)(4 

I'he series in the brackets terminates whenever ‘¥ 18 an integer 

When ¥ 

when y = 


half an odd integer. For instance 


the terms vanish except the first term; 3 


, all 


aii Vatiis 
vA 


except the first two terms; and when y = 4or5 
It may mentioned that the 
and 4 are, in fact, identical to the Malkin’s first and s 


mynd expone itial profiles respectively, provi led that k i 


Vans! 


} 


cept the first three terms. be 


5/2 
beg 
It also may be mentioned that wher 
the 


tive and » is equal to 1/3 


Y i# neither an integer nor integer, ki 


function 


half an odd 


alternative fort 


It is 


owl 


readily seen that the function P 


may be given by the fol 


g confluent hypergeometric function 


Furthermore, the function Q may be giver 


Q(t) = 12 
These two solutions are independent of each other as long as 7 
However, when y is an integer, they become 
An independent solution may then be obtained 


9 


is not an integer 


dependent 


by Frobenius’ method (9) as follows: For ¥ 


1)’ Gla, y, t 


1)7H(a, y, t)]. [13 


where 


Gla, ¥, 


1) — Py (1)]4 
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H(a yt) =1+ Dna 1 | 


in which, for n 


Tue Srresst 


Let the radius of the central hole be denoted by r = A. Sup 


pose that the external periphery of the disk is under the action 
of a constant pull g, while the internal periphery is free from any 


traction. The boundary conditions are thus 


he two constants of integration are readily found as follows 


QO(k)R(u) 
P(K)Q(u 


Qu 


Qu 


P(R)R(u 


P(k 


kX 


Consequently, the radial and tangential stresses are given by 


piAP(t BQUt 


vhere the prime sign denotes, 4s usual, the 


lerivative of the func 
tion with respect to the variable ¢ 
For a solid disk without a central hole, the function Q may be 


»mitted from the general solution, that is 


iW {P(t R(t 


Che second boundary condition of Equation [17] then gives 


RG 
Ph 


RKP 


It appears that both the radial and tangential stresses in a ro 
tating disk are always tensile in nature. Ina solid disk the max 
imum radial and tangential] stresses occur at the of the 
jisk and are equal in magnitude. While at any other point 
the tangential stress is always greater than the radial stress. Ina 
disk with a central hole, the tangential stress decreases from a 
maximum at the periphery of the hole to a minimum at the outer 
periphery, while the radial stress increases from zero at the periph- 
ery of the hole to a maximum and then decreases to the given 
boundary value at the outer periphery 


center 


The tangential stress 





ON THE STRESSES IN A ROTATING DISK OF VARIABLE THICKNESS 


TABLE 1 


k 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.85779 


TABLE2 Q(t 
k 0.8 


1.2136 x 10% 
2.8518 x 10 


is always greater than the radial stress at the same point, the 
ller the radial stress. 
of a thin ring the radial stress becomes negligible in comparison 
with the tangential stress. In the other limiting case when the 
hole is very smal], the maximum tangential stress reaches a value 
twice as large as that in a corresponding solid disk. In all cases 
it appears that the tangential stress at the periphery of the hole 
or at the center of a solid disk is greatest in magnitude. This 
stress is thus of great importance in practical design. 


larger the hole the sm: In the limiting case 


NuMERICAL EXAMPLES 


As an illustration, the case y = 2 (i.e. s = 2) will be worked 


‘ 


kr*, FOR 

0.6 & 0.4 - 0 
0. 90805 0. 99930 0 99065 
0.99582 0.99721 0 99860 
0.99066 0.99375 0.99686 
0. 98356 0. 98896 0. 90444 
0.97451 0. 98289 0.99135 
0. 96306 0.97559 0.98760 
0.95177 o617¢€ 0 
0.93820 0. 05766 0 
0.92343 0.94718 0.4 
0.90766 0 93584 0 


FOR 


out in detail. For convenience, v is taken as 0.3. The 
the confluent hypergeometric functions P(t) and Q(t 


their derivatives are shown in Tables 1 to 4 


values o 
and also 
A and B are then 
readily calculated for any given value of g/p, and also are the ra- 
dial and tangential stresses. A typical example of the stress dis 
tribution in a free rotating disk of X = 0.3 is shown in Fig. 1 


The maximum stress or the tangential stress at the periphery of 


the hole for different \ and q/p are given in Table 5 and also 
shown graphically in Fig. 2 

In applying the results to practica] design, the Malkin’s ex- 
ample will be taken for further illustration: A disk is to be cal 


culated for b = 6.75 in., and a = 18.75 in. The thickness at 





JOURNAL OF APPLIED MECHANICS SEPTEMBER, 1952 


1.8 


0.2 0.8 0.6 
la —_ 


Fic. 1 Raptat anp TANGENTIAL STRESSES IN A FREE 
Roratine Disk; A = 0.3 (s = 2 


right) Maximum TANGENTIAL STRESS IN A 
Disk Wirn a Centrat Howe 


Py ui 
RYH 
, od ffl 


4/ 
/ 


4 
4 
vA 


s=2(or ¥=2) 


K Qo 
=-0.2 
= -24 
-0.6 
-08 
-1f 


10) 
® 
@ 
® 
@ 
© 


° 
wn 


the external periphery is 4 in. The working speed is 3600 rpm," tively. (6) Plot them against g/p. They should lie in a straight 


and the pull exerted on the external periphery at 20 per cent over- 
speed is 13,000 psi. Thus we have 


A = 0.36 
p = 52,740 psi 
q = 13,000 psi 


q/p = '/4 very nearly 


In Malkin's calculation, the allowable stress is taken to be 52,500 
psi. The thickness at the periphery of the hole is found to be 
10 in., both for his first and second exponential profiles. From 
this value the profile for s = 2 (i.e., y = 2) gives k = 1.025 
For simplicity, a round value k = —1 will be taken, which gives 
a thickness of 9.55 in. at the periphery of the hole. For this value 
of k and A = 0.36, q/p = '/,, it can be read directly from Fig. 2 
that 


{Fe} max = 0.994 p = 52,400 psi 


which is slightly lower than the allowable stress 

The foregoing example is, nevertheless, a fortunate one since 
the result can be read directly from the graph. In general, the 
procedure may be as follows: (a) Read (@¢@)max/p from Fig. 2 
for the given values of k and A, by interpolation if necessary, 
corresponding to q/p = 0, 1/8, 1/4, or any two of them, respec- 


line. (¢) Read (0@)max/p for the given value of q/p 
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Investigation of Annular Liquid Flow With 


Cocurrent Air Flow 


By A. E. ABRAMSON, ' 


Visual observations and flow analysis were made of an- 
nular liquid flow with cocurrent air flow in horizontal 
tubes. The effect of liquid properties and air-stream con- 
ditions on the characteristics of the liquid flow were ob- 
served. The results are presented in form of shadow- 
graph pictures of the liquid flow. Analysis of the flow 
system related the characteristics of the liquid flow to the 
flow conditions. 


NOMENCLATURE 
The following nomenclature is used in the paper 


D = inside diameter of tube, ft 
g = acceleration due to gravity, 32.2 fps per sec 
A velocity parallel to axis of tube, fps 
= bulk or average veloc ity at cross section of tube fps 
= flow rate, lb per sec 
flow rate per unit length, lb/sec /ft 
= distance from tube wall, ft 
absolute viscosity of fluid at wall, Ib-se« per sq It 
2/ft4 
bulk or average density at cross section of tube, lb-sec?/ft 


mass density, lb-se« 


mass density of fluid at wall, lb-sec? /ft 


shear stress in fluid at wall, psf 


ipts 

on friction pressure gradient 
gas flow 

liquid flow 


nstonless pa 


tniction tactor 


velocity parameter, 


Vv 


wall-distance parameter, 


Ww 


flow-rate parameter, 
wD pe 


INTRODUCTION 


During the past decade considerable interest has been shown 
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CLEVELAND, OHIO 


in film cooling, particularly in the rocket-engine application. Film 
cooling is accomplished by establishing a film or layer of liquid be- 
tween the hot gases and the confining wall, the film of liquid 
thus shielding the wall from the hot-gas stream. The over-all 
flow system therefore consists of the simultaneous flow of a gas 
and a liquid with the liquid flowing as an annulus or film along 
the duct wall, and the gas flows at high velocities through the 
central core. This flow system is termed annular liquid flow 
with cocurrent gas flow and is one of several types of two-phase, 
two-component flow systems An understanding of the annular 
liquid-flow system is therefore desirable for its application to film 
cooling 

the simultane- 
Martinelli and co-workers have 


Considerable research has been conducted on 
ous flow of a gus and a liquid. 
indicated several types of flow encountered in two-phase, two- 
component flow and have proposed a general correlation for de- 
two-phase flow.* 


pressure drop during cocurrent 


Bergelin also has indicated flow characteristics of gas-liquid mix- 


termining 


tures, made pressure-drop determinations, and has given a sum- 
Whereas these 


flow 


mary of progress in the field of gas-liquid flow.‘ 
investigations cover several types of cocurrent two-phas 
over a considerable range of flow conditions, very little informa 
tion is available on annular liquid flow in the flow range encoun 
As an aid to 


ind its relation 


tered in the film cooling of rocket engines 4 more 
‘omplete understanding of annular liquid flow 
to film cooling in this flow range, visual studies were conducted 
recently at the NACA Lewis laboratory 


by visual observation the effec 


The object of this in- 
vestigation was to determine t of 
liquid properties, liquid-flow rate, and air-flow conditions on the 


characteristics of the annular liquid flow 


(PPARATUS 


shown schematically in Fig. I 


ipparatus and flow system used for the investigation are 
The flow 


combustion-air supply, jet-engine combustor, mixing section 


system consists of a 
test section, and exhaust system Gasoline was burned with the 
iir in the combustor to furnish a hot-gas source for tests at ele 
However, the majority of the 
The test 
approach section, a liquid injector 


vated gas-stream temperatures 


were conducted at ambient-air temperatures 


tests 
section consists of an and 
i transparent duct. The approach section is 40 in. long and of 
The liquid injector 
was designed to give a uniform circumferentia! distribution of 


Three different transparent ducts were used for the 


the same diameter as the transparent duct 


the liquid 
f-in- 
The 


investigation: a 4-in. and a 2-in-diam lucite duct and a 
diam pyrex duct for tests at elevated gas temperatures 
ducts were 48 in. long 


The visual studies were accomplished by shadowgraph photo- 
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by R. W. Lockhardt and R. C. Martinelli, 
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Component Flow in Pipes,” 
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graphs, high-speed motion pictures, and visual observations with 
the aid of a stroboscopic light. 

An optical device was developed to determine the thickness 
Calibrations using thin glass plates indicated 
device was capable of measurements to 0.005 in. 


of the liquid film. 
that the 
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” BSERVATION 


EXPANSION 
BELLOWS 


6 


EXPANSION 


wr 


NC 
EXHAUST SYSTEM 


FLOW System 


PROCEDURE 


The experimental procedure was as follows: The desired gas- 


stream condition was established in the test section. Liquid was 
then introduced through the injector and the liquid flow increased 
until the inner surface of the duct was covered with a liquid film 
The liquid-film surface was observed with the aid of a strobo- 
scopic light and as the liquid flow was increased in small incre- 
The 
liquid-film surface gradually became disturbed as the liquid flow 
A transition region of liquid flow from a rela- 
tively smooth to a definitely disturbed condition was determined 
for most of the liquids. 
flow disturbances, shadowgraph and high-speed motion pictures 
were taken of the liquid flow for various test conditions. 
rhe flow conditions covered the following ranges: 


ments, a description of the liquid surface was recorded. 
was increased. 


To obtain a photographic record of the 


30. 6-108 
SO, SOO 


0.027—0 270 


Air mass velocity, Ib /(se« sq ft 
Air temperature, deg I 

Liquid flow, Ib /(see) (ft 
(aerosol 


Water 
ind water-ethylene-glycol solutions were used in the experiments. 


containing various quantities ol detergent 


The liquids used and their properties at the temperatures during 


the experiments are listed in Table | 


rABLti PROPERTIES OF LIQUIDS USED FOR INVESTIGATION 
Surface 
tension 
dynes ‘cm 


12 per cer 
Water and 

53 per cent ethylene 
Water and 


8 per cent ethy 


RESULTS 


Velocity and Thickness of the Liquid Films. The liquid film 
established on the inside surface of the duct was very thin for the 


range of test conditions Computed values of the thickness were 
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from 0.005 to 0.0005 in. with ,orresponding surface velocities o 
the liquid of 10 to 35 fps. 
surface velocity or thickness of the liquid film is given in the Ap 
The velocity of the Tiquid-surface disturbances was 
measured from the high-speed motion 
favorably with the calculated values 
Attempts at direct measurement of the liquid-film thickness 


The method used in calculating the 


pendix. 


pictures and agreed 


using the optical device described in the apparatus showed the 
thickness to be less than the sensitivity of the instrument (0.005 
in.) which substantiates the order of magnitude of the computed 
values, 

Description of Water-Film Disturbances. Observations, using 
i stroboscopic light, of water films on the inside surface of trans- 
parent tubes revealed changes in appearance of the water flow for 
lifferent water-flow rates With constant air-stream conditions 
the water flow appeared essentially smooth at the low water-flow 


whereas there were disturbances having the appearance 
of waves on the surface at the higher flow rates. The change in 
ippearance of the water flow occurs gradually as the water-flow 
Figs. 2 and 3 show shadowgraph pictures of the 


The photo 


graphs are arranged to show three regions involved in the chang 


ite increases, 


water flow for increasing flow rates at two air flows. 


ing appearance of the water flow as the flow increases; (a) smooth 
flow (no appreciable disturbance); (b) transition from small traces 
of disturbance to appreciable and consistent clearly visible dis 
ind magnitude of the 
Although the change from smooth to a disturbed 


turbances; and (c) increasing number 
disturbances 
condition of the water film was gradual, water flows defining this 
transition region could be determined readily. 

Effect of Flow Variables on Liquid-Film Characteristics. Ex 
periments were conducted to determine the effect of several varia 
bles on the values of liquid-flow rate over which the liquid-flow 
The 
variables investigated were air-mass velocity, air temperature 
The 


values of the liquid flow per circumferential length defining the 


transition occurred and on the appearance of the liquid flow 
tube diameter, liquid surface tension, and liquid viscosity 


transition region for the different flow conditions are listed in 
Tables 2 and 3 

Variations in air-mass velocity at ambient temperature resulted 
in no appreciable change in the water flow per circumferential 
length defining the transition region for the three different trans- 
parent tubes, Table 2. There was, however, as shown in Figs 
2 and 3, a change in the appearance of the water-flow disturbances 
with air-mass velocity. The disturbances appear smaller and 
more numerous at the higher air-mass velocity 

\ comparison of the transition region for the lucite and pyrex 
tubes, Table 2 indicates the transition region starts at a slightly 
lower water flow for the lucite tube 

The transition region for various air-mass velocities using the 
{-in Table 2. The re- 


sults show no appreciable difference in liquid flow per circumfer 


and 2-in-diam lucite tubes is given in 


ential length defining the transition region for the two tube diame 
ters. The disturbances had the same appearance for corre- 
sponding air-mass velocities. 

Significant information on the effect of air temperature on the 
water flows in 


transition region could not be determined because 


E 2 EFFECT OF AIR-MASS VELOCITY, TUBE SURFACE 
rUBE DIAMETER ON LIQUID-FLOW TRANSITION REGION 
Conditions 80 F) 


yn region® Ib/(sec ft 


liquid, water; air temperature 
—— Liquid-flow transiti 
Air-mass velocity Pyrex tube Lucite tube . 
Ib/(sec) (sq ft 4 in 4 in 2 in. 
0. 052-0.063 0. 035-0.065 0.037-0.060 
44.5 0.052-0 068 0.040-0_ 068 0 038-0.063 
70.0 0 050-0. 068 0.037-0.073 0. 038-0 .062 
108 0.048-0 068 0 035-0 070 0.038-0 062 


30.6 


? From visual observations 





ABRAMSON--ANNULAR LIQUID FLOW WITH COCURRENT AIR FLOW IN HORIZONTAL TUBES 


oth flow region 





Transition flow region 


W) = 0.077 


Increasing disturbance flow region 
Flow directi 





Fie. 2 SHapowGrapu Pictures or ANNULAR Water FLow Wits Cocurrent Ara Flow tn Horrzontar Tune 
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Smooth flow region 


Transition flow region 


“= 0.200 


flow region 
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this region were too low to form a liquid film along the entire 
length of the tube at high air temperatures and thus prevent the 
tube from overheating. However, flow disturbances accompany- 
ing the higher water flows were observed at elevated air tem- 
peratures. Fig. 4 shows shadowgraph pictures of the water 
flow at air temperatures of 80 and 800 F for the same air flow. 
The pictures indicate that the disturbances had the same appear- 
ance at the different air-stream temperatures; apparently there 
is no boiling or appreciable effect on the liquid-film surface due 
to vaporization 

The 


liquid-flow disturbances using aqueous glycol solutions 


0.093 Ib per see per ft; lucite 


4 in 


Air temperature, SO | water flow 


tube diameter 


sec per ft; 


0.130 Ib per 
4 in 


800 | water flow 


pyrex tube diameter 


(6) Air temperature 

SHADOWGRAPH PictuRES oF ANNULAR Water Fiow WitTH 

1n HortzontaL Tuse at Dirrerent Arr 
TEMPERATURES 

$4.5 lb/sec-ft? 


Fic. 4 
Cocurrent Arr FLow 


Air-mass velocity 
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to vary viscosity were observed to differ from those using water 
The disturbances became less wavelike in appearance, smaller 
in size, and less distinct with increased viscosity. Fig. 5 shows 
shadowgraph pictures of the flow of a 53 per cent glycol-water 
solution at various liquid flows and indicates that the develop- 
ment of the surface disturbances is very gradual with increased 
liquid flow. Because of this gradual increase in liquid-surface 
disturbances with the more viscous solutions, it was difficult to 
define a transition region as observed with water. However, as 
the viscosity was increased, higher liquid flows were required 
before appreciable disturbances were observed 

Variation in liquid-surface tension was obtained using water- 
detergent solutions. A slight increase in the liquid flow for the 
start of the transition region and an increase in the magnitude of 
the transition region were observed with decreasing liquid-surface 
tension as indicated in Table 3. The liquid-surface disturbances 


EFFECT OF LIQUID 


FLOW 


LIQUID SURFACE TENSION ON 
TRANSITION REGION 


air-mass velocity, 44.5 lb/sec/sq ft; air tempera 
ture ‘) 
Absolute 
viscosity 
Liquid at 80 Ff 
percent by weight 
detergent in water 
0.000 ‘2 
0.004 55 
0.025 
0.050 
0 095 
0.150 


rABLE 3 


Conditions: tube, pyrex 


Liquid-flow 
transition 
region,® 
Ib/(sec) (ft 
0.052-0. 068 
0.057-0 082 
0. 063-0. 090 
0.067-0.090 
0 063-0 097 
Not determined 


Surface 

tension 

at 80 F, 
(dynes/em 


From visual observations 


those observed using 


had essentially the same appearance as 
water. This was indicative only of water-detergent solutions 
for which the surface tension was larger than one half that of 
water. The flow of liquids having a higher concentration of de- 
tergent whic h resulted in a liquid-surface tension less than one 
half that of water had the following characteristics: At low liquid 
flows small areas of roughened surface appeared and as the 
liquid flow was increased the size and intensity of the disturb- 
ances increased with the becoming disturbed 


No disturbances appearing as waves were detected over the flow 


entire surface 


range investigated 
RELATION BETWEEN DisTURBANCES AND FLow Conpirions 


By analysis, the surface disturbances of the liquid film were 
found to originate when the thickness of the liquid film enters a 
flow region where turbulent forces predominate over the viscous 


Plots of the generalized velocity distribution for fully 
6 


forces 
developed flow in smooth tubes, as given elsewhere,* 
in Fig. 6 and this distribution is assumed applicable to the liquid 
turbulent forces 


are shown 


film. The flow regions where the viscous or 


predominate are defined by the value of the wall-distance parame 


ter y Viscous forces predominate in the laminar layer (y* 
3 turbulent forces in the turbulent core (y* > 30); and both 
laminar and turbulent forces are present in the intermediat 


region (3 < y* < 30).%* 
For the purposes of this investigation, it is convenient to place 
the results in terms of a flow rate parameter w*, as the liquid 


flow was measured for each test condition. This parameter is ob- 


Consider the continuity equation in the region 


The 


tained as follows 
near the wall where a velocity gradient is present, Fig. 7 


* “Analytical and Experimental Investigation of Adiabatic Turbu- 
lent Flow in Smooth Tubes,” by R. G. Deissler, NACA TN 2138, 
1950. 
‘The Analogy Between Fluid Friction and Heat Transfer,” by 


Th. von K4rm4n, Trans. ASME, vol. 61, 1939, pp. 705-710 
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VISUAL RESULTS 
—— GENERALIZED ( > 


—— GENERALIZED (5 
TRANSITION 
+ INCREAS! 


iG DISTURBANCE + 


Fie.6 AssociaTION or Visuat FLow Recions Wits Generalizep 
Vevocity Distrisnution 


flow per unit width w);, though the element 


relation 
ypu, dy 


Substituting the dimensionless parameters u* and y* whiecl 


defined as 


un Equation (1] and assuming cross the liquid 


film gives the relation 


The flow per unit width w; can be approximated for a circular 
luct by dividing the total liquid flow W, by the 
f the duct is thus obtained from 


Equation [2] as 


circumference 


The flow rate parameter 


{" 
= itd 
0 


The value of 


ey 

J u*dy 
J0 
] 


can be evaluated for any desired value of y 
Fig. 6. The 


shown in Fig. 8 


by graphical integra- 

tion of the curve in result of this graphical inte- 

gration for various values of y * is 
Values of the flow-rate 

median liquid flows defining the transition region as listed in 


parameter w* were calculated for the 


Tables 2 and 3. The corresponding values of y* were obtained 


from Fig. 8 and plotted on the generalized velocity distribution 
+ defining the transi- 


in Fig. 6 The highest and lowest values of y 


ANNULAR LIQUID FLOW WITH COCURRENT AIR FLOW LN HORIZONTAL TUBES 273 


000 
800 
600 


ATION oF Dimenstontess Fiow-Rate ParRaMeTer 


Wrre Wact-Distance ParamMeTer 


S Vari 


lion region are also shown in Fig. 6 by the dotted lines and indi 
cate that for the various test conditions the observed transition 
The previously 


region occurred between y* = 12 and y* = 21 


defined flow regions, as shown in Fig. 2, may be associated with 


Fig. 6 as follows: At values of y* 12, the liquid film appears 
In the region 12 < y* 21, a surface dis- 


> 21 


relatively smooth 


turbance develops on the liquid film. For values of y* 


the disturbance increases with y* to the limit of the test condi- 


tions at y* = 80. The approximate liquid flow at which the 


-urface disturbances initially oecur can be obtained using a flow 


rate parameter w* of 90, which orresponds to y* 15 


For a film-cooling application of annular liquid flow with co- 


current gas flow the presence of the liquid-film disturbances could 


affect the heat transfer to the liquid film. The disturbance on 


the liquid film (at the gas-liquid interface) would tend to elimi 


nate the laminar sublayer of the gas stream that exists in smooth 
pipe flow and thus lower the thermal resistance of the gas-stream 


boundary layer. Also, the presence of the liquid disturbances in 


creases the area of the liquid exposed to the gas stream Both 


of these effects would increase the heat transfer to the liquid 


CONcI SION 


For annular liquid flow with cocurrent gas flow, the liquid flow 


is relatively 
thickness of the liquid 


smooth until the liquid-flow rate is sufficient for the 
innulus to enter the flow region where the 
disturb 


turbulent forces predominate over the viscous forces; 


ances then develop on the liquid film. The approximate liquid- 


flow rate for this transitio in be predicted 


Appendix 


CaLeuLaTION or Vewocrry ano TuickNness or Liquip Fim 


For annular liquid flow with cocurrent gas flow in a horizontal! 


duct, the velocity or the thickness of the annular liquid film can 
be calculated using the dimensionless parameters u* and y* from 


Fig. 6, which were obtained from von Karméan.* 
Velacity Ca lo The parameter u* is defined as 


The friction velocity V Top i flowing in a 


duct is given by the equation 


V To/po = f (4) 


For annular liquid flow with cocurrent gas flow, however, Equa- 


tion [4] must be modified. This modification is accomplished 
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by referring the friction velocity V 7/po to the liquid annulus 
and by considering the gas flow to be replaced by a fictitious 
flow of the same liquid as in the annulus. Then the restriction 
is imposed that the pressure drop per unit length must be the same 
for the fictitious liquid flow as for the gas flow with the friction 
factor f for the actual conditions applying to each case. This 
restriction means that the dynamic pressures of the fictitious 
liquid flow and gas flow must be equal or 


| Pog 


sa Vo. re 


Substituting for the velocity in Equation [4] and combining the 


result with Equation [3] give the following relation for the liquid 


surface velocity 


WAND VRE 


Thickness Calculation. The parameter y* is defined as 


V To/Po 
vi 
Mo /pr 
Again, referring the expression for y* to the liquid annulus and 
expressing the friction velocity To/jo in terms of the gas-stream 
velocity give the following relation for the liquid-film thickness 
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Mo. 2 < 
Re SE Sis Me : 


and [6], except the 
The friction 


All of the variables appearing in Equations [5] 
friction factor, are known for any given conditions. 
factor for annular liquid flow with cocurrent gas flow is unavaila- 
ble from experimental data for the range of conditions investi- 
gated in this paper. Extrapolation of the data by Lockhardt* 
ind Bergelin‘ indicates that the friction factor for the conditions 
reported herein is in the order of 2 to 4 times that of single-phase 
flow in a smooth duct for the same gas-stream Reynolds number 
For convenience, a flow-rate parameter defined as w* = W/- 
It is the integral of the curve 
in Fig. 6 and is plotted as a function of y~* in Fig. 8 
The following procedure is used to 


® Da po is used for the calculations. 
Calculation Procedure 
determine the velocity and the thickness of the annular liquid 
film 
“ 
mwDgpo 
2 Using this value, employ Fig. 8 to obtain the corresponding 


Determine the value of the flow-rate parameter 


value of y* 
3 The corresponding value of u*, is then obtained from Fig 


4 The velocity or the thickness of the liquid film can then be 


determined from Equation [5] or [6], respectively 





An Airy Integral Analysis of Beam Columns 
With Distributed Axial Loading Having 
a Fixed Line of Action 


TYLER, JR.,' ano J. G 


By C. M 


An analytic method of sclution of beam columns with 
partial uniformly distributed axial loading whose line of 
action does not change as the column deflects is developed 
in terms of Airy integral functions. This method is valid 
when the beam bending moment can be expressed or ap- 
proximated piecewise as a polynomial. A numerical ex- 
ample is included and also tables of the necessary Airy in- 
tegral functions and their first derivatives. 


NOMENCLATURE 
The following nomenclature is used in the paper 


= axial co-ordinate 
dimensionless transformed axial co-ordinat 
length of member 
actual bending moment at 4 
bending moment at z due to transverse loads treating 

member as a rigid body 

deflection at 
axial load at . 
smaller end load, applied at 0; positive if com- 
pressive 

larger end load applied at positive if com- 
pressive 

stiffness of member 

0 /El 

(P: P kl 

( 2, a parameter of a linear transformation 

- ' 


sf ) 


ff J re) sin (3 


integral function 


fl 


4 at) dt, Airy integral function 


eO+z ) dt, Airy 


r ) dt, Airy integral function 


P,), value of 4, when sr = 0 
P,), value of x, when 2 


arbitrary constants 


coefficients of beam-loading polvnomia 
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bo',b,', | = values of bo, by), be, 


be!, ba? | 


b, valid for only a portion of beam 
length 


4i'(z,) = [Aue 


1 
Bi" = | Bi(z,) 
Gi (2x 
beam loading 


INTRODUCTION 


Beam columns may have distributed axial loadings that act in 


three distinct ways as follows: 


(a) The line of action of the axial loading may remain fixed as 
the column deflects 

(b) The axial loading may deflect with the column and have its 
line of action parallel to its undeflected position 

(c) The axial loading may deflect with the column and act 
slong the tangent of the column deflection curve 


Each of these possibilities leads to separate problems inasmuch 
as the resulting differential equations are different. In the case 
of fixed line of action the reactions do not change as the column 
deflects, thus leading to the simplest differential equation. This 
type of loading is obtained when the surrounding structure in- 
duces a moment to offset that produced by the deflection of the 
column. A simple example would be when the distributed axial 
loading is provided by a web which in turn is loaded through a 
slip joint. This case (a) will be the subject matter of the present 
paper 

The differential equations for the beam columns of case (a) can 
be solved either in terms of Bessel functions or Airy integral func- 
tions. Airy integral functions yield a more concise solution inas- 
much as the particular solution does not have to be constructed 
but can be written down as readily as the complementary solu- 
tion The case of the axial load deflecting with the column also 
can be solved using Airy integral functions; practical numerical 
await the tabulation of integrals of 

Incidentally, if the curvature of the 


solutions, however, must 
the Airy integral functions 
beam column is of one sign, solutions obtained herein for case (a 
can be considered as conservative approximations to cases (b) 
ind \¢ 

The following analysis applies to straight structural members 
of uniform stiffness having axial end loads whose difference is 
balanced by a uniformly distributed loading along the axis of the 
member. The member may or may not have a transverse load- 
ing. The assumptions are made that the curvature may be con- 
sidered as equal to the second derivative of the deflection with 
respect to the axial co-ordinate, and that the lines of action of 
the loads do not change as the member deflects 

At any point z on the axis of a beam column the actual bend- 
ing moment may be taken as the bending moment due to trans- 
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verse loads plus the product of the axial load and the deflection Phe left side will have the desired form if 


Thus 
Miz) = Wir) + Ple)y AN/E lor A 


For straight beam columns with partially distributed column lhe transformation is now 


loading, Fig. 1, this becomes 


1 Form or Cotumn Loapinc ror Beam Cotumns UNobe 
CONSIDERATION 


All terms on the right of this equation are calculable by statics 
except the deflection y(x). The basic differential equation for the If the transverse loading is such that the right side of Equation 
deflection is 3} can be written or approximated by a third-degree polynomial 


hich is the case here, Equation [3] takes the forn 


iy V 
daax* kl 


Substituting the expression for W(xr) from Equation 


becomes the solution of which is known to be (4 


d*y Wa P P P, 2 ; iB 
dr? KI El F 


Too often in the theory of heam columns the differential equa In this expression Ai(x,), Bi(x,), and Gi(z;) are Airy integral fune- 
won tions, and @ and —£ are arbitrary constants. The constants are 
evaluated using the following boundary conditions: 
W hen 


is of such nature that its solution is difficult, if not impossible. I 
these cases numerical methods can be used (1).4 
For the case at hand an analytic solution will be effected by re- 


ducing the differential equation to the form 


dy 
dr? 


For these boundary conditions the constants are 
whose solution is known in terms of recently tabulate: 


tegral functions (2, 3 
2h; 9G 


Mertruop or ANALYs! + Dh. )arG 


Equation [2] can be rewritten as 


d? (« 


dx \ 


Chis may be changed to t! 


tion involving a parameter 


is, the mght side of 
is polynomials. The 

deflection curve can | tted together by determin 
arbitrarv constants st t slope and deflection at 
= t of a loading disc _ e equal to those at the right 
liscontinuity ‘his technique is i rated in the numeri 


snd Equation {: econ | example In the event that there are numerous discon- 


tinuities or, if a third-degree polynomial is not a good approxi- 
mation, the analvsis is perhaps better made by a oumerical 


method (1 


* Numbers in parenthese With the deflection y(2) known, the bending moment M(z) can 


the paper be found by Equation {1 
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Evastic STABILITY OF MEMBERS 


4 beam column of the type considered will become unstable 
when the determinant 


Au(z Bi(z 
Ai( 2, Biz 
The lowest numerical values of C,'/* at which this occurs have 
been calculated and are plotted against the ratio of P; to P: as 


Fig. 2. These values agree with those calculated by Timoshenko 


using Bessel functions within the accuracy of his calculations (3) 
and numerically greater than Ps, 


taken as equal to 


When P, is negative (tension 
the critical value of C; 


2.34(1 P,/P:) 


may be 


REPRESENTING SIMPLEST 


NUMERICAL APPLICATIONS 


As an aid in making numerical calculations, exact expressions 
or the coefficients bo, bs, > and by are given in Table 1 for several 
simple beam loadings. More complicated beam loadings can be 
constructed by adding the coefficients for the simple cases 

In Table 2 numerical values of Ai(z,), Bi(x,), wGifz,) and 
their first derivatives are presented for the interval 10 < 2z 
+5. This will cover a uses of compression members 
when P,/P 0.90 and also a range of tension and 


members, 


part tension 


have been 


ly B 1i'(z,), and Bi'(z 
ted from related functions tabulated in the 


The values of 
taken from or calcula 
8-place table by J.C. P. Miller (2 Values of wGi(z,) have been 
calculated from values of Gi(z;) or a related function tabulated 
by R. 8. Scorer (3 The derivatives of this function have been 
obtained numerically by 


differentiation (¢ 


using Bickley’s tables for numerica! 


EXAMPLI 


The following was chosen as an example because it involves a 


part tension axial loading and a discontinuous transverse loading 


hni f matching pieces of the deflection 


illustrating the te 
curve 

Fig. 3 represents a beam « 
one end, a 15,000-lb compression load at the other end, and a 


2000-Ib beam load 14 i: rom the right support 


olumn with a 5000-lb tension load at 


INTEGRAL 


ANALYSIS OF BEAM COLUMNS 


Fic. 3) Loapinc or Exaupce Beam Cotums 


For this example 
P, — P,)l 15,000 + 5000) x 40? 
Fl ix 10° 


value of x, for the left end is 
5000 


5000 


+ 0.50 
15,000 4 


» value of x, for the right end is 


15,000 
15,000 4+ 5000 


rom Table | the constants on the right-hand side o haqua 


5000 


15,000 + 5000 


+ 1.400 


26 =< 40° 
ix 10 
15,000 


15,000 5000 


\ 2000 & 26 & 40 
C.El 8x4 x 10 


From Equation 4} the expressions for the two pieces of the de- 


flection curve to the left and to the right of the beam load are, 


resper tivel\ 
DBuz 


bBi(z by 'wGi( zx, 


byowrGu( x, 


The four constants @, 8, y, and 6 can be evaluated using the 


boundary conditions 


5. 9O0rG 


1.400 
0.80) + 2.600 


0.80) + 0.7009nG: 0.80 


3.9009rG 


+ SB 
OB 0.80 





ate 


— 


NV 


whe 
— a 
= 


£ 


aAr’( OBi"( 


0.80 


0.80) + 


0.80) 
= yAi'( 


+ dBi" 


0.23169a + 0.854286 = 


———___—_——, }M 


N ; NB fi 
Urteerrtesae tee reies _™ 


+ 0.7001Gi'( 
0.80) 


Substituting the numerical values of the Airy integral fun 
tions, four equations in the four constants are obtained 


0.700 X 0.76881 
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b CoRFFICIENTS 
xe 


MW 
CEI 


by = 


C,El 


Vl 
2C:"*EI P P, P2 


: ) 
2 P. P, 


CEI 


NAAN 


£ 


- 


pitbtbbiheaede 


—— 


0.80) 


0.464267 0.191786 = ——3.900(—1.14709 2.600 = 
+ 3.9009rGi'(—0.80 
0.5235 


23.57( ax 


+ 1.87365 
0.21983( 3 3.900) 
2.600 = 3.73862 


6) = ( 


0.08168) 
+ 1.400 


0.700 + 
+ 1.400 + 


0.1058 1( a + 0.56353(8 — 6 
+ 0.86183 


(—0.700 + 


3.900) 1.33968 = 


= 4.28698 
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Ai(x,) ad (x) Bi(x,) Bil(x,) Wea(x,) Wei" (x,) 
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+0 35503 -0.25882 +0.61493 +0 44,829 +0 64,395 +0 .46945 
» 38085 025696 «57000 045121 259190 ©57250 
40628 + 25103 «52451 045939 052927 -68087 
43090 «21,055 47798 47188 «45500 79315 
045423 022503 43002 48773 037057 © 90757 


ee 
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+0.47573 -0.20408 +0 .38035 +0.50593 +0.27408 +1 .02203 
049485 -17736 232879 «52540 -16625 1.13410 
°51100 014464 +27527 «54,500 + O4744 1.12791 
052357 -10581 ° 21983 256353 - .08168 1.33968 
53196 -06091 -16264 ©57975 -22011 1.42679 
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«53556 -0.01016 +0.10400 +0.59238 0.30654 +1.49686 
«53381 + 01,603 + 204433 -60012 051926 1.55228 
©52619 -10703 - .01582 -60171 +67625 1.58343 
51227 -17199 07577 +59593 -83509 1.58885 
49170 223982 -13472 - 58166 © 99305 1.56529 
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+0 .464,26 +0.30919 -0.19178 +0.55791 -1.14709 +1.50993 
042986 037854 + 24,596 252389 1.29390 1.42052 
38861 44,612 229620 «47906 1.43001 1.29551 
34076 «51000 034141 042315 1.55180 1.13427 
+ 28680 + 56809 «38047 23562 1.65506 0.93719 
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snes 
ke ee ee 
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+0.22741 +0.61826 -0.41230 +0.27880 “1.73809 +0.70585 
-16348 - 65834 43590 -19169 1.79579 044,313 
-09615 - 68624, -4,5036 + 09623 1.82581 + 15327 
.02671 «70003 45493 - .00581 1.82572 - 15812 
- 04333 -69802 04,4905 -11223 1.79370 48401 
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-0.11233 +0.67885 -0.43242 -0.22042 “1.72871 -0.81613 
- 1.7850 64134 «40501 - 32740 1.63058 1.14506 
- 24004 - 58601 36709 «42990 1.50015 1.46047 
° 29510 -51221 «31929 @ 52445 1.33930 1.75142 
- 34191 -42118 226259 -00752 1.15105 2.00675 
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-0.37881 +0.31458 -0.19829 0.67561 -0.93951 -2.21544 
404,38 -19482 12807 °72545 - 70986 2.36717 
41744 -06503 - .05391 °75412 24,6828 2245275 
41718 - 07096 + .02199 °75927 - 22177 2.46471 
40319 - 20875 .09711 -73920 + .02203 2.39778 
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a i ae 
WWwwWwwWw 


-0.37553 “0.34344 +0.16894 0.09312 +0.25507 = 2 «24,936 
33478 -46986 234,87 262117 04,6920 2.01994 
-28201 - 58273 © 29235 «52401 65648 1.71342 
- 21886 -67688 «33905 040582 ~80955 1.33723 
014742 «74,756 «37289 - 26830 °92197 0.90242 
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0.07027 
+0.00968 
-08921 
«16500 
23376 


+0.29215 
«33750 
36737 
- 38004 
o37L54, 


+0.35076 
30953 
~ 25258 
018257 
210293 


+0.01778 
- .06833 
-15062 
022435 
028512 


0.32915 
35351 
35642 
33735 
029714, 


-0.23802 
«16353 
- .07831 
+ .01210 
-10169 


+0.184,28 
«251,01, 
230585 
033577 
34132 


+0.32178 
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°21372 
~13285 
+ .041'70 
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-0.79063 
-80287 
© 78222 
07279 
+64085 


©37953 
221499 
- 203677 
14,696 


32719 
4.9459 
63990 
© 75458 
- 33122 


+0 ..86420 
85003 
78782 
69743 
52963 


+0.34594 
+ 13836 
- 08107 
229899 
-50148 


«674,95 
80712 
- 28791 
° 91030 
- 87103 


-77101 
~61553 
41412 
- .18010 
207022 


231881 
254,672 
° 73605 
87116 
- 94,004, 


(Continued on 


TABLE 2 (Contin 


Bi(x,) 


+0 239223 
03959L, 
38347 
035495 
031123 


+0.25387 
18585 
210795 
+ 02571 
= .05775 


0.13337 
221209 
«27503 
032372 
©35532 


-0.36781 
- 36017 
© 33246 
228589 
222283 


-0.14670 
- 06182 
+ .02679 
03.1374 
019354 


+0.26101 
» 31160 
34173 
34,908 
033284 


+0 .29376 
023425 
215822 

+ .07087 

- .02160 


019493 
» 26267 
- 31030 
«33388 


page 281) 


Bi (x,) 


-0.11667 
+ 204348 
220576 
+36320 
-50859 


+0.63474 
73494, 
- 80329 
«83509 
282722 


+0.77841 
68949 
56346 
40556 
222307 


+0.02511 
- 17784 
037441 
55300 
- 70248 


-0.81290 
27623 
- 8809S 
74461 


240857 
- 19010 
+ 04438 
°27926 


+0.49824 
68542 
082651 
© 90998 
© 92813 


+0.27780 
276096 
58474 
236123 
+ .10670 


TT Gi(x, ) 


+0.98856 
1.00577 
0.97192 
088744 
75498 


40.57949 
236809 
+ .12990 
- 12429 
238246 


-0.63188 
~85975 
1.05389 
1.20339 
1.29933 


1.33530 
1.30823 
1.21816 
1.06894 
0.86801 


-0 . 62 611 
«35682 
- 07587 
+ 519977 
045289 


+0.66720 
~82840 
092525 
295051 
90155 


+0.78081 
059582 
235887 
+ 08634 
= .20234 


-0 . 48 604 
74341 
95453 

1.10252 
1.17500 
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Trei"(x,) 


0.423446 
+ .08211 

259423 
1.09103 
1.54981 


+1.94,806 
22264,66 
2448109 
2.58262 
2055942 


42.0754 
2.12891 
1.73492 
1.24009 
0.66799 


+0.04718 
- 58934, 
1.20588 
1.76598 
2223403 


-2.58067 
2.77878 
2.81177 
2.67209 
2 «36303 


-1.89912 
1.30593 
-0.61896 
+ .11829 

285679 


41.54531 
2.13388 
2.57763 
2.814039 
2.89787 


+2.74023 
2.37359 
1.82042 
1.11865 
+0.31943 
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TABLE 2 (Continued 


Ai(x,) aa! (x) Bi(x,) Bi! (x,) Wci(x,) ci! (x) 


ay 


-0.05271 +0.93556- -0.33125 "0.15945 -1.16519 -0.51633 
014291 ~85622 - 30230 -41616 1.07272 1.32243 
«22160 -70660 «24704 064,232 0.90391 2.03259 
° 28223 49728 017551 -81860 O7144 2.58003 
031959 0 2L1,22 = .0&752 92911 ° 39360 2-9328E 


, oo. oe 
rwnNrO 


Banna 


. 


-0.33029 -0.03231 +0 .00775 “0.96297 “0.09291 3.03893 
- 31311 - 30933 -10236 eF1L54° + 20504 2.88942 
«26920 - 56290 -18820 - 78883 04,7006 249123 
» 20205 e77061 025778 059221 69654 1.87326 
011727 291289 - 304,83 -34130 84,561 1.08492 


Bonne 


-0.02213 -0.97566 +0 ..32495 -0.05740 +0.91004 -0.19255 
+ .074,96 ©95150 231603 + 223184 - 88325 + .72583 
~16527 24067 027858 - 50892, -76078 1.58720 
° 24047 -65149 21571 ¢ 73928 «57040 2231107 
29348 «39986 013294 «90349 31151 2.22717 


on 
FWNHrO © Brn ow 


+0.31910 -0.10810 +0 .03779 +0.98i,71 +0 .01308 +3 08259 
314,65 + .19695 - .00091 ©97350 - 29530 304758 
° 28021, 48629 215379 86898 «58003 2.71946 
«21887 273154 «23186 007937 «83025 2.12397 
013624, - 90781 228738 042147 1.00365 1.31397 


. 
© On ow 


9 
9 
9 
3 
9. 
9 
9 
9 
9 
9 


+0 .04,024 +0.99627 -0.31468 +0.11941 -1.0881C +0.36523 


. 
oO 


+0 .35503 -0.25882 +0 .61493 +0 ..44829 +0.04395 +0.46945 
232920 025713 -65986 045151 -68601 237262 
«30370 225241 ~ 70546 046179 °71875 ° 28339 
027381 024,515 075249 248005 0 Th294, «20170 
+ 25474 23583 -80177 «50728 75930 «12802 


oo°o°o°o °o 
. 


+0.23169 -0.224,91 +0.854,28 +0.54457 40.7051 +0 .00244, 
220980 °21279 -91106 259311 77211 + .OOL8L 
218916 019985 297333 265441 77004 ~ 04501 
216985 18641 1.04242 273001 70335 eO87L9 
15189 017276 1.11987 282190 075277 212304 


+0.13529 -0.15915 +1.2074,2 40.93244 +0.73890 -0.15217 
10613 013279 1.42113 1.22123 - 701,05 019341 
-0931,75 12033 1.55228 1.40699 08401 220666 
~0%2038 10851 1.70366 1.62604 266286 021575 


goooso9o 
fwWwWNrO WO QXNouw FwNrO 


Hee he HY 
. 


+0.071750 -0.097382 +1.87891, +1.88621 +0.64,098 0.22123 
-062537 026996 2.08217 219300 261871 222362 
2054325 077375 2.31941 2.55585 059034 °2234,0 
-04,7036 2068525 2259587 2.98554 057411 e22101 
2040594 »C604,37 2.91918 349517 °55220 #21085 





Nut 


~015726 
013289 
011199 
0094105 


O7VRLPA2 


0065911 
-005494,0 
e001,5672, 


«037873 


il values of the deflection 
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+/,,100608 
4022155 
208154 
2.70974 


el 7 
eo tus ; 


7042142 
36351 
De ILY 
».099 


22.922 
27.578 
33.25€ 


f ) 
40.202 


e714 
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The Concept of Complex Damping 


By N.O 


In this paper it is shown that if the hysteresis loop for a 
material has a particular shape the damping can be con- 
sidered adequately by multiplying the modulus of elas- 
tici 
26 is called the complex damping factor. 


y of the material by the complex number e”' where 
For small values 
of 6 it is shown that both for free and forced vibrations 
of a simple spring-mass system the motion in the case of 
complex damping is the same as in the case of viscous 
damping, with 6 = c/c.;, except that in the steady-state 
case the phase angles are slightly different. Also, it is 
shown how complex damping may be applied to cases of 
forced vibrations of uniform rods and beams. The great- 
est advantage of using complex damping, however, is in 
of 


rplane wings, and other types of struc- 


numerical calculations forced vibrations of engine 


crankshafts, « 
tures; and for such calculations it already has been ex- 
tensively used. 


CompeLex Damprine 


& 


ONSIDER the 
which the spring has a I 


Fig. | 


in 


Simple sprin mass system in in 


the 


vsteresis loop as shown 


bottom part of the figure for steady-state harmonic motion 


of the ven by 


MASS £ 
Yi 
If there i 


the spring force may be written as k(r 4+ 


no damping the spring force is kr, but with damping 


Au 


the spring force may be written as 


is shown in Fig. |! 


means of I quation [1 


A kXe'™ 


If the quantity wAt is constant for a particular hysteresis loop, the 


damping is called complex with a complex damping factor 


2b = wil 
be 


Ar 


2) may written 


and Equation 


k(x + kert*X eto ket 


It is seen that in this case the damping is taken care of ade quately 
by replacing k by a complex spring constant 


and using kr for the spring | 
This is illustrated in Fig 


vector representing the complex spring force is an angle 2b ahead 


where it is seen that the rotating 


is means that the 


r to kr cos 2h 


of the one re presenting the real spring torce 


effective spring force has been reduced from 4 and 
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wt 





Bb EX sin2b 





Force 


2b=O0 3849 


pring 








it the same time a damping force kr sin 24 has been introduced 


n phase with the velocity several hysteresis 


1 in st 


In Fig. 3 are shown 
The loops 
>}, 


which 2 


loops for complex damping re elliptica ipe 


and the limiting « is a circle, fo 


FREE VIBRATION OF A SIMPLE SPRIN« ss SYSTEM 


ially harmonic during one period, the differential 


he damping is so small that the motion of the 


Mass Is Cs8en 
equation of the 


motion may be written 


is 





MYKLESTAD—-THI 


0 


complete solution to this differential equation is 


wn St twat 
é 


where 


g 

cos b 9) 

8 = sin t [10] 

From Equation [7] it looks as if the motion is unstable owing to 
the term eonht which increases indefinitely as t increases. How- 
swnatt i, ir le is in the 


ever, the term ¢ u n this case the cy 


negative direction from n by Equation [1], making the 
damping force in Fig. 2 negative The second term on the right- 
hand side of Equation [7] therefore does not represent complex 
damping and hence has no pl connection with reality. 
Considering only the ind putting Ao = 


Equation [7] ma 


Lele won fit 1 


CONCEPT OF 


COMPLEX DAMPING 


which has the particular solution 


, 
w/o, = w V m/k 


sin 2b 
a, = tan 
cos 2b r? 


For small values of b Equations [18] and [21] may be writte 
: 
{23} 


amplitude of forced vibra- 
that for 


ind it is interesting t 

tion is identical with 
viscous damping with a viscous- 
_ cs damping factor b = Cer, Dut 
a that the phase angle a, is dif- 
erent from the phase angle a 
tan~! (26r/1 r?) obtained for 
viscous damping. The phase 
ingles a@ and a, are plotted in 
Fig. 4 and it is 


never becomes zero, nor is it 90 


seen that a, 


resonance It does ap- 


ISO deg 


leg at 
proach for large v stlues 
of r, however, just as does the 
phase angle @ in the case of vis- 
cous damping 
A common way of writing so- 
illed structural damping is by 


multiplying the spring constant 








Since the only practi cases are those where b is a 


small quantity one n 


Equation [11] 

b? wat Yo 14 
which is identical with the case of viscous damping, for which the 
coefficient of viscous d amping 1s 

2b V km 15 
and the viscous damping factor b is the ratio of ¢ to the critical 
damping coefficient « 2V kn 
Forcep VIBRATION OF A Simp_e Sprinc-Mass System 


Assume now that the mass in Fig. 1 is acted on by a driving 
iorce Fe“ and that a steady state has been reached The dif- 
ferential equation then becomes 


mi + kez Fe 


20 k by the complex number | 4 
commonly 1 + gt, 


which is approximately the same 


2b:, or more 
2s complex damping when bis small. This form of damping, how- 
ever, has no real physical explanation based upon a known ob- 
If it is applied to a free- 


of damped freé vibration 


servation such as the hysteresis looy 
vibration problem it gives a frequent 
which is higher than the natural frequency, and if applied to a 
foreed-vibration problem it amplitude at the 
natural frequency itself, neither of which conforms to observation 


gives a peak 
Forcep VIBRATION OF SLENDER Rop 
The displacement u(z,t) for the case shown in Fig. 5 with no 
damping considered is given as 


Sz 
LF sin’ 


tol [24] 


1EB cos B* 


where L is the length of the rod, F the amplitude of the harmonic 
driving force, A the cross-sectional area, E the modulus of elas- 


ticity, and 
B=wLlLV p/E |25) 


p being the mass density In the case of complex damping it is 
merely necessary to replace E by the complex quantity Be** in 
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nsit 1 the cross-se irea, J the moment o 





ross-sectional area, and 1 the length of the beam 


small amount of dar 


plitude of y 














Equation [24 The important term in Equation [24] is the 





B-term since this becomes zero when 


for any integer value of r, making u © for the case of no damp 
ing. Since damping is of importa in the vicinity of 


resonance, or 


resonance assume r = | and : 
h + cosh { s OD nd, therefore, only this last term 


Ee gives 


34] 


Since replacing 8 by 8’ and E by 
Equation [24] does not appreciably 


latter may be written approximat: 


tLi 


and at the end of the rod the 


tLI 
rT? {kh 


ForceD VIBRATION OF UNIFORM CANTILEVER BEAM 
Consider the uniform cantilev am shown in Fig. 6 acted or 


by the driving force Fe 


the deflecti 


2EIB%1 
Dr 





Large Deflections of Circular Plates 


M. STIPPES' ano A. H. HAUSRATH?# 


This paper contains a solution of von Karman’s equa- urve I’. The equation: 
tions for a uniformly loaded, simply supported circular Kdrmdn can be 
plate. The method used to obtain the solution is the per- 
turbation procedure. Series expansions for the deflection 
and stresses in the plate are obtained. The legitimacy of 
these expansions is demonstrated in the Appendix. Criti- 
cal values of stress and deflection are presented in graphi- 
cal form. Furthermore, tables of coefficients for the 
afore-mentioned series are presented if anyone desires to 


extend the results which are presented here. 


NOMENCLATURE 
lhe following nomenclature is used in the paper 


deflection norn | 
Airy’s stress function for middle surface of plate 
Young’s modulus 


thickness o | 


Poisson’s ratio 
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loaded circul 


for a circular plate of radius 


We shall consider here only the 


To this end, we ive 


uniformly 


plate in detail 
1d j f id df ' 
Vi lf p ( y ) 
pdp \V' dp|pdp ¢ dp/ jf 
ld ( df dq ) 
p dp \dp dp 


The boundary 


a 


where p is the dimensionless radius onditions 


bec cornne 
do 
o, 1% 


Dp 
° dp 


and @,, %, are regular for p = 0 


With these boundary conditions, we find that if * 


L( dep) 


o= \ A?? do» (p), 2p p 


p=l 


N74 + Yoo 41 (p) 


then 


) 
11601 


) (2y 


16(1 +3 
rhe dimensionless maximum deflection is given by 


* Where P2,”, 
not Legendre polynomials 


Qian” *! are coefficients of the powers of p 
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> sae) Par 


Che radial bending stres 


p=l 


ind the radial membrane stress at the 


rhe computations for the deflection wer 

seventh power of A and those for the stress 

power of A. 

4s tar as the calculations 


The series, Equation {9 


carried, is an alternating series. Furthermore, a 


the terms of this series, to the point ot 
decreasing 


the validity of either of these statements for th 


monotonic Since we were no mnonstrat 


entire series, 
we offer the following bounds on the absolute error involved ir 


vations 


truncating the series after the linear term with re 


4 


\ 7 yo + 2) (2m +: 
5 
16 (1 + )(m 
m=O 


|} Absolute error 


4 
16 
m 0 


emphasize that this resul subject to the assumption 
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LARGE DEFLECTIONS OF 


CIRCULAR PLATES 














stated previously.) If these results are valid, they give an indi- 
cation of the range of utilizability of the linear theory which is 
usually quoted in references as deflections less than one half the 
thickness of the plate 


Figs. 2 and 3 indicate the Relations [9], [10], and {11}. Tables 
1 and 2 give the appropriate values of the various constants used 
in the computations if anyone desires to carry the calculations 


bevond the point presented here 


Appendix 


To show that the Expansions |4 at least for 
|, [3] 
Con- 


ire legitimate, 
small values of A, it is convenient to convert the system [1 
into a nonlinear integral equation for the derivative of ¥ 
sider then, the Green’s functions for the following svstems 


a@ 


dy 
p dp 
and @, wy are regular at p = 0 These Green’s 
denoted by K,*(p, &), Ke*(p, &), respectively 
following forms 


s will be 
have the 


functior 


They 


&*) log & 


i 


K,*(p, &) 


¢(£? + p*) log p 
1 


v)p? 


&(p? + &) log é 
1 


&(1 — p*) {(: —(1 


yp 2 
K3*(p, §) = —— aX 


4 && + p*) log p 
1 





Bending stress 


by bneer theory ~ 


Bending stress, 


Membrone strove 
for 9025 30 











It is convenient to introduce the quantities K,(p, &); 
defined by 


Kip, &) 


2K2*(p, &) 


Kip, &) : 
s 


Utilizing these quantities, we obtain the following equation for 


: dy 
I'(p) = 


dp 
 aK.%(p r) 
af SS fl Ede 
0 op 


1 Pe . 
3(1 — o*KAp, &) 0°Ki(E, 0) 1. 
_ 3u 2 ff Ps (g ”) Pun) P(E sdndt 
2 0 0 opot ofon 


I'(p) = 
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CONSTANTS US , COMPUTATIONS 


3 5 7 


t * es a ee oe 


x10~ x 1075 x 10°” x 10°5 x 1075 x 10°° 
2.64062 8.79922 4.15079 4.63577 2.08044 -11,03887 
-2.61710 7.54294 -5,16192 4.16050 1.67578 -7,94581 
-2.40537 6.46459 2.45252 -3.72405 1.34275 5.67448 


x 10° x 10°* z10° x 10° x10° x 10°” 
4.06260 -2,56016 1, 42186 1.56345 ~8,69159 5.00716 
3.96635 2.24449 1.11810 1.41802 -7,09361 3.66008 
3.87732 “1.96495 0.875680 1.28221 5.76568 2.65290 


x 107? x 10°¢ x 1078 x 107" x 1075 x 10°" 
-1,17188 2.67438 -1,88674 1.16043 10,.64014 -7.19901 
-1,17188 2.38120 -1,50967 -1,07570 6,846735 -5,357048 
-1,17188 2.11570 -1.20216 -0. 989396 7.30574 =3.96872 

x 10° x 10° z 10°° x 107° x10” 
-1.33810 1.39773 2.97547 -6.93962 5.94885 
-1,21174 1.13751 2.61983 ~5. 86666 4.51759 
-1.09406 0.920490 2.65808 -4.92222 3.3566 

x 1075 x 10°” x 10°* x 107° x 10°” 

3.27378 -7,67462 -2.86102 2.75758 -3.351402 
3.02911 -6.26665 -2.77710 2.37262 -2.55285 
2.79126 -5.15101 -2,.67791 2.02411 -1,95732 

-6 

= 10 x10" z10°° x10” 
-3.95179 2.37012 -1, 46872 1.34111 
-3.74506 1.99648 -1.29146 1.05469 
-3.63026 1.66944 ~1,12476 0.819567 

x 10°" x 10° x10” x 10° 
2.08616 -5.00728 9.48788 =4,09890 
2.02497 -4.50115 8.52127 -3.28245 

1.95264 -3.66583 7.67173 -2,59498 


x 10 ° x 10° x 10°? 

1.16904 -7,62106 7.45502 

1.02709 -7,01055 6.06172 

0.893809 -6,57240 4.87568 
-10 


x 10 x 107° x 10° 
-7,56192 2.80644 1,757 
-6,.79152 2.64421 -1,44778 
~6,03472 2.45870 1.18858 

x 10°? x 10°20 

4.42499 1.83640 
4.07062 1.56419 
3.69999 1.31211 


x 107!” «107? 
1.22078 1.14922 
#1,.1602) 1.00186 
1.06962 ~0,858428 

x 10°35 
4.90414 
4.37896 
3.83819 

x 10°2# 

1.26162 
“1.16382 
1.03455 
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x 10" 
6.66250 
6.57020 
6.19210 


x 10°" 
8.12500 
-7.935270 
7.75460 


x 10° 
1.56250 
1.56250 
1.56250 


HAUSRATH 


TABLE 2 


2 
Con 


x 10°¢ 
-2,86797 
2.70856 
2.56469 


z 10° 
6.33952 
8.00360 
5.70080 


x 10°* 
-4.12596 
-3,95298 
3.758359 


x 107° 
7.05296 
6.88602 
6.73145 

x 10°° 

-5,08626 
-5,08626 
-6,08626 


LARGE DEFLECTIONS O} 


CIRCULAR PLATES 


ONSTANTS USED IN COMPUTATIONS 


3 


Con 


x 1075 
8.64905 
-7,42501 
-6.45651 


z 10° 
1.35573 
1.18858 
1.04206 


x 107° 
~7,24540 
-6.50078 
-5.81680 


x 1075 
2.714316 
2.461836 
2.226062 


x 10°° 
-6.03659 
4.66017 
4.29426 


-7 
x lo 
4.64917 
4.40596 
4.16524 


x 10° 
-1.98682 
~1,92854 
-1,85966 


Con 


x 10°" 
7.61080 
6.45516 
5.45691 


x 107° 
-1. 78880 
-1,61861 
-1.28940 


x 107° 
1.57488 
1.17858 
1.01009 


-7 

x 10 
~4.,44470 
-3,69669 
-5.41157 


x 10"” 
1.16076 
1.03551 
0.918275 


x 107° 
-2.09078 
-1,.89554 
-1.70947 


zx 10 ° 
2.27346 
2.10356 
1.935638 


x 10°2° 
-1,40015 
-1.52691 
-1,.25080 

x 107}? 

4.15769 

4.03573 

3.89159 


5 


Con 


x 107" 
5.14916 
2.45248 
1.87170 


-7 
x 10 


-6.25810 
4.12546 
-3.22062 


x 10°" 
3.25069 
2.61841 
2.09801 


-7 
x 10 
-1.5C896 
-1,23151 
-0.999250 


x 10° 
4.61612 
3.839738 
3.17089 


x 107° 
-10.84516 
~9,16666 
-7,69096 


x 10°° 
1.91495 
1.64756 
1.40563 
x 10° 2° 

-6.20561 
-4.57575 
-3.98612 


x 107}? 
1.89092 
1.69828 
1.50904 
x 10°!* 
-9,18619 
-8.45216 
-7,68278 
7 1074 
2.16546 
2.04028 
1.869715 


x 10°? 
3.550235 
-2.52442 
-1.89769 

2 10°" 

8.01290 
6.06971 
4.58624 
x10” 
-6.45561 
-4.97174 
3.80050 


x 10°* 
2.46851 
1.94115 
1.62028 


x 190° 2° 
-6.18899 
~6.65240 
-5.21768 

x 10729 

2.18396 
1. 77736 
1.43827 

x 19°} 
-6.26016 
-4.35177 
-3.57709 

x 107}? 

8.39753 
7.07371 
6.91496 

x 10°35 
~9.97945 
8.57209 
-7,.30195 

x 1075 

1.40944 
1.23829 
1.07760 


x 1076 
-5.63481 
-5.24057 
4.65642 

x 10726 

2.28564 
2.10254 
1.91115 


x 10°28 
~4,57894 
~4.12581 
3.85636 


x 10°? 
-1,6924) 
“1.17029 
-0.80626 
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Bending of Elastoplastic Circular Plates 
With Large Deflection 
P. M. NAGHDI,' ANN ARBOR, MICH 


A general theory for the elastoplastic bending of thin — sha! summation 


circular plates with polar symmetrical loading is de- convention I be emy ! ever needed, s« repeated 
veloped, and a numerical integration method is given for — index imp! 

the complete solution of problems within the scope of the 
general theory. In the development of the theory, stress- 
strain relations of the deformation type (theory of plastic 
deformation) are employed. As special examples, simply Let us 


GieNeRAL THeory o LA I NoING OF Tin ¢ 
Piatt ) t Lt LOADING 
train 
supported circular plates with a central concentrated 
loading are considered. Using a stress-strain curve for 
24S-T aluminum which is determined experimentally 
numerical solutions for bending moments, membrane 
forces, and deflections are obtained for two cases. In 
one case, the plate experiences large elastic deformation 
and in the second case, the plate undergoes large elasto- 
plastic deformation. Several plate specimens, made of 
the same sheet of 24S-T aluminum for which the fore- 
going stress-strain curve was determined, are tested and a 
comparison is made bet ween the theoretically determined 


and the experimentally obtained values of deflection. 
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element shown in Fig. 


tor small deformation (linear " ‘ m lime t 4 


rom a geometri und forces normal and perpendi 


rhe following relations 


onsideration of the mid ted surface of the plate are 


os Od 


where 1/Ry and 
equations 
well-kr 


incorporation of ] 
1 adjustment of notati 


With the shell having the 


be written 


Now with Equations [b| and [h 
cos } 
cos 


In the theory of elastic plates and elastoplastic beams, it is a 
fundamental hypothesis that plane cross sections normal to the where 6,, is the Kronecker delta defined | 
middle plane remain plane and normal to the middle surface during ; 
bending Assuming that this hypothesis also remains valid for 


elastoplastic plates, we have for the bending-strain tensor 


Eas Ta 
_# 7 
1/Rag being the curvature tensor 


It is clear that since €,g are principal strains, €&:2 = 0. More- Y being the plastic octahedral shear strain 


It is not difficult to show from Relation [n] that the plastic 


over, since 03 = 0, both €3 and ¢3 are determined directly from 
volume change vanishes, i.e., ”;; = 0, and that further 


the stress-strain relations 
— Ne 2 — —f7 
3 Only the equations which are directly used in the solution of a mu Me = bi ™s = Me = 
specific problem are numbered. All other equations are lettered 01 — On On — Ox Cn — On 
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Similarly, substitution of Equations 


~f membrane forces in 


vields the 


isually associated with the 


—BENDING OI 


wsumption that at any one 


ipal axes of stress and strain coincide. If we let 


into the usu 


t} stress tensor, nam 


relations 


we owritter 


>) (=) 


equivalent rigidities” of the plate 
follows that D, and Dz, are 


in y as well as the thickness of the plate 


tunctions ot 


r] into the usual relation 


terms of the stress tensor, namely 


. +h/2 
Nas = * le 2 Cas dz; 


following membrane force-membrane strain relations 


N = Eien T E:en 
Ne = Even + Extn 


ELASTOPLASTIC CIRCULAR PLATES WITH 


(11) 


LARGE DEFLECTION 


oD 
i the 
nt moduli 


thick 


i! shear strain 


is follows 


hear 
l-quation 
limit Kquations [8], 


orresponding known 


equations in mind 


the equivalent mgd 
materials and the 


elastic materi 
LASTOPLASTI( 


Rigidities and moduli 


cal Solution It is clear that Equations [1 to 14) 


inclusive, if solved together for a given load and for given bound- 
conditions, would constitute the solution of the problem in 


The equations of compatibility will be satisfied iden 


ary 


question 
tically if one formulates a numerical procedure in terms of dis- 
placements. To obtain successive approximation by numerical 
integration for any given problem, it is necessary to rewrite Equa- 
tions [1 to 14] in summation form with the aid of the boundary 
conditions, and further, to replace the differential radial element 


dr by a corresponding finite length Ar. It is assumed in the 
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following numerical integration procedure that this has been 


done 
Steps in Numerical Procedure 


1 Divide the radius of the plate from center line to the 
boundary into a number of finite elements Ar, not necessarily all 
equal 

2 Assume a set of values for sin @, Me, Nw, Ei, Es, D;, and 
aleulate V from Equation [4] 
‘aleulate H from Equation [5 
‘aleulate N,, from Equation [7 


from the first of Equations [12 


‘aleulate ey, and steps 
‘aleulate up from Equation [3] 
‘alculate ex from Equation [2}. 
taleulate M,, from Equation [6] and steps 2 and 4. 
calculate sin @ from Equation [8] and steps 9 and 2. 
il Calculate E,, E:, D:, and D, from Table 1 or from Equa- 
tions [10] and [13]. 
12 Calculate Mz from Equation [9] and steps 9, 10, and 11. 
13 Calculate Nx from the second of Equations [11] and steps 
6, 8, and 11 
14 Calculate 1] and step 10 
15 Repeat steps 3 through 14, using values obtained in steps 
10, 11, 12, and 13, to replace the values assumed in step 2 for the 


t; from Equation 


first cycle of computation until the values of sin @ do not change 


by more than the desired accuracy of solution 


We shall now elaborate on some of the individual steps which 


require further clarification. In step 2, reasonable values of 
, Mw, and Nx should be assumed from existing elastic solutions, 
or they may be obtained by energy methods, and so forth. Cau- 
tion must be exercised not to assume zero values for Nw (or for 
in the first cycle of comput ition, 
if rapid convergence is to be The values of E,, E 

D,, and D, for the elastoplastic plate in the first eyele of com- 


putation may be assumed to be the same as those for the corre- 


any other estimated quantity) 
expected 


sponding elastic plate. These functions are constant for elastic 
plates and thus it is clear that step 11 should be omitted through 
out the computation if the plate is to remain elastic. 

In steps 12 and 13, Mz and Nx are calculated after new values 
for sin @, F,, E2, Di, and De, defined in Table 1, along the radius 
of the plate, it is necessary to know the variation of A(y) along 
the z;-axis, i.e., across the thickness of the plate. For a given 
train relation in tension, an octahedral shear stress-shear 


strain curve can be constructed according to the procedure de- 


k 


/ 
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veloped by Shepherd (21), whose results have been verified Yex- 
perimentally. 

With the octahedral shear stress-shear strain curve (for the pur- 
pose of discussion, a typical diagram is shown in Fig. 3) con- 
structed, we are able to plot u 


(v + A/2) 
{1 + A)®* — (» + A/2y? 


versus octahedral shear strain y. Again, for the purpose of dis- 
cussion, sketches of these curves appear in Figs. 4, 5, and_6, re- 
spec tively. 

We shall now determine the variation of the octahedral shear 
strain along the thickness of the plate. We recall that the middle 
surface of the plate is stretched, thus causing the neutral axis 
of the plate to shift from the origin of the stress-strain curve. 
If the values of the octahedral shear strain at the top, middle, 
and bottom of the surface of the plate are denoted by ¥, ‘Yo, 
and , respectively, and if we assume that the stress-strain 


curve is the same in tension as in compression, we have 


where, by Equations 


If each of the equations for yl 


ously with 


be plotted as indicated by the broken-line 
The points of intersection of these*dashed- 


the solution may 
curves in Fig. 4. 
line curves and the solid-line curve (4 versus y) determine the 


values of Tmax and Yo and hence by Equations [15] and [16], 7 


and ¥ are determined 


Pt venay® 


OCTAMEDRAL SHEAR STRAIN. OCTAMEDRAL SHEAR STRAIN 
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Scnematic Diacrams SHowine Variations or OcTAHEDRAL SHear Stress, Versus OcTaAnEDRAL SHEAR STRAIN 
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ees (1 +)?- 


a+) 
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| = = 
— +i —& + Ais 


(Also shown in Fig. 4 is a sketch of plot of Pina 8nd y for various values of ».) 





NAGHDI 


It is of interest to note that values of u have the range v/(1 v) 
S uw < 1, where the lower limit corresponds to perfectly plastic 
material for which Poisson’s ratio has the value of '/». 

Thus, with known values of 7, Yo, and 7 as functions of 2s, 
and since the shear stress-shear strain relation is one to one, the 
variation of y across the thickness of the plate is determined 
uniquely. 

It is now clear that the values of 

(1 + A) 
(1 A)? (vw + X/2)? 


(v + A/2) 
(1 + A)* —(v + A/2)? 


at every point along the thickness of the plate can be determined 
from curves in Figs. 5 and 6; and therefore, the evaluation of the 
equivalent rigidities and of the equivalent moduli, given in 
Table 1, readily follows 


Smp ty Suprorrep Crracutar PLatres Wir a Centrat Con- 


CENTRATED Loap 
As an application of the theory developed, we shall now obtain 
solutions to simply supported circular plates of uniform thick- 


ness, Fig. 7, for two different loads—one which would result in 


Fic. 7 Crincurar Pirate Witra Centrat Concentxatep Loap 


large elastoplastic deformation. These simple examples were 
chosen in the light of their simplicity for experimental verification 
of results, 

The boundary conditions of this particular example are as 


follows 


Atr=a 
’ = P/2xa 
= Ni, = 0 
= 0 


¢=0 


ue = 0 


Using the foregoing boundary conditions and remembering 
that there is a concentrated load rather than distributed pres- 
sure, the basic equations, written in summation form, are as fol- 
lows 


BENDING OF ELASTOPLASTIC CIRCULAR PLATES WITH 


DEFLECTION 


a tan @ Ar 


LARGI 


an @ Ar 


sec @ Ar ) > Na sec @ Ar 
0 


rH= >> 
0 
2. P 
[> WnAr 5 Me = (a~ fr) 
0 no oF 


rM,, = 


+ [> rH tan @ Ar > rH tan @ ar| 


0 0 


Vu = H con® V sin d 


{9a} 
{lla} 
{12a} 
The general numerical procedure, outlined in the foregoing, 
will be employed to obtain numerical solutions for the following 
two cases: 
1 Load P = 20 |b for the plate to undergo large elastic de- 
formation only 
2 Load P = 500 lb for the plate to suffer large elastoplastic 
deformation 
The plate material was assumed to be of 248-T aluminum 
(Young’s modulus E = 10.0 
0.3), and its dimensions were 


thickness of 0.065 in 
It was desired to use an actual stress-strain curve in the solu- 


<x 10° psi and Poisson's ratio v = 


chosen to be 10 in. diam with 


tion rather than a hypothetical one. For this purpose, two sets 
of specimens were made of rolled thin sheet of 248-T aluminum 
which appeared to be orthotropic. The specimens, 8.5 8.5 X 
0.65 in. in size with 2-in. gage length were tested for both sets in 
tension. The stress-strain curves obtained from the two sets of 
specimens were found to be identical except for a very small de- 
viation around the knee. On the basis of this, as weil as com- 
parison of the reduced moduli of the material in bending, as dis- 
cussed by Timoshenko (22), it appeared reasonable to assume 
that the material is isotropic. The curve was, 
therefore, taken as the average of the curves of the two specimens 
determined experimentally, as shown in Fig. 8 

From the tensile stress-strain curve and the procedure of 
Shepherd, the octahedral shear stress-shear strain curve, Fig. 8, 
Using this last curve, the graph of u 


stress-strain 


was constructed. 
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aluminum from which the tensile specimens mentioned in the 


foregoing were cut. The plate specimens were 10'/s in. diam 
with an average thickness of 0.65 in. These plates were cut so 
that their 


in the analytical solution so that they could be supported ade- 


diameters were '/s in. larger than those considered 
quately. 

The apparatus used to test the plate specimens consisted of a 6- 
in. length of 9-in-ID steel pipe to afford a simple support for the 
circular pl ates. One edge of the supporting cylinder was tapered 
to a 60-deg slope on a lathe and then was very slightly rounded 
The concentrated load was applied to the center of 
This load rod had 
one end turned to a point in the lathe and the other end fash- 
The deflec- 


tions of the test plates were measured at four points along the 


with a file 
the plates by means of a 1-in-diam steel rod 


ioned to fit into the head of the testing machine. 


radii of the plates by means of dial indicators which were af 
fixed to the plate s and the load rod. 

For cor iparison of the analytical with the expe rimental de- 
flections, the theoretical curves for loads of 20 Ib and 500 Ib are 
points corresponding to each curve 
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plotted, and the experimenta 


are marked as shown in Fig It is apparent from Fig 
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that the agreement between the theoretical and experimental 


results is very good, sin 


rear the « 


the maximum deviation is less than 5 


per cent oncentrated load 


CONCLUSION 


A general theory for the bending 


elastop!astic thin circular plates v 


is developed, two special examples using this theory are 


and the validity of the theory is verified by experiment 
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Forced Lateral Vibration of Beam 


Carrying a Concentrated Mass 


By W. H. HOPPMANN, 2nv,' BALTIMORE, MD 


In this paper a study is made of the problem of the lateral 
vibration of a simply supported beam with a concentrated 
mass attached at its mid-point. A force assumed to act 
at the mass in a direction normal to the length of the 
beam is represented by a sinusoidally time-varying func- 
tion. The homogeneous form of the Bernoulli-Euler beam 
equation is solved considering the problem as one with 
time-dependent boundary conditions. To represent an 
important case of forced vibrations the solution is trans- 
formed to give the deflection and bending strain caused by 
a pulse type of load. Curves are plotted whereby the con- 
tributions to deflection and strain from the higher modes 
of vibration may be examined as functions of the ratio of 
attached mass to mass of beam. Results of computa- 
tions for a specific beam and set of masses are presented, 
as well as experimental results for the same beam with 
similar pulse-type loads applied. Oscillograms show 
rather trenchantly the slow transition of the mass-beam 
system toward a one-degree-of-freedom system as the 


concentrated mass is increased. 
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ky i 
Vv dimensionless function of 

9 > 
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9. = dimensionless function of 

» ” 


El 
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INTRODUCTION 


It has been the practice in engineering for many years to consider 
vibrating shafts and beams carrying concentrated masses as elastic 
systems of finite number of degrees of freedom depending upon 


the number of mass l This assumption is usually made 


necessary by the complexity of calculations required for a prac- 


tical case. In some instances this assumption may be quite satis- 


factory but there is no a priori justification for it and indeed in the 


important cases of sharp transient loading it is highly misleading 


It seems then instructive to examine a technically important 


and representative case with the view of evaluating the assump- 


tion. For this purpose a study is made of a simply supported 


beam with a concentrated mass attached at its mid-point \ 


sinusoidally time-varying force is assumed to act on the mass in 


a direction normal to the length of the beam From the solution 
of this problem the solution 


of evaluating the 


for a sinusoidal pulse is derived easily 
In a paper by I i single energy criterion was developed 
1 beam may 


While 


r 
this criterion was reasonably easy to develop for a uniform simply 


for the purpose assumption that 


be considered as a single-degree-of-freedom sys 


supports i beam, it is not se for cases in which the sh ipe functions 


are not orthogonal; and the frequency roots must be obtained 


from a complicated transeendental equation as in the 


present 
CASE Therefore it is proposed to examine deflection ratios and 
ations of how far the vibrating svs- 

This 


interest normally centers in 


strain ratios directly as indi 


tem diverges from a single-degree-of-freedom system, 


procedure be preferred because 


may 


the deflection and the strain caused by forced vibrations 


ANALYTICAL FORMULATION OF PROBLEM 


The beam « 
The ends of the beam are hinged The « 
area of the beam is A The 


The density is designated by p 


urying a concentrated mass is shown in Fig. 1 


onstant tional 


CTOSS-SE¢ 
moment of inertia 7 is also constant 


The driving force is P. 


Symmetrical vibrations only are 


sin wl 
this case so it is 


half of the 


excited in 


sufficient to determine the deflection w only for one 


beam as shown in Fig. 2. This arrangement is also suitable for 


?Nu 


the paper 


ibers in parentheses refe » the Bibliography at the end of 
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Sin A 





boundary 
not zero, 


2 

I 2 Mace Beam [ 

1 GEeNERAI }EMENT With Bounpary 
TIONS OF 


ARRAN¢ Conp! Phis equation is 
oF Beam PROBLEM Biot 
treating the vibration problem as one 


, In order 
ary conditions. 


vith time-dependent bound 


Neglecting the effects of shearing forces and rotator 


‘ inertia 
on the deflection, the differential equation used to describe the 
motion is as follows 


Inasmuch as the beam is assumed to be initially at rest and the 
vibrations are symmetrical, the boundary conditions, 
vith Fig. 2, and the initial conditions are 


in accord 


Ju 
Ol Jr=0 


mplitude P» of the 
the solution of Equation [1 
variables so that 


If the 


driving force is assumed to be zer 


may be obtained by separation 


vithout 


/sin Az sinh Az 
p 
{ NI 
cos cosh 


9 


: XI 
[ae ! Mas (tan - tanh = 


lhe forced-vibration portion is in closed form 


If we expand it in a sine series the solution may be written 


1 


Xl Xl 
Es Mw? (tan tanh = )| 


NTL 
SPA? sin 


nT . 
sin 


2 l 
! (a: an) 
is 


sin wt 


sinh kx sin kyr 


sin pat 
kl 4m 
cosh —~ (A‘ — k,¢ 
a | Ss my 
L cosn 
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li M = 0, Equation (8) agrees with that given by Timoshenko The function ® is plotted in Fig. 3 and the function V in Fig. 

7) for the case of the uniform simply supported beam. 

To obtain the solution for a sinusoidal pulse given by In a similar manner the amplitude of bending strain from each 
mode may be writter 


F P¢ sin wt <7 . 
‘ 8° 


0 7 j , o “) 
as *%)2(;; 


simply write 
where 


w(t 7 for > 7 10 


The deflection of the mass-beam system is given by I quatior 
k,l 
( tanh + ts 


4 OnE-DeGREE-OF-FREEDOM SysTEM a(* 


? 


Tne Mass-Beam As 


7) or by Equation [10 The bending strains may be obtained 


from these by differentiating twice with respect to the space varia 

ble z. To determine a convenient form for investigating how l k,l k,l 
tan + 

close a given mass-beam system approaches to one which might -_ > 


of-freedom system, equations for the 


be called a single-degre« 
tion in each mode will be given ir 


maxima of strain and defle« 
terms of specific functions which are then plotted for ready refer- 
those cases iv yr 

To facilitate the use of the functions ®, V, and 2 in determin- 


The function & is pk tted im Fig. 5 
The deflections and strains are given for 


nce, 
issumed to have finally become zero . 
ing the contributions to deflection and to strain from each mode, 


which the driving force is 
ifter a time JT. Such an 


case of a pulse duration short compared with period of the funda- 


issumption applies especially to the . 
the frequency roots k,l! are plotted as continuous functions of the 
mental mass ratio R = M/2m. In order to compact the curves giving 
the frequency numbers into a reasonable space an auxiliary func- 


l 


Now for the position z 
9 


f 
0 


we may write the amplitude 





leflection contribution from each mode 


2P #Q,) ¥ (*: ) 


Vaw 2 


where 

p,l 

2r 

cos TQ, 
] 1,? 


k,l 
n 
( tanh 
2 
3 Displacement FUNCTION AND 


k,l 2 1 . 
+ (¥) - 
2 k,l\? k,l k,l k 
( ) (tanh tan + ia 
2 2 2 2 B Ru Function ® 
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tion N of # is plotted in Fig. 6. The frequency numbers &k,/ are 


then given as follows 


It may be observed that the curve for n = 1 (fundamental 
R-axis All of the other 


asymptotic to the line w/2 


runs asymptotic to the curves run 

A remark may be made concerning the zeros of the functions 
Wand. For the function V the Ist, 3rd, ete 
to a mass ratio of zero while the remaining zeros correspond to 
mass ratio of infinity For the function Q the Ist, 3rd, ete 
correspond to a mass ratio of zero, while the remaining zeros are 


The 


, Zeros correspond 
, ZeTOs 


only incidental zeros of the plotted continuous function 
latter zeros correspond to no admissible values of k,,/ 


EXPERIMENTS 


Strains and deflections were measured on an experimental 


beam. For the purpose a l-in. X 1-in. bar of cold-rolled steel 


57 in. long with a solid steel disk affixed at its mid-length was 
mounted on ball-bearing supports. In the tests five sizes of steel 
disks were used. The maximum thickness was about 1'/2 in. 
and the maximum diameter was 10 in 
machined near the center of each disk so that it could be wedged 


tightly onto the bar with a suitable pair of wedges. Mass ratios 


A rectangular hole was 


1 > 


investigated were approximately 0, '/,, '/2, 1,2, and3 

The load was applied by dropping a I-lb steel ball onto the 
#f the disk. The ball was made to strike the 
disk with a predetermined speed. 


uppermost point 
The test speeds were about 


1 fps, 5.6 fps, and 7.2 Ips Theoretical discussion of force of 


impact is given in the literature (8 

The assumption of simple support was investigated by driving 
the beam with an electromagnet supplied from an oscillator and 
checking the calculated resonant frequencies. The experimental 
and theoretical fre quencies ¢ hecked within a few per cent 


SEPTEMBER, 1952 
The maximum deflections were measured at the middle of the 
beam with a special micrometer and indicator-light arrangement 

The calibrated bending strains obtained with standard resist- 
ince-wire strain-gage equipment were photographed with an F 
1.5 Leica camera from the face of a single-sweep oscilloscope 
The triggering was accomplished by interrupting a light beam 
measured near the 
from the face of the attached disk 


with the falling steel ball. Strains were 


middle of the beam about | in 


on the lower beam surface A few checks were made by strain 


gages on the upper beam surface. Test setup and apparatus are 
shown in Fig. 7 

The contact times of ball and disk during impact were meas- 
ured with a chronometer and while they vary with the given 
mass of disk as well as for any one disk a good indicated average 
is about 0.16 millise« The total range of variation was from 0.13 


millisee to 0.20 millisec 














Test Setup anp Apparatus 
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EMENTS AND 
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For the purp | result 
the strains fc ! m and mass ratios were compute 


using the the ns derived in this paper \ constant 
t for al 


was assumed fo of the six mass- 


time ol con i 
beam systems The strains were computed over 
time interval apy ‘ jual to one 


mental period of ea ssuming 
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TABLE 2 ESTIMA li Ist l “MENT RATIOS AND STRAIN 

tATIOS FOR TES” BEAM 

Bens tio of third Rat f fifti 
ti o fundamental 

ent Strain I acement 


» fundamental 


0 
0 
0.% 
0. 








i 
i 
i 
' 
i 
' 
j 
! 
} 








N STRAIN PER POUND 


ALCULATED VARIATION oF Strain Wirn Time vor & 


»O5 


ilts given in Table 2 required only a few minutes for 


fF FUNDAMENTA 


aid of the plotted functions 


CONCLUSION 


quarTer 











Equations have been derived for bending deflection and strain 
1 a simply supported beam carrying a concentrated mass at it 
rep VarRtaTion or Srrai~w Wrru Trme ror # ) id-length caused by a harmonic force a pple i to the concentrated 

te ! : } 


In order to illustrate tl esult byt rane vith the curves fo ‘ ‘ ha " 


b, VY, 2, and N, given in Figs. 
€nmax for the first, third, and fifth modes of the experimental bean 


3 to 6, inclusive, the Wamax and oncentrated Masses, and very good genera 
agreement has been found 

vere estimated and the ratios are given in Table 2. The calcu y functions have been plotted so that in a short lengt! 
itions were for mass ratios 1, 2, and 5. These results are ) ne one might investigate a beam-mass system of the type 
liscussed in the next section i determine how closely it f to a single-degree 


Discussion or ResuLts ition of these functions in the case of the experimenta 
In Table 1 it can be seen that the maximum strain near the ea d predicts that as far rain | meerned it certain! 
nid-length of the beam decreases sharply with increasing mass rued as a single-de o : system. Thi 
itio and that it increases with increasing velocity of impact as ' y agrees with the experimental aeons 
tight be expected The deflections have the same general char # auxiliary functions developed in the paper ol 
cteristics except that there is a small and unexpected decrease ¢ applied to many classes of vibration problems 
n deflection in going from R 0.24toR 0. It was surmised riteria based upon strain would then be avail 


degree of freedon 


ible to check th 
that this effect might be caused by the nature of the surface of 
ontact but attaching some very small blocks of steel to the beam consist mainly of systematic computation 
ith small C-clamps and then dropping the bal! onto these blocks 

ipproximately the same deflections as for zero mass 


The oscillograms shown in Fig. 8 correspond to a time interval 


equal to approximately the half-period of the fundamental ir r-cy { the fundamental 
. ntn mit t ; vy mex i . proble ~ 
wh case. The strain calibrations vary somewhat from case to t , in any mect " ylem 
use so no attempt should be made to compare absolute values tion by damping \ wt intervals 


’ 1 cf . complete 
rhe oscillograms are presented mainly for the purpose of demon -, 

trating how the strain detail varies with increasing mass ratio sinusoid 
R. It is quite clear that the oscillogram showing the largest mass s¢ the maximum Increasing 


t the 
atio would stil’ ot be classed as one belonging to a single-degree 
if-freedom system. 

Several exal iples of the ilculated strains are shown as Figs 


and 10. They are for about one half of the time interval giver 


vishe 
i V 


ival Research, Nav} 


vishes to express appri 


n the oscillograms. For general detail, they show rather re 
narkable agreement with the oscillograms. For zero mass ratio 


1 relative maximum of strain occurs near the end of time of im 
, . n computing the strain-time curves and espe y to Mr. Joshua 

pact but this diminishes markedly as the mass ratio is in 
enspon, a graduate student, for consi ib assistance witl 
creased. ' hth 
. , putations ar with the experiments 
Deflection and strain ratios obtained for the beam under dis be hee, , cannes 
ussion with the aid of the auxiliary functions ®, V, 2, and N show BIBLIOGRAPHY 


that for deflections the beam might be considered as one of single IP 


degree of freedom but certainly not for the strains. These re ‘ ( r New York, N. ¥ 
4 
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Large Plastic Deformations of Beams 





Y ry 1 
Under Transverse Impact 
By E. H. LEE? ano P. S. SYMONDS,’ PROVIDENCE, R. I 


A comparatively simple method of analysis is developed 


Zz) 





to determine the deformations in a beam subjected to 








lateral impact of such a magnitude that plastic strains 


\ 


large compared with elastic strains occur. A useful ap- 


proximation to the motion then can be obtained by neg- M 
lo 


BE NDING MOMENT 


BENDING 
ay 


lecting elastic strains and considering rigid-body motion of 





segments of the beam joined at plastic hinges where the | 


| 
~ 


entire deformation takes place. A method of analyzing ————javdrune — CUAWATURE 
URV Vv = 


such a situation is described and applied to a beam sub- w (b) 
jected to central impact. The approximate final perma- 
nent deformation is obtained; this includes deformation 
during application of the load, and plastic flow which con- 
tinues afterward when the kinetic energy of the motion — parison with the total curvature Vo general statement can be 
generated by the impact is transformed into additional made concerning the comparison of solutions based on the two 
plastic deformation. A criterion is given for conditions types of hypothesis, but in the few particular cases for w 
, 


when this type of theory can be expected to provide a satis- elastic-plastic problem has been solved 








factory analysis. The method of solution provides an found to approach that based on the plastic-rigid tt 


interesting analogy to the concept of static determinacy maximum strain becomes apprecial rger than the elasti 


which has been used in the analysis of quasi-static plastic- strains. According to this consideration, a criterion is detailed 





flow problems. in the section Preliminary Results and Diseu n, indicating 


wha ircumstances the preset inalvsis is like o provid 


satisfactory approxima 
INTRODUCTION AND Basic AssUMPTIONS 





reliability of such an 
HE analysis given here represents an attempt to calculate parison either with tests, or with predictions of more nplet 


the permanent deformation of a bar of ductile material elasti slastic solutions when these can be developed. 


subjected to a transverse impact force. It is shown that The phvsical significance of the limit moment M> is that of th 
idealizations can be introduced which can be expected to yield a ully plastic moment” of the plastic theor qua tatic het 


satisfactory approximation, with a comparatively simple method 


eams The moment Mo corresponds 





of analysis, for the case when the plastic strains produced are tic regions over the whole cross section of the beam, with the 
large compared with elastic strains fibers on one side of the neutral axis at the vield stress in tension 
TI 


relation of the type shown in Fig. 1(a This considers the beam V/, usually can be taken equal to ¢,Z,, where a, is the yield stress 





analysis is based on the assumption of a moment-curvature und those on the other side at the vield stress in compressior 


to be rigid until the limit bending moment M) is reached, under und Z. the sum of the first moments of the upper and lower halves 
which moment unrestricted bending can occur. Thus elastic of the section area about the neutral axis iT strain hardening is 
strains are ignored, and we have what is usually termed a “plastic neglected the quantity My represents an upper limit which the 
rigid’ theory in contrast to the corresponding elastic-plastic bending moment approaches as the curvature increases indefi 


t 
theory illustrated by Ban Fig. 1(1 In general, it can be expected ite}, Thus finite changes of slon 


\ g l eal 


ur in a very short 
that the plastie-rigid assumption is a reasonable approximation — »yment of the beam so that the beam can take on a sharp kink 
to the behavior of an elastic-plastic material if large plastic strains ut a section where the fully plastic moment is approached closely 


occur, so that the initial elastic curvature is negligible in com- A “plastic hinge” is said to occur at such a section and free rota 


ions are allowed at the constant moment My. The present as 
1 The suggestion of applying the approach adopted in this paper 


sumption, that the bar has an infinite rigidity at any section until 
was made by W. Prager and some of the preliminary analytical work 





was carried out by W. W. Murray, both of Brown University. The the limit moment > is reached there, after which arbitrarily 
results presented were obtained in the course of research conducted large curvatures can occur, may appear unrealistic because the 
under Contract N7onr-35810 sponsored by the Office of Naval Re- theoretical fully plastic moment is, in fact, only approached 
search ., , 
? Professor of Applied Mathematics, Brown University Men asymptotically Thus sharp kinks and plastic hinges are onl) 
ASME 
* Associate Professor of Engineering, Brown University Men * References (1 and (2) give examples of static stress and strain 
ASME, distribution problems, and similar consideration for a dynamic prob 
Presented at the National Conference of the Applied Me- has recently beer urried out by M. Conroy (3) at Brown Uni 
chanics Division, State College, Pa., June 19-21, 1952, of Taz Amert- versity on the basis of the elastic-plastic solution for constant ve 
CAN Society oF MecHaNnicat ENGINEERS locity impact on an infinite beam due to Duwez, Clark, and Bohner 
Discussion of this paper should be addressed to the Secretary blust (5 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted Numbers in parentheses refer t he Bibliography at the end of 
until October 10, 1952, for publication at a later date Discussion the paper 
received after the closing date will be returned ® The relation shown in Fig. 1(a) can be considered as an approxima 
Note: Statements and opinions advanced in papers are to be t for a strain-hardening material, in which case Mp» is a suitable 
understood as individual expressions of their authors and not those of ay oment based on the amount of plastic flow occurring. Such 
the Society Manuscript received by ASME Applied Mechanics al proximation is satisfactory if the rate of strain hardening of 
Division, November 7, 1951. Paper No APM-21 the material is small 
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LEE, SYMONDS 


approached, not strictly 
what idealized nature, these concepts have been shown to pro- 


realized. However, despite their some 
vide powerful analytical methods which can be used to good ad- 
vantage in predicting the statical loads on redundant beams and 
frames at which the deflection starts to increase at a much more 
rapid rate per unit load increment than at lower loads (4). A simi- 
lar analysis can be applied to dynamic problems. The neglect- 
ing of elastic deformation eliminates the influence of elastic vibra- 
tions on the bending moment distribution. The present approxi- 
mation is based on the assumption that if much larger curvatures 
occur than are possible in elastic vibrations, the error in replacing 
the elastic motion of each segment between yield hinges by rigid 
body motion will not be appreciable 

4 method of analysis for constant 
finite beam of arbitrary bending moment-curvature relation has 
and numerical 


velocity impact on an in- 


been given by Duwez, Clark, and Bohnenblust (5 
example s evaluated for linear elastic and plastic relations as illus- 
A and B in Fig. l(b Attempts to extend this type of 
1 conditions for beams of finite length have 


trated by 
analysis to satisfy e1 


not as vet been successful, nor can the analysis deal with any 


type of impact other than that in which a constant velocity is 


Moreover, the 


impact force ts applied, 


imposed at one cross section method only deter 


mines the behavior while the ind does not 


permit analysis of the motion after the impact load has been re- 


moved. The present analysis based on the more idealized plastic 


rigid moment-curvature relation of | ig. l(a), permits gene ral im 


pact on finite beams to be considered in a comparatively simple 
motion after the Impact torce has ceased 


manner, including the 


to act. To illustrate the theory the problem of a pulse of force 
applied at the mid-point of a uniform beam with free ends (Fig 
2) will be treated. The force pulse is assumed to have a tri- 


angular shape, as shown in Fig. 3. It is found that, owing to the 











kinetic energy of deformation generated during the impact, 
plastic flow continues, in general, after the magni of the ap 
plied force has returned to zero 
PR. 
A 
! ails 2 = a \ 
Cc - _ a \ 
I; 9 
It 2 
t 
i T ale T <f time ¢ 
Fic. 3 
Metnop or ANALyYsIs 


The analysis of stress distributions in the theory of plasticity 
has been influenced largely by the concept of static determinacy, 
and while this concept has enabled the solution of many prob- 
lems to be obtained, it also has led, when used incorrectly, to 


many erroneous solutions which have appeared in the literature 


(see reference 6 for a discussion of this question in the case of 


plane strain Static determinacy is based on the combination 
of the yield condition for plastic flow with the equilibrium equa- 
tions to determine the stress distribution without the considera- 
tion of displacements. However, since the yield condition does 
depend on the plastic flow taking place, in general it is necessary 
to consider the kinem itics of the problem to insure that the stati- 
cally determinate solution is compatible with plastie flow actu- 
ally occurring, and it is the failure to make this check that has 
led to errors in the literature \ similar situation arises in the 
present analysis, but since we are concerned with the equations of 
motion rather than of equilibrium, we will term the concept “force 


determinacy 
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In the present proble m of the bending of a plastic -rigid beam, 
if the positions and senses of relative rotation of plastic hinges 
are assumed, bending moments of magnitude M> and correspond- 
at these Moreover, since Ms is the 
largest magnitude of the moment which the beam can carry, 


Ing signs must occur rolnts. 
the magnitude of the moment must have a (stationary) maximum 
value at a plastic hinge and so the shearing force must be zero if 
no external force acts there Hence both the bending moment 
and she aring torce are known at all plastic hinges This enables 
the equations of motion for the rigid segments of the beam be- 
Thus the force 


wtions between rigid segments depend in a very simple way on 


tween the hinges to be written down inter- 
the kinematics of the beam, and we obtain a force determinat« 
to check that the 


deduced from the equations of motion do maintain the existence 


situation However, it is necessary velocities 


of the assumed plastic hinges. If, for example, the relative 


angular velocity at a particular hinge falls to zero, and thus the 
hinge disappears, this hinge must be removed in the force analysis 
different 


Unfortunately, 


nd a foree determinate set of equations obtained 
1s is shown in the next section, this simple force 
determinacy permits direct calculation of the accelerations only 


res are at rest, for otherwise the 


if the plastic hing equations of 


motion contain a term involving the velocity of the hinge along 
the beam 
To illustrate the foregoing discussion in the case of the problem 


treated here, Fig. 2, the beam is assumed to move as a rigid body 


when the force is first applied, Fig. 4 The bending moments 

y 

c + —o a 
a fe 

? : a 
Mo oe <a "a Moo pe Bex —-4 
r = : ¢ ~<——— 
5 N 
b « 





corresponding to this rigid-body motion can be determined easily 
arid, if the bending moment is everywhere less in magnitude than 
VM), the assumed kinematics is compatible with the bending mo 
ment-curvature relation, and the correct motion is obtained 
With increasing force P, 
analysis as given determines the limit moment magnitude 
Thereafter 


5, the moment of magnitude M, is prescribed there, 


reached for which the 
VM, at 


a plastic hinge must be assumed at the 


a value may be 
the center 
center, Fig 
und the 
of the beam are determined directly from the equations of motion 


translational and angular accelerations of the two halves 


The angular accelerations determine the relative angular velocity 
Then 


the single hinge at the center will give the correct solution as 


it the hinge and provide a check on its continued existence 


long as the bending moment in the assumed rigid region does not 
exceed Mg. 

If the force begins to decrease while only the central hinge ex 
ists, the relative angular velocity generated during the impact will 
maintain the existence of the hinge at force magnitudes less than 


that required to generate it. In fact, the hinge may persist even 
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after the force has dropped to zero rhe corresponding equa 
tions of motion thus continue to apply even though the force 


those which initially determined rigid-body 
Thus, although the system is 
the particular equations to be 
so that bot! 


The continued rotation at 


magnitudes are 


translation of the whole beam. 


force determinate at ea 
used de pen 1 on the kinematics 
aspects must be taken into account 
plastic hinges after the impact force has decreased to zero repre 
sents absorption in plastic flow of the kinetic energy generated 


h stage, 





as well as the forces 





during the impact and causes increased deformation after the 
impact, 
DyNAMICAL EQUATIONS 


as the force increase= 


Under the assumptions just discussed 
from zero its first effect is to cause a translation of the bar parallel 
This initial translational motion is termed the 





lf, Fig. 4 
of the 


to tse 


first phase’’ motion. The accelerations of all points of 


the bar are given by 


forces in the bar produce she 


moments 


rtial 


ii orces and bending 


“1 





bending moments are defined as indica 


In the first phase the constant acceleration 


Positive 


in Fig. 4(b) and 
has the effect of a uniformly distribut oading, and the bending 
moment is given D 

V 

9 

whi is measured trom the middle of the beam Che magni 
tude of the bending moment has a maximum at the middle of the 
beam, where the bending moment is 


Vio 2 


Chis first phase of the motion ends when the central moment 


reaches the value V Thus when the load P reaches the value 
iV the bar ceases to translate parallel to itself as the load is 
further increased 

It is convenient to introduce the symbol uw for the dimensior 





less combination Pl/M, which represents a loading parameter 
Thus the first phase ends when uw attains tl valu 
r 
' Vv 
Phe “‘sece phase’ of the motior 1 ~ when the centra 
moment reaches the limit moment V In this phase the two 
halves of the bar remain rigid but 1 te with respect to each other 


Let a 


6 with the horizontal, Fig. 5 
the linear the 
dt? denote the angular acceleration of the right-hand half, 
Assuming @, t« 


making the angle 


swceleration of center of the bar, and a dg 
ad 


being positive when the bar rotates clockwise 
remain small, the equations of motion are 


P 1 Pl ” 
= ml (a la ) : M, = — 
2 2 


} 12 
Solving these for ap and a we obtain 
M, {2P! 
a = 
ml? \M 


3Pl 
Mo 


Mo 


ml? 


a = 
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! ues only so long as each half of the 


ond contin 


Phis see 


bar moves as a rigid body 
the 


phase 
which means under the present assump- 
cross 
bend 


of the 


bending moment at no further 
VW In the second phase the 


niddle 


tions only so long as 
section reaches the magnitude 
ing moment at a section at a distance x from the 


bear s given by 


M(2 -—M — + — 


It is a straightforward matter to find where the maximum value 

WV occurs rhe maximum ben'‘ing moment occurs at 

the where J IM /dz 0, and is found by solving the 
u equatior 





} mora 0 8 
j ) > 
I g ressions ul x } | te solution of 
hequat 8} is found to be 
Mu 

) 

( 1 
vhere wis the loading parameter Pl/M his v of z is sub- 
tuted into Equation [7] to give the expressions for the maxi- 
im moment Then the value of P at which the second phase 
setting the expression for the maxi- 


minates can be tound Dy 


sa cubic equatior 


nt equal to My. ‘This yiel 


in terms of u 


nding more 


im be 





vhich is written most simply VW, as follows 


Bu? + 4324 S64 0 10 


found to be 


u 22.9 1] 
hequatio ) th ms section where the limit moment 
V urs is found be at a distance 
0.4041 12 
Phus th phase of th tion occurs wh lu i VM, lies 
he ure 
uu 22.9 13 
During this phase each half of the bar acquires a certain angular 
ity 6, and angular displacement 6 These quantities as 
the linear velocities and displacements are readily obtaines 
ntegration The velocities and displacement magnitudes de- 
on the rate at which P increases with tim us will be dis 
issed later; the accelerations. however, depend only on the i 


taneous value of the force 


rhe ‘third phase” of the motion starts when the loading parat 
u reaches the value 22.9, corresponding to the limit mo 
Vv, being reached at a section 0.404/ from the mid-point 


either side of the mid-point As the load is increased further 


the limit moment M, occurs at sections slightly closer to the mid- 
nt In other words, the hinge point on either side moves 

1 the center as the load increases. This may not be evident 
ediately but is a consequence of the dynamical equations 
upplying to the segments to right and left of the hinge, Fig. 6 


gether with the equation expressing kinematic conditions across 


the hinge point 
ran instant when the hinge is at a typical distance 


An infinitesimal rotation occurs of 


Conside 


Fig. 6 , from the center 


the segment on one side of z, with respect to that on the other 
i distance dz,. As soon as the hinge has 


hinge moves 
the moment at the original section at 


us the 


moved to its new position, 
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Fic. 6 


z, drops to a value below M occurs there 


that 


ind no further rotation 


lo see this, consider the other alternative, namely 
region through which the 


at the value M This 


noment 


hinge has moved the moment remains 


cannot occur since a region of constant 


must have zero shear, and this would be possible only 


with zero accelerations at all points in the region. Thus the seg- 


ments to right and left of the hinge point move as rigid bodies 


Although hinge action occurs as the mon s the value 


Vi, at successive sections, the relative rotations at each section are 


nfinitesimal, and the slope angle changes continuously throug! 


the segment through h the hinge has passed In fact, the 


urvature generated 


qual to the relative angular 


livided by the velocity of motion of the hinge along the | 


We first write the matic equations at the 


physical grounds the transvers 


ements 


tinuous across this section, but it is not evident 


either velocities or accelerations are continuous 


the Appendix that the velocities are continuous, but 


iccelerations are discontinuous because the hinge 


point moves 


It is convenient to introduce notation appropriate to the actual 


pe of motion, which for h half of the original bar i 


two rigid bars of leng l r,, hinged 


momentar 


For the right-har 


f of the bar 


locity of segment to lef 
il velocity of segment to righ 


wceleration of segment 


cceleratior 


Ther 


Appendix 


the veloci Tt leration formu! 


next writs 


right and left of the | 


in Fig. 6 (a 


equating t h segment to the mass ment 


multiplied by it celeration; although the mass of the 


segment is changing, t transverse velocities are continuous at 


the hinge section so that increments of mass appear with the ap 


propriate momentur Denoting the accelerations at z 0 and 


at z by ao and a, respectively, the equations are 


? Dots indicate differer on et 


in the 


Equations [23] to [27]. Values 
used to compute accelerations 


23] to [26] 


BEAMS UNDER TRANSVERSE IMPACT 


Ihe following additional relation between the quantities do, a 
a, Q@, 2, is obtained from the 


15} and [17 


kinematie conditions Equations 


Phis expresses t leration just to the left of the 


hinge section excees t just to the right by the amount 


w — 
These ¢ 


lL somewhat by introducing the 


! 
SETnapo ations 


Phet 


ing the acce 


Equations 


the presence 
If this term were 


ilgebraic equa 


Thus uw 


ind thus impli 
straightforward numeri 
placement values at 
en wand & actually 


ins that the 


mse would be 
und this functior 


juation [27 \g 


equations vould be solve vielding a new function 


The process would be repeated until no appreciablk 


w,) is produced by a further iteration 


Another method would be to use step-by ep integration of 


wm, and &, at some time f; would be 
ut this instant, from Equations 
Phe angular velocities then would be computed for 
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a time / , + At, by writing, for example, (wo). = (wo) 4+ 


(at), At 


Then Equation [27] would be solved by repeated trials to obtair 


This would enable (w w,) to be computed at ¢ 


values pe and & corresponding to time f Having these, the 


accelerations at would be evaluated, and new computations of 


@ and a, at time would be made, using for example, (wo): = 


j 
(a + (a)o) At After recomputation of & and yu 
would be repeated to obtain values at a new 


the process time 


a t, + At, and so forth 


Conpirions WHen Loap Is DecreasiIne 


In the foregoing it was assumed that the force is increasing con- 


tinuously We now consider what happens after the force has 
reache d the m iximum value Pea corresponding to pw, = P U/M 
apply so long i 

Vo, ie 


and (b , are correct Ir 


It is evident that the Equations [2%] to [27] 


moment at an interior section retains the value , so long 


us the free-body diagrams in Fig. 6 (a 


other they apply until the plastic hinge at ¢ = 2, disap 


It will be noted that 


words, 


pears is the force decreases the relative 
angular accelerations of a segment near the center with respect 
to a segment near the tip decreases and becomes negative, but 
there still will be, for a certain time after P starts to decrease 

positive angular velocity of one segment with respect to the other 
must hold until this relative 


This concludes the third 


The free-body diagrams in Fig. ¢ 
angular velocity is reduced to zero 
phase of the motion. The time when this occurs will depend 
upon the maximum value of the load and the pulse duration time 
2T 

If the peak force is large enough, there still will be a relative 
angular velocity wo w, when the force has decreased from its 
peak value to zero. In this case the hinge point continues to 
move while the force is zero until the angular velocities are 
equalized. Then the outer hinges disappear, although further 
bending at the middle hinge point continues. The final position 
of the outer hinge in this case is obtained by solving Equation 
27] with uw : = 0 


O and E(ax w The result is 


V2 = 0.586 28 
This gives the maximum distance from the center which the 
hinge attains, but it goes this far out only if the force decreases 
to zero before the angular velocity difference w @, 18 absorbed 
Fig. 7 shows the range of variation of the hinge position 

In the 
mid-point. 


fourth phase”’ there is no hinge action except at the 

The free-body diagrams in Fig. 5 again are appro- 
priate (+t is assumed that deflections are sufficiently small so that 
the permanent distortions in the two halves of the bar do not 
affect this formulation Eventually the angular velocity wo de 


creases to zero. Then the hinge action at the mid-point also 
ceases, and the bar thereafter translates as a rigid body, with no 
further deformation. The final plastic strain is then the perma 


nent deformation caused by the Impact 


PRELIMINARY Resuurs AND Discussion 


The exact determination of the accelerations and their integra 
tion to obtain velocities and displac ements requires either a proc 
ipproximation or step-by-step numerical inte 


To indicate the 


ess ol 


SUCCESSIVE 


gration as discussed in the section 


! 


pre Vious 


genera orm ot results quantitie s specilving the final permanent 


deformation are shown in Figs. 8 and 9, computed according to 


Equations [2.5] to [27] with the term &(@ w,) rejected in Equa 


tion [27 hus the results presented are correct prior to the 


formation of the second hinge and form a first approximation to 


the correct solution thereafter. In the region in which they 


represent a first approximation only, when the maximum force 


APPLIED MECHANICS 


SEPTEMBER 


x 60 . 
e+ pr p55 
"9. 


a value such that Pd) My exceeds 22.9, the curves 


P,, has 
ire shown dashed 
Fig. 8 shows the variation of the final deformation parameters 


the central angle 6, and the relative displacement y y, be 
beam and the tip, as functions of 


P,1/M These 


plotted nondimensionally, so that these results apply for arbi 


tween the mid-point of the 


the maximum load parameter quantities are 


values of the length limit moment, and duration of 


Thus for the 


trar Tass 


impact sume P,, increase of the duration of im- 
pact 27 gives the same nondimensional parameters plotte d but 
increased values for the actual quantities % and (y 4) in 
direct proportion to T? 

Fig. 8 indicates that for forces less than that required to gen- 
erate a second hinge, these two deformation parameters have the 
same value With the appearance of the second hinge, curvature 
due to the second hinge in the opposite direction to that at the 
central hinge causes a reduction of the (y ji) parameter below 
the # parameter The curves indicate only a small effect due to 
the second hinge until the maximum force P,, has increased con- 
siderably, and though in this region these curves are only a first 
approximation to the correct solution, this small difference indi 
cates that the term omitted will be small, and the approximation 
Where the curves sepa- 
thus the 
omitted from the analysis, can be expected to be appreciable 


thus can be expected to be a good one. 


rate, the influence of the second hinge, and term 


Fig. 9 shows how one of the damage parameters, correspond 
The 


only a central hinge is 


ing to 4, increases with time during and after the impact 
12, 20 are 
30, and 38, they form an approximation 
It is 


continues to increase 


urves for uw = correct since 


formed, but for u,, = 24 
once wt has exceeded 22.9 in the earlier part of the impact 


seen that in all cases the bend 


angie ol 
ifter the end of impact, when the kinetic energy of distortion is 
ibsorbed in plastic flow. This enhanced plastic flow during un- 


to be more marked for higher values of uw, al 


loading is seen 


though these figures need to be confirmed when the exact solu 
tion is obtained 
It was stated in the 


which these 


first section that the type of analysis b 


results are obtained can be expected to supply a 


satistactory approximation for the actual elastic-plastic problem 


ustic strains. A 


by 


if the final strains are large compared with e 
riterion based on this concept can be written down readily 
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where 
ever 
that 


PO We 


requiring the work done at the centra 


hinge to be 
whi h 


n bending when the whole beam is subject to 


large 


compared w maximum elastic energy could be 


stored in the 


the 


im 


limit moment M If this is so, then on the average over the 


whole length, plastic deformation will be large compared with 


any astic d and 


th 


motion 


possible ¢ eformations correspondingly larger 


an actual distributions of elastic 


bending strain during the 
This « 


of the elastic-plastic beam 


riterion 1s 


Ml 
M&>> 


OKI '***" [29] 


and this reduces to 
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e sufficiently small for the ual sm 


ve applicable “ o, \ , 


hy ingu 
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0) 


bration of the free- 


given en value of maximum 


an 
a lower juration impact time 7’, 


esent expected to give satis- 


actory results 


vddition 


ce 


thon Iv 


formation must 


all clefle im theory 


to 


presumal ould 


Nea 
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Under Impact 
F. Bohner 
vol. 72 
Metal 


RNA‘ ' 


F Loadit 
ust, J 

1950, pp. 27-34 
Forming Problems 
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Appendix 


rry Conprrions av TRAVELING HINae 


based on the usual theory of small displace- 


the transverse displacement at a fixed) 


given 


all displacements y can be written as 


Or +1] 


0 


lacement at the mid-point of the beam and 


weitive if corresponding to clockwise rota- 
I } £ 


lenote the distance of the hinge point from the 


Then for z we obtain the transverse veloci- 


liferentiation, thus 


Wx’ dz’ [32] 


0 


ites differentiation with respect to tine How- 


ties for z we must take account of the fact 


ir velocity @ is discontinuous at the hinge point, 


ist write 


lesignate ser ft and 
ively, o 


at the | 
iuations, hence the foregoing result reduces to 


r>n: y= be [ose -f 6 dz (34) 
0 a 


ions just to the k just to 


f the hinge section But the slope angle 


as was deduced in the section Dy- 


unge, 
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Thus the transverse velo 
tion 
Differentiating Iquation 
verse accelerations, we obtair 
4 ross the hinge 
In the text 
need for suc con car seen alternatively by 
ring the relative disy went at anal The rela 


‘ 

placement must be ‘ro tor al u hat all time de 

ves must be zero J z th in terms of partial 

ives with respect to r and I the discontinuity 
¢ 


city across the hinge implie liscontinuity in 
i curvature 





The Free Oscillation of the Centrifugal 
Pendulum With Wide Angles 


RK. E. CROSSLEY 


The pendulum torsional vibration absorber, designed 
usually in the bifilar form, has proved very effective in its 


purpose, especially in radial aircraft engines. The ordi- 


nary theory is based on an assumption of smal! angles of 


swing of the pendulum, and this assumption simplifies 


the equations of motion to linear form. However, wide 


angles of swing have actually been observed in most in- 


stallations. Two previous analyses have been made of the 


wide angle swing, but have shown only the usual lengthen- 
ing of the period due to wide swing of a gravity-controlled 


pendulum. Here it is demonstrated that the longer period 


due to wide angles will be offset by taking a heavier pendu- 


lum on a given carrier, for this shortens the period tre- 


mendously, as shown in Fig. 2. 


FRE SHE motion cent 


ifuga 
swinging the bif es of Sarazir 


olling iv track, as the 


Salomon, may be through the motion of its « juivaient 


simple pendulun iin the equivalence, certain relations 


between moments ir I nd mass, between relative velocities 


iting around the carrier cent 


of rolling on a tra 


} ‘ 
lementar 


theory a fairly « 
1, 7, 10 ( 


to be considered, bu " is i 


These may be found in references 
this paper only the simple pendul im is considered 
onsidered as a mass m, cor 


length 1 


entrated at 


The pendulum is to be 


the end of a simple pendulum of This pendulur 


mounted freely at the car disk. at radius 2? from tt 


rier 


center ol rotatior e dis Thus, when 


moment ot inert TEAS 


inertia of the syst 


will fly around radia 


We consider a varying torque applied to 


that the positior of the carner is given in 


ivibr 


} 


where @ Is an ang tion 
a change in the 
that it makes an angk ive 


sions are shown ir 


probably sma 
outward position of 


to the carrier 


Most of this analysis was written in partial ft ent t 
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W her wesumed small, the analysis of the motion 


simple sry full treatment of the design problems is given 


Ker Wilsor i for “resonance inertia’’ tuning, and 


ind 


analysis is Den Hartog (2) and others 


Suffice 


theoretica given by 


it to say that for small angle ¢, the circular fre 


ion of the pendulum is given by 


QY R/I 


The 


limited to 


symbo RL 
Ker Wilson 
lowed 

The 


i pendulum ina gravity held, as it 


»> we use the 
as prelt iV 
to exceed +20 Steighitz 
irguments are ised upon 


swings 


or Wipe-Anoie Mot 


lerived by the Lagrangiar ethod, 


he particle m is 


2RLO (6 4 ’ 4) 


Now if we 
ymparison with the large centrifugal-force fie! 


consider either that the force 


} 


rier is rotating about a vertical 


axis, the potential energy of the 


system is at all times zero. There must be some external excita- 


tion in the form of a torque on the carrier to start an oscillation, 
but this will not continue in the case of a free vibration 
We 


ipply the Lagrangian equatior 








JOURNAL OF APPI 


1 ol 


it \ og 


the obvious variables for the generalized co-ordinat 


¢, and so obtain the two equations of 


where 
6 and 


tion 


mR 2RL 


mL? ¢ + 


analyses of is have been publishe Den 


Now 
Hartog (6 


two previous 


the 


d’Alembertian approach, so that his equa 


‘ Porter® | the 


nas 


uses 


tions appear different same equations 


However, in both these papers it Is assume 
irre motion to 


to reduce the 
Approximation 


nd there 


the small angle 


middle term drops out a 


of « pendulum with 
substitute this answer in Equation in extert 


plied torque w h will be necessary their assump 


of } rot 


stent vurse exact 
amplitudes of of torque 
that any engin iderstand and comp 
Porter also mak allowing tl arrier 
imposed on steady rotation. 


to find the 


simple harmonic oscillation super 


We proceed 


lof the free 


ral period « 


ere without any assumption ot 


oscillation, and hope 


to describe the forced steady-state vil 


SOLUTION OF THE HQUATIONS 


there appears ! 


ignors 


tegrated 


und [7 
it 8 be« 


Im the 
term in 6 in either Equation [4 
Pherefore Equat 


derivation of Equations [6 
5 an 


or [5] sot} omes 


ble co-ordinate ion [6) mav be ir it 
once, giving the expression (the integral momentum 


+ mh? + L? 2RL vos ¢)\6 


Instead of using Equatior 


fer the energy equation (Equation 


let there b« 1 the following « 


mitre 


viucec 


(as already suggested 


as constants o 


Eequatic 


e and d, 
Then 


expressed 


as 


Certain values of these constants ¢ and 


weed It is seen that 
0 and thus there 


in order to pr at the ¢ is a max 
mum, ©: n¢ ir together 
(ial ha 

tive or negative 


p 0 and 6 6 


¥ 


if in this Equation [6] the first term is changed 


(I. + 
and then Equation 
tracted from the foregoing Equatior 
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* However 


m(L + Ros ¢)? + mR? sin’ ¢/@ 


is multiplied by 


ED MECHANICS 


By common sense, it is obvious that @ is a 


o Q, the constant mean speed of the carrier 


ater how it varies from &2 by some even-valu 


then have for the constants 
a’é 
1°62 


nate 6 betwee! 


tion wher ubsequent ¢ 
this integral has been presented bv the autl 


ive been 


14 


ose 


these hyperelliptie functions h 


occurs 


is shown that Equation 
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paper it 


notion of a particle 


f ane lipse of eccentric 
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avoid a substitutior 
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Equation 
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the solution 


written in thes« 
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limits + 

lain from the 


0 the motion may 


od thus increases with the 


il] values of ¢ 
However the factor that t ve 
i this motion be is 
i of the 
effects on the period are shown in Fig. 2 
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Is 


the liptiec am- 


hyvpere 
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17 


rtla two 


ratio ¢ 


of the smal 


perior 





CROSSLEY —FREE OSCILLATION OF THI 








Periop Wirn Wipe-Anoite Motion or AmpPuti 
Smati-ANGLe Swine ror THE Case a = 4 


Ratio 01 
TUDE ¢9 TO PERIOD oF 


Fic, 2 


The origins of the lines in Fig. 2 with different e can be seen 
by setting k = 0 in Equation [16] after substituting [ by Equa- 
tion [17]. Then the period is 


for 0 20 


As an example of the use of Fig. 2 in the design of a pendulum 
torsional vibration absorber for resonance, suppose it is desired 
to find the length of a pendulum for fourth-order “damping”’ with 
radius of mounting R = 2 in.: 

(a) By small-angle theory \/R/L = 4 or Le = 0.125 in. 

(b) Assuming a swing of 20 deg amplitude and e? = 0.1 (i.e., 
if 1, = 27 lb-in.*, mR? = 3.0 lb-in.*) from the graph, T’¢ = 0.958 T° 
thus frequency will be a2/0.958 = 1.044 aQ 


approximately 
which means we must find a length L such that for resonance 


1.044 j 


RL 0.958 & 4 


L = 0.136 in., or 9 per cent more than the foregoing. 


Free Morton or Carrier 


Having found the motion of the pendulum, we should be abl 
to substitute this in one of the equations of motion, and solve 
for 6. 
shall follow another course 
which gives the relation with ¢ as 


However, since the equation for ¢ is not very pliable, we 


Let us presume a new variable 


a8 + cos ¢)) + 1/2(1 + a? cos g)g = 0 21 
By observing that the only difference between this and Equation 
[10] is that c = 0, it is plain that 9 would be the angle of the car 
rier if it were oscillating against the pendulum, but not rotating 
at all 


In Equation [21] the variables may be separated 


for; > ¢> x. So that, if the constant of integration is as 


sumed zero, we take the definition of 7 as 
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8 is de- 


maximum likely 


of these two coefficients 
if the 


Let us consider the value 
fined in Equation [9] and is usually large 


range of values in any design is probably 


12 
then 
3000 
is small compared with 8 (see Ap- 


In most cases the term 1/a 


pendix, Table 1), so on that basis compare the following 
Ve 
j 
SOD 
YOS 
993 
0 96077 


0 98347 


99920 


ov YVUYAD, 

We divide the subsequent analysis into two cases; for values of 

8 more than 80 (or thereabout), and for values less than 80 
but not less than 10, as follows 

Case | 8 > 80 

nearly equal to each other and to unity, that Equation [22] can 


In this range the two coefficients are so 


produce no more than a minute angle 9 (see Equation [28] 
which Appears as a small lifferenc e between two large numbers 
Case 2: 10< 8 80. 


apparent in the 


Here a smal! but distinct difference is 


two coefficients in the table Except for the 


lowest values of 8, we may, however, with slight approximation 


set 


while 


is nearly unity but not as closely Equation [23] becomes ap 


proximately 


7 is obviously still an exceedingly small angle 
If the with 
evaluating elliptic integrals (8), a means of trigonometric simpli 


reader is familiar Landen’s transformation for 
fication of this equation will be patent 


Write the equation in the form 


tan (¢/2 


an 7 
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Since 7 is so small 
closely 


1/A sin ¢ 


\ few comparisons between this result and the actual values 


from Equation [22] are given in the Appendix, Table 2 
Having found 7, we return to the two Equations [10 
21), which are subtracted, giving 
ap + 


cos g) (6 n) = « 29) 


Now substituting @ = 2 + @ and using the value found for ¢ 


(8 + cos ¢) (a (8B + cos go) B+ gy) 30) 


Case (1): 8 > 80, giving 6 + 
@ ~ Q, this yields immediately 


cos ¢ If we allow that 


a=7 {31} 
and the relation to ¢ must be solved through [quation 
less Equation [28] is judged adequate. 

Case (2): 
for 


22] un- 


With 8 not so large, Equation [20] may be integrated 


dt 
8 + 


cos o 


where 6; is an arbitrary constant. The integrand is expanded as 


a binomial series in ¢ (defined in Equation [17] 


The signs take care of the possible phases of 0 and w between 


g and a. 


and {19}, sin ¢ sham wt. But the 


Now by Equations 7 
meaning of integrals such as 


St sham? wt di 


has not been investigated However, it is obvious that if 
wt is expressed as a Fourier sine series, such integrals will 
periodic terms of even-valued harmonics and, therefore. we 


write 


periodic terms 


where 4, is a constant arising from the integration of the terms in 
1 


sham" wt, and where 6; is arbitrary, and in this case 


zero 
By definition @ and 9 cannot contain anything but periodi 


terms, hence the linear terms in ¢ must cancel, or 
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where 8 >> 1/2 cos ¢, this may be written 


[28] 


and 
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which defines 6 through Equations [13 


8+ 1 
B+ 


A = 


cos go/ | 
where 5, is the very small quantity given approximately by 
k? 2k* 
68+1  (6+1) 


So finally the oscillating motion of the carrier is related to that 
of the pendulum by 


k? 
(second and 


harmonics) 
2(8 + 1) 


higher even-valued 


[34] 
showing that in any case Equation [28] or [22] gives a very close 
ipproximation tor a@ 
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Appendix 
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» that the 


is included, giving values of 8 for various « and e-values 


reader may judge the effect of the approximations 


rested in this paper, that eith 3 or 8 a* /2e* 


igZ 


where 


VALUES O1 

t 0 
60.014 5 000 . 00. 
180.014 32 500. 005 
72.014 200 00. 
36.014 } 00.005 
20.014 5 55.561 


0.014 00 
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lation through Expression [22 mn shows the approxima 


entage errors oc¢ 2) in the last case with too large a of 2. where » curs as the 
nee of two large numbers b) in ca 2) where a small value of a has made the item | /a* signifi 
ducing the value of the se factor to 0.994078 





Correlation of Creep Properties by a 
Diffusion Analogy 
By LEON GREEN, JR.,2? DOWNEY, CALIF. 


The necessity of atom movements for both creep and 
self-diffusion suggests a method of correlating the con- 
stant-stress creep properties of pure metals. The concept 
of steady-state creep is discarded, and two empirical ap- 
proximations for the strain-time behavior of pure poly- 
crystalline metals lead to a creep equation defining an 
activation energy as the only undetermined constant. 
For cases where the orientation of individual crystals is 
important, a second constant is required. Application of 
this equation to published creep data effects a correlation 
which indicates that the apparent activation energies ob- 
served for creep and self-diffusion show a similar tem- 
perature dependence. The effect of stress upon the ac- 
tivation energy for several metals is described approxi- 
mately, but the need for further experiments encompass- 
ing lower values of stress is revealed. The qualitative 
effects of impurities, grain size, cold-working, and surface 
conditions upon creep as predicted by a diffusion analogy 
are found to be in agreement with experimental results, 
but it is noted that the analogy does not hold if creep de- : 
. ° ° e ee ‘ eee Curves Ostatrnep Unper Constant I 
formation is obtained as a result of slip. aso Piammnaes Gamees 
INTRODUCTION After Andrade, reference 
N most investigations of the ere nuit metals at elevated tem- plication ol Equ ation [2] thus invites use of the secondary 
peratures, the data are correlated in terms of an activation : 
‘ creep rate to determine the activation energy. The classical 
energy defined by rate theory (1 experiments of Andrade (2), however, demonstrate that a creep 
curve for the case of constant stress does not exhibit the steady- 
rate ~ « state region of minimum creep rate, but that the rate decreases 
continuously, and suggests that the distinction between primary 
where Q is the activation energy, 2 is the gas constant, and 7’ is ind secondary creep is a fictitious one depending upon an arbi 
the absolute temperature. When applied to the process of plas trary choice of time scale (3). The significance of an activation 
tic flow, rate theory is normally introduced by the assumptior energy based upon a secondary minimum-rate region artificiall; 
that created by a gradual stress increase is thus questionable. Appli- 
ition of Equation [2] to a constant-stress curve, on the other 
le/dt hand, requires either the introduction of another empirical con 
stant or that the activation energy increase markedly with ir 
reasing time, an increase which is difficult to explain. 


where € is usually taken as conventional “engineering” strain 
\ usual feature of the strain-rate approach is that the tem 


and & is an empirical constant. This substitution is equivocal 
since a typical constant-ioad creep curve exhibits regions of dif- perature dependence of the activation energy is not mentioned 


ferent creep behavior, as shown in Fig. 1, which have been ‘Since the quantity 


termed primary, secondary (or steady-state), and tertiary creep 


' This paper is based on studies conducted for the Atomic Energy 
Commission under Contract AT-11-1-GEN-8 
2? Atomic Energy Research Department, North American Aviation, 
Inc Present address Aerojet Engineering Corporatior Azusa, 
Calif. Jun. ASME. 
Numbers in parentheses refer to the Bibliography at the end of . : ° 
the paper. is rough constant over the limited temperature range Of most 
Presented at the National Conference of the Applied Mechanics 
Division, State College, Pa., June 19-21, 1952, of Tue AMERICAN So- That the slope given in Equation [3] is not necessarily constant 


creep experiments, the temperature effect is ordinarily obscured 


crety OF MECHANICAL ENGINEERS t 
Disecu m of this paper should |! Secretar ver an extended temperature range, however, has been noted by 
scussion Ss paper s e adk > Secretary 
ASME, 29 West 39th Street, New Yor : and will be accepted 
intil October 10, 1952, for publication at a later date. Discussior the apparent activation energy observed for self-diffusion in metal 


received after the closing date will be returned ‘ pecimens, on the other hand, is well known, and regimes where 


Malmstrom, Keen, and Green (4). The thermal dependence of 


Note Statements an yinions adv e nh papers e to be ¢ 
( atements and opinions advanced in papers ar ‘ ttice, grain-boundary, or surface movements of the atoms pre- 


inderstood as individual expressions of their authors and no 
f the Society Manuscript received by ASME Applied Mect 


Division on November 2, 1951 Paper No. 52—-APM-22 tal under stress also requ mor t t would n 


inate have been delineated rough! Since the creep of a 
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that the appareat activation energy for creep should show an 
analogous thermal dependence. The empirical approach, how- 
ever, does not require specification of a particular mode of atom 
motion, such as the specialized mode required for movement of 
dislocations, or lattice imperfections, which have been envisaged 
in many fruitful theoretical studies of the problem of plastic de- 
formation. 

Apparently creep was first conceived as a self-diffusion process 
by Kanter (5), who employed the steady-state concept. Herring 
(6) has discussed a mechanism of creep by volume diffusion (Fig. 
2) which may become predominant at temperatures near the 
melting point. In this case the strain would be manifested in 
migration of the grain boundaries and changes in grain shape. At 


SHOWING THE 
Expectep WHEN 


Trpicat Grain or Potycrystatuine Soup 
Secr-Dir URRENTS TO Be 


Soirp Is Sussecrep To STRESS 


Fic. 2 


(Vo_ume) FUSION ( 


From Herring, reference 6 


lower temperatures the atom motion would be localized at the 
grain boundaries, where movements of the relatively rigid grains 
would produce boundary thickening. Creep at still lower tem- 
peratures might require dislocation activity and presumably 
would involve slip, a sudden movement of relatively large scale 
which cannot be considered in the correlation proposed in the 
following. As mentioned earlier, however, the present empirical 
approach, in general, will be content with a macroseopic point of 
view and does not have to specify which of the possible con- 
tributing mechanisms is predominant on the microseopic scale 


Basic ASSUMPTIONS 


The basis for the proposed correlation is the assumption that for 


creep at constant stress and temperature 


ic, 


(where i= length of specimen at time ¢ alter stress applica 
tion; lo = length of specimen immediately after stress application 
T = a time parameter characteristic of the material under the pre- 
vailing conditions of stress and temperature By analogy with 
the case of self-diffusion, the “relaxation” time may be repre- 


sented as 


2D 


(where d = jump distance for a migrating unit; D = a quantity 


with the dimensions of diffusivity Introducing rate theory for 


description of the ‘‘diffusion”’ constant 
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(where Dy = const, same dimensions as D) and approximating 


Dy by a Langmuir-Dushman equation 
Q d? 
Nh 


D, = 


(where N = Avogadro’s number; A = Planck’s constant), the 


characteristic time pecomes 
Nh 
20 


é (8) 


Since strain is a small quantity, the strain-time approximation 
employed subsequently (Equation [10]) requires the character- 
istic time parameter for creep to be large in magnitude, as con- 
trasted to the short relaxation time of an atom in the self-diffu- 
sion case. Therefore the Q defined by Equation [8] will be larger 
in magnitude than the activation energy for self-diffusion. 


EmprricaL CORRELATION 


Strain-Time The 
quires constant-stress creep data for pure, annealed polycrystal- 
line metals encompassing a large range of temperatures and 
The only published data of this type known to the 
iuthor are the original lead measurements of Andrade (7) and 
the recent extensive study of platinum by Carreker (8). To 
supplement these data the tests of Davis (9) on oxygen-free 
opper were included, even though the metal was prestrained 8 
per cent prior to testing, and the stresses deviated slightly from a 


correlation proposed re- 


i pproximations. 


stresses, 


onstant value 

There is an ever-increasing body of evidence (to which Carre- 
ker’s data are the most recent contribution) supporting the view 
that natural strain, constant-stress creep data in the range pre- 
ceding tertiary creep may be approximated accurately by an 
equatior of the ty pe 


q) 


where C and @ are empirical constants. The smooth curves of 
Andrade and Davis, replotted® in terms of natural strain in Figs. 
3 to 7, show good agreement with this equation.* Because of the 
small magnitude of the strains, the copper curves (although ob- 
tained at constant load) show a large linear region of nearly con- 
stant stress before tertiary cree pis realized. 
Equation [9] suggests that the functional relationship of 
Equation [4] may be expressed as 
2Q Rr) 10 
\ Nh / 


This equation defines a time-independent activation energy in 
terms of creep data, but is less interesting than a more restricted 
representation with only one empirical constant. Since a linear 
and Grant (10) state that their recent data on aluminum 
are not well represented b A typical creep curve 
presented by them (for the case of 99.995 per cent Al at 500 F and 
shows good agreement with equation [9] in the ‘‘pretertiary”’ 
when the initial extension is subtracted and the re- 


‘Servi 
equation [9] 


1180 psi 
range, however 
maining creep deformation is presented in terms of natural strain 

* The data in Figs. 3 to 7 were taken from enlarged photographic 
copies of the original published curves Andrade's curves re- 
quired extrapolation to zero time for determination of the initial 


Since 


elongation, some inaccuracy is possible 

* The low-temperature (or high stress) curves for lead, like the low- 
temperature results of Carreker for platinum (8) show an initial 
transient portion of rapidly increasing strain which is not pronounced 
in tests at medium or high temperatures. This behavior (which 
possibly may be associated with the phenomenon of slip) is of theo- 
retical interest but of small practical importance in high-temperature 
creep tests, and therefore will not be considered in the following 


correlation 
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‘reer or Leap at 160 ¢ Fie. 4 Creep or 


strain-time relationship indicating viscous behavior is approxi 
mated near the melting point of a metal, the exponent a must 
there approach unity. Carreker’s results indicated that @ varied 
linearly with temperature (except possibly at very low tempera 
tures), and suggested that the exponent for different metals 
might be correlated as a function of the reduced temperatur 
T/T. For this reason, values of the exponent @ obtained for a 
variety of nominally pure polycrystalline metals under approxi 
mately constant stress are assembled in Fig. 8 as a function of 
7/7 Considering that the effects of different grain size, work 
history, and impurity content have been ignored, the agreement 
ippears reason ably good Within the acc uracy of the pure| 
empirical linear approximation of Fig. 8 the creep equatior 


hecomes 


n which the activation energy Q is the only undetermined cor 
stant Thus effects of experimental variables may be interprete« 
in terms of their influence on Q 
It must be noted that the approximation of Fig. 8 appears to be 
valid only for pure polycrystalline specimens in which the nun 
ber of grains in the specimen cross section is statistically larg: S EXPONENT © rkatn-Time ApproxtmaTion Versus Re 
FOR SeveraL NomInat_y Pure Porycrystat- 
cancel out. As shown by the single-crystal experiments of ume Mprais 
Ty ndall 11 ery stal orientation has a pronounced influence or een SD — ” Bos se een ee 


enough that the effects due to orientation of individual crystals UCED TEMPERATURE 
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the exponent a@. It is conceivable that this effect may have 
contributed to the scatter of Carreker’s platinum data in Fig. 8 
since his wire specimens contained only 2 to 4 grains per cross 
section. 

Values of the activation energy for lead and copper, calculated 
from the curves in Figs. 3 to7, are presented in Fig. 9 as functions 
of the applied stress. The activation energy is seen to decrease 
approximately linearly with increasing stress at a rate increasing 
with increasing temperature. Fig. 10 presents corresponding 
results calculated from Carreker’s strain-time data for platinum,’ 
which show similar behavior. Extrapolation to zero stress deter- 
mines a quantity Qo, the activation energy in the absence of stress, 
which is a temperature function. Fig. 11 presents curves of ac- 
tivation energy versus stress for tin and gold calculated from the 
published data of Tyte (12) and Alexander, Dawson, and Kling 


(13), respectively. In both cases the data fitted Equation [9], 


but the specimens were too small for Equation [11] to hold, and 
so Equation [10] was used in the calculation. 
with reedlike grain structure used by Alexander, et al., were so 
small (1 mil diam) that the influence of surface tension was ap- 
the specimens actually contracted while under the 


The gold filaments 


preciable ; 


for 1450 deg and 1250 


? Copies of these data (minus the curves 
deg K) were furnished by Dr. G. J. Dienes 
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smaller loads. For this reason, only the results calculated from 
the curves obtained under the larger loads are presented in Fig. 
il. 
dent. 
Influence of Temperature In self-diffusion studies, activation 
energies are sometimes correlated in terms of the parameter 
Q/RT,, (reference 14). Guided by the idea of melting, or dis- 
order, as an important factor in diffusion, Dienes (15) has shown 
empirically that Q/RT,, is the physically important group. It 
seemed logical, therefore, to interpret the creep results in terms 
of the group Q)/?T7’,,, as is done in Fig. 12. The corresponding 
self-diffusion data are also included for comparison, and it may 


In spite of this selection, considerable inconsistency is evi- 


be seen that the creep correlation is at least as convincing as the 
one for diffusion. It appears that in both cases the group Q/RT,, 
provides a dimensionless measure of the degree to which local 
disordering by thermal fluctuations permits lattice movements 
id. Agreement in both cases probably could be im- 
proved by including the effects of grain size in the correlation. 
It is also evident that, although the activation energy defined by 


in the sol 


the creep equation is greater in magnitude than Q defined by the 
diffusion equation, the energies for both manifestations of atom 
motion vary similarly with temperature 

Influence of Stress. The influence of streas in lowering the re- 
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Pia. 12 Corre.ation or Apparent AcTIVATION ENERGIES FOR 
Creep Se.r-Dirrusion as A Function or Tar Repucep 
TEMPERATURE 

(Effect of grain size not considered 2, Refere 
erence 32; d, reference 33; e, reference | 
ence 35; h, reference 36; 1 


AND 


15; 6, reference 31; c¢, ref 
page 540; /, reference 34; g, refer 


reference 37 


quired activation energy is evident from Figs. 9 
Herring (6) has shown that in the absence of concentration 
ferences, the product of stress and atomic volume is the quantity 
motivating flux of material. This observation suggested trying 
activation energy due to stress with 
RT (where V 
ume in order to conform with the units of R), as is done in Fig 
13. Since it was evident that the influence of stress in promot 


to correlate the decrease in 


the dimensionless group o } is now the molar vol- 


ing atom movement increased with rising temperature, the ab- 
13 was multiplied by Q./RT,,, the dimensionless 
It may be seen that the resulting tentative 


scissa in Fig. 


measure of disorder. 
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correlation is crude, but it is believed that the scatter of the data 
may be attributed largely to uncertainties in the extrapolations 
in Figs. 9 and 10, since the small difference (Q. Q) is much more 


sensitive to extrapolation errors than is Qp itself. It is also be- 


lieved that accurate knowledge of the thermal-expansion co 
efficient at high temperature (necessary to correct the molar vol 
ume) would reduce the deviation of the high-temperature plat 
num data In the case of the copper specimens, it is possible that 
the residual stresses stored by the initial 8 per cent prestretching 
prior to creep testing may have reduced the relative influence o 
a reliable 


the additional applied creep stress. It appears that 


limensionless correlation must await further constant-stress 


reep data on different pure, innealed metals at various tem 
peratures and at stresses ranging low enough to permit accurate 


leterminations of the activation energy decrease 
Errecr or Oruer VARIABLES 


On the basis of the analogy drawn in the foregoing discussion 
ertain qualitative predictions (here involving some microscopi: 
<peculations) regarding the effects on creep behavior of variables 
other than stress and temperature may be made and compares 
with experimental knowledge. 

Impurities and Alloying Elements simple approxima 


The 


tions proposed in the foregoing for the case of a pure metal are 
not exper ted to hold for the case of a multicompenent system 
lhe empirical approximation in Fig. 8 possibly may be tested 
however, by defining 7',, as the temperature at the first appear- 
ince of a liquid phase. When this approximation fails, 
tion [10 


irical constants. 


I qua- 


may still be valid as a strain-time relation with two em- 


The proposed picture nevertheless permits qualitative predi 


tions for metals of small impurity content. In the temperature 


range where grain-boundary movements are governing impurity 
itoms concentrated preferentially at the boundaries should in 
pede th and de- 


ound experiment 


raise the activ 
This effect is usual 


itom movements, ition energy 


rease the creep rate 


2 
> 


ucep De 
tous Merats 
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The effect of small amounts impurities widely 


throughout the grains should be small at such temperatures, but 


of dispersed 
might be appreciable in the slip regime. 
Work History 


of a metal varies inversely 


Grain Size and Since the disordered fraction 


us the grain diameter, an increase in 
grain size (or grain perfection) should raise 
the re 


is found experimentally 


the activation energy 


ind istance to ind high-temperature 
At 
where slip deformation prevails, the effect presumably would be 
oppositely directed. If 


grain 


increase medium 


creep, as 16 low temperatures 
work hardening can be associated with 
indicated the studies of 
Wood and his associates (17, 18), the influence of work history 
upon creep may be inferred from its influence upon the disordered 


fraction of the metal 


fragmentation, as is by X-ray 


The behavior of metals is interpreted by 
Wood in terms of a block structure, and he shows that the size 


of the 


strain is manifested increases with increasing temperature and 


“operative elements” in whose movements the plastic 


decreasing strain rate and approaches the grain size as an upper 
limit as the strain rate approac Since the 


disordered regions of the metal correspond to the boundaries of 


hes that for pure creep. 


such elements, it may be seen from this picture that prior cold- 
working (or even rapid application of high creep loads) would 
have the effect of promoting creep at medium and high tempera- 
tures. Such an effect observed in the creep of annealed and 
Schmid (19) 
rate with the degree of cold 
20). 


kk ording to the 


hard-drawn copper wire has been described by 


The analogous increase in diffusion 


work in the specimen is well known 


Surface Conditions 


atom-movement fea 


the effect of surface conditions upon the creep of a metal should 


become appreciable only in the limiting case of single-crystal 
specimens under conditions 
The 
thin films 
Andrade (21 

on creep is also pos idicated by 


which 


here lattice movements do not pre- 
of the 
the 


dominate. inhibition of creep such specimens by 


formation of oxide on metal surface has beer 


demonstrated by The effect of surface movements 
Andrade "s mut h-de 1) ited 
bom- 


When the 
initial extension 


experiments in i single-crystal cadmium wire was 


barded by alpha rays from a polonium source (22 
loaded the 
ind the creep rate was 
, the bombardment effected a fivefold increase 


specimen was tly so that wis 


small (1 per cent low (0.05 per cent per 
the 
yuted to agitation of the disordered surface 
This effect deer us the 


i trend which conforms with the atom-motion 


min in creep 


rate, an increase attr 


atoms, load and initial extensior 


ased 
were increase d, 


requirement, since application of the greater loads presumably 
gave rise to slip bands, regions of disorder unaffected by the sur 
face bombardment (0.005 mm penetration depth). In the case 


of an initial extension of 12 per cent under a load producing 


reep rate of 0.7 per cent per min, tor instance. no hange of cree} 


rate as a result of bombardment was noticed. 

In contrast to the foregoing effects observed with single crystals 
experiments by Pickus and Parker (23), using polycrystalline zin 
und nickel, have revealed no dependence of creep rate on surface 
treatment. 
effects 


on the creep of materials would be desirable in the design of nu 


Radiation. Knowledge of the of high-energy radiation 


clear reactors. From the experiments of Martin, Johnson, and 
Goeddel (24), it is known that the volume self-diffusion of silver 
is unaffected by with 10-Mev 


the temperatures required for lattice movements are not 


bombardment protons. Creep 
rates at 
of great engineering interest, however, and speculation regarding 
the possible influence of radiation in the regime of grain-boundary 
movements at present must be made in the absence of the cor 


responding diffusion measurements. In the low-temperatur: 


region where work-hardening reduces the creep rate, the harden- 


ing produced by radiation (25) might be expected to have a simi- 
lar effect. 
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CONCLUSION 


The ultimate object of a correlation such as the one proposed 


herein is of course the prediction of the creep behavior of a metal 
from knowledge of its physical properties, history, and the pre- 
vailing conditions of stress and temperature. For preliminary 
design purposes, estimates of even modest accuracy may be valua- 
ble At the the the acti 
vation energy, temperature, and stress is not established with ac 
12 
and 13 can lead easily to an order-of-magnitude error in the cal- 


present time correlation between 


curacy sufficient for this purpose, since the scatter in Figs 
culated creep strain. It is believed, however, that experiments 
of tem- 


perature, stress, purity, grain size, and work history possibly 
may effect a refinement of the correlation to a degree permitting 


on various metals under well-controlled conditions 


useful estimates of creep relationships. Inclusion of the transient 
effects which are prominent at low temperatures probably will 
require recourse to dislocation theory 

Again, it should be emphasized that the correlation of creep 
properties by the necessarily vague diffusion analogy drawn in 
the foregoing discussion is a frankly empirical one proposed with 
possible engineering applications in mind, and that the ac 
tion energy so defined is of interest primarily because it shows 


uiva- 


a reasonable qualitative dependence upon the experimental 


variables, a dependence apparently predictable from diffusion 


experiments. It is believed that the foregoing method may be 


useful for correlative purposes where a minimum of undeter- 


mined constants is desirable. The physical process of creep re 
mains incompletely described, however, since the purely empirical 
ipproximation of Equation [9], although accurate at medium 
and high temperatures over the constant-stress range preceding 
tertiary creep, provides no insight into the fundamental mecha- 
nism. It seems possible that the physical picture may be 
larified by second-law considerations first proposed by Kauz 


mann (26). When applied to a constant- 


(3) 


this approach can permit the activation energy to remain constant 


stress creep curve by a 
relation of the type 


12 


0 


while an initially large positive entropy change decreases in mag- 
nitude with increasing time. This variation implies an order- 
ing process progressing with time, and it is interesting to note 
that such an ordering (as manifested by a reduction in the broad- 
of back-reflection of a 
some degree by the initial load application is indicated by the 
studies of Wood and Scrutton (27 
Although a 


ening spots) structure disordered to 


X-ray using polycrystalline 
ot 
work will be required for either a fundamental understanding or 


aluminum considerable amount experimental 


‘ phenomenologir il description of the 
the 


creep process from this 


viewpoint desirability of such experiments seems evident 
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Bending With Axial Force of Curved 


Bars in Plasticity 


By ARIS PHILLIPS, 


The problem of symmetrical pure bending with axial 
force of a curved bar in plasticity is considered. A method 
is given for finding the axial load and bending moment 
which produce a given strain distribution. This method 
is based upon approximating the stress-strain curves by 
means of broken lines. By increasing the number of 
sides of these broken lines it is possible to solve our prob- 
lem with as high accuracy as is desired. 


INTRODUCTION 


N this paper we consider the problem of symmetrical! pure bend- 

ing with or without axial force of curved bars in plasticity. 

Our problem is to give a method by means of which we easily 
can determine the axial load P, and the bending moment M, 
which produce a given strain distribution in the cross section 
The method is quite general and easy to use. 
approximating the stress-strain curves for tension and compres- 
sion by By increasing the number of 
sides of these broken lines we can approximate the stress-strain 
line with any desired degree of approximation. As the use of the 
two broken lines instead of the original stress-strain curve is the 


It is based upon 


means of broken lines.* 


only approximation entered in the method, we are able to solve 
our problem with as high a degree of accuracy as is desired. 

Let us consider a curved bar with a constant cross section hav- 
ing one axis of symmetry. A small element abed of this bar, 
Fig. 1, is loaded in pure bending with axial force. The line join 
ing the centroids of the cross sections is assumed to be a plane 
curve, and the axis of symmetry of any cross section must lic 
on this plane. The external forces also lie on this plane of sym- 
metry. 

In order to find the stress distribution we assume that trans 
verse cross sections of the bar, which were originally plane and 
normal to the line joining the centroids, remain plane and normal 
to the neutral surface after deformation has taken place. We 
denote with dg the small angle between the two end faces ab and 
cd of the element of the bar before deformation has taken place 
As a result of deformation the cross section cd rotates with respect 
We call this angle of rotation Ady, and we consider 
Owing to this 


to ab 
it as positive when it represents a decreasing dy 


this paper were obtained in the course 
the Office of 


' The results presented in 
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rotation the longitudinal fibers on the convex side are compressed, 
However, if 
then all 
In this 


while the fibers on the concave side are extended. 
the axial load is large compared to the bending momen 
fibers may be extended or all fibers may be compressed 
case the neutral surface will lie outside the cross section 


-e 


ee 


If nn is the neutral surface, the extension of any fiber at a dis- 
tance y from the neutral surface will be equal to yAdy, where y 
The cor- 


is positive if directed toward the center of curvature. 
responding unit elongation is 


Adg 


y dg 


If the 
distance of the fiber y from the center of curvature is Y, we find 


where r is the radius of curvature of the neutral surface. 


} (2 


Hence, denoting Ad g/d¢ with y, we finally have the formula 


.-(: 


We see that the strain distribution foilows a hyperbolic law 
Let us assume that the stress-strain law for tension and com- 
pression is represented by means of the equation 


where € 0 denotes tension while € 0 means compression 
We assume further that if a fiber has a strain € in bending, then 
the stress of this same fiber can be determined by using Equa- 


tion 4). Then we have 


The two equations ol statics are 


*Y=b 
A f - :) ¥ | B(Y)dY =P 
Y=a } 
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y1B(Y)YdY = M 


where B(Y ) is the width of the cross section, P is the axial force, 
Both P and M are considered 
that is, at Y 


and M is the bending moment 
as acting upon the center of curvature of the bar 
0. From these two equations we can determine two of the fou 
variables—M, P, r, and Y— if we know the other two. When MV 
and P are known, we first determine r and ¥ from Equations 
{6} and [7]; and then, using Equation [5], we find the stress dis 
tribution 

The analytical expression for the broken o — ¢€ line is 


Ke 


B,'e 
BE, ‘¢ 


for compression as explained by the author in another paper 
We remark that o and € are positive for tension and negative for 
compression. 

In the paper mentioned it is shown that we may represent the 
line defined by Equation [8] as the sum of k perfectly plastic 


materials 


materi 


In these tormtlas 


Ps 
\ similar analysis is valid for the stress-strain line expressed 
by Equations [9]. In this case we would have / perfectly plastic 
materials 
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o = G,'e... 


Assume now that in tension we have four perfectly plastic mate- 
rials and one elastic one, whereas in compression we have three 
perfectly plastic materials and one elastic one. Then the stress- 
strain law will have the general form shown in Fig. 2 





mMpression 





EXPLANATION OF THE METHOD 


Then 


squation [3 


In this paper we shall assume that we know r and y. 
we also know the strain distribution because of 
We want to find the values of P and M which produce this strain 
listribution 

The method proposed in this paper will be explained by using 
the stress-strain law shown in Fig. 2 and the cross section shown 
in Fig. 3(a). The quantities G,, P;, and €; corresponding to these 
materials have the values shown in Table 1. 

In Fig. 3(b) we see a strain distribution applied on the cross 
section shown in Fig. 3(a). In order to simplify the presentation 
of the method we assume that the part of the cross section near 
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the concave side of the curved bar is loaded in tension. We re- 


mark that the strain line has been superimposed 
work €4€:€2€:0€;'€2'€s’. 
mum tensile strain in the cross section, and €msx’ represents the 
maximum compressive strain. 


For the strain distribution in Fig. 3(b) we have €& < €max « 


upon the net- 
In this figure €max represents the maxi- 


€s, €:" <€max’ < &’. The corresponding stress distribution is 
shown in Fig. 3(c), while in Fig. 3(a) we see the regions in the 
cross section where the strain lies between 0 and €, (region 0011), 
between € and €; (region 1122), and soforth. From Fig. 3(c) we 
see that the stress distribution in tension is equal to the sum of 
three perfectly plastic stress distributions (1), (2), and (3), and 
of two elastic ones (4) and (5). The stress distribution in com- 
pression is equal to the sum of one perfectly plastic stress dis- 
3’), and (4’ 
the 


tribution (1’), and of three elastic ones (2’), 
The perfectly plastic 
analytical expressions 


=<Ge=G ( 
} 


stress distributions have following 


y : r 
c= Ge = @G " 
} 


o= G,e€ 


> 


From Equations | 12] we also find 


from which we can calculate Y;,, « and €max for a given 
pair of values W and r, 

The contribution to the left member of Equation [6] by a per 
fectly plastic stress distribution, or by an elastic stress distribu- 
tion is as follows: 


1 For ¥ Ss rand a perfectly plastic distribution 


Lh. (F,~1) arm 


LG 1) Boy ar | 


lastic distribution 


GwW 


and an ¢ 


/ ( i) Y) d} 
JY } 


distribution 


Gy 


ind a perfectly plasti 


AXIAL FORCE OF CURVED BARS IN 


PLASTICITY 


4 For Y 2 r and an elastic distribution 


-y 
Gv 
JY = 


Expressions [15a] and [16a] are special cases of Express 15) 


lons 
and [16], respectively, for 
Y, = aand Y,’ = b 


The contribution to the left member of Equation 
lows 


1 For} rand a perfectly plastic distribution 


) Yi 
( i) BY) Yd) 
7 Y, 
“yer 
oe 

rand an elasti 


"y 
wi" 
J} 2 


distribution 


) B(Y) Yd) 


For } 


> rand a perfectly plastic distribution 


‘)p Y) Yd) 

“yes 
J -¥s ( 
and an elastic 


a 
G,'¢ / (: i) Y) Yd) 


) Bi) var | 


distribution 


Expressions [17a] and [18a] are special cases of [17] and [18], 
respectively. 

Denoting with GwWk,, G,'bk,’, Gal, G,Pl,’ the 
15], [16], [17], and [18], respectively, or their special forms 
{15a l6a), [17a], 18a], 


in the form 


ins 
¢ boa 
ed 


Expressions 


and respectively, we can write Equa- 


tions [6] and [7 


19) 


[20) 


If the stress-strain law consisted of n quantities G,and of m quan- 
t=" 
‘? r " ™ 
tities G,’, then in Equations [19] and [20] we would have > 
‘=! 
' n ‘ ‘ 4 


_ - - 
and 5 instead of 5 und 5 respectively 
— = —s 
' l ‘ : 
The 


lows 


values k,, k, can be determined easily as fol- 


First we find 


Ki} 


In the case of Fig. 4(a)these functions have the values 
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TABLE 2 
Ay 
K: Ky Ai’ 


0. 8000 
58. 333 1.0000 


A = ». 6000 
A 9000 
0. 6875 0.9808 4. 6191 31.7119 0.1125 S = 40.2668 
0.3500 3.5437 2.0562 12.1698 0.4500 8 18.0668 
0.0800 5.1840 0.4160 2.1642 0.7200 T 0. 8000 
0.9285 1.1983 0 7016 6. 8920 0.1285 7 0.2000 


1.80 : 1 0.80 0.030 emax 0.0240 
1 


0.90 l 7 0.0030 


rABLI 
. Gili 
r/Yi rAi/YVé " 4 ki rSi/Y¥i y Ss l x 10s 
8.4375 1.0666 9267 2s 5 3.8 33. 8239 7: 2668 BR4: 23. 8430 
6.7500 1.3333 7415 5 ¢ 16.2259 3 < 2668 8524 11.7786 
5. 4000 1.6666 6933 5 5.6 1.5733 1 ‘ 3.6068 5. 656 266 9.4 4970 
5 1.6000 0. 4000 ° 5 2668 3: 2.5333 
1.6000 0. 1600 < 266 3: 0133 
9.6428 0.9333 6548 56: 9000 —0). 0887 0. 8870 6. 4323 56 —8. 4980 
ie . 9000 —0. 1000 4). 1000 ‘ 17.1 0668 q 0 9668 
9000 4). 1000 0.0400 0668 +6 0). 3867 
9000 4. 1000 0.0200 17 0668 of 0.1933 
10 SGili 36.6204 K 10 
).17616 & M 10.9861 X 10 





The significance of notations, Equations |21], is shown in Fig. 4. 

Ki(Yo) = 0.10 (¥0? 25), Ko Yo) Let us assume now that we want to find the values P and M 

By oe : Z corresponding to a given set of values Y and r. We first con- 

K3(¥o) = 0.20 (¥o — 5) struct the lines K,, Ke, and K3. For the cross section shown in 

These functions can be determined by means of analytical or Fig. 3(@) these lines have been constructed in Figs. 4(6), 4(c), and 

graphical integrations. Their forms are shown in Figs. 4(6), i(d), respectively. It is important to note that these lines ars 

i(c), and 4(d). independent of the specific selection of ¥ and r; they depend 

We introduce now the following notations only on the cross section and on the position of the center of 
curvature with respect to the cross section 

1 = K,(r) Ki(a), A; = Air) AY; Next, using Equations [14] we find the values émax and €max’, 

A; = Ki(Y,;) K,(a), : K,(b) Ki(r thus deciding which G; and G,’ correspond to perfectly plastic 


‘i = KAY,’ Ki(r) = Ki(b KY, ; materials. In the case of Tables 2 and 3 we have selected py = 


S = Kdr) — Kia KAb) — Ker 0.030 and r = 9. Hence €max = 0.0240 and €max’ = — 0.0030 
S, = KAY Ka 5’ = Kb) — KA{Y,’) 


Therefore, for the lower side of the cross section we have thre« 
cs : cea F pi plastic materials G,, G2, G;, and two elastic ones G, and G;; and 
T; = Kilr Kx(Y;), (Y,’ 


K,(r) 


for the upper side of the cross section we have one plastic mate- 
With these notations we find rial G,’, and three elastic ones G.', G;’, and G,’. Now we cal 
culate from Equations [14] the values ¥; and Y;" for the per- 
fectly plastic materials; and then by using Equations [21] we 
calculate the values A, A’, Ay,... (Table 2). Now from Equa- 
tions [22] we find the values k,, k,’, l;, |; and from Equations 


19} and [20] we find the values M and P (Table 3 





Plastic Flow in a V-Notched Bar Pulled 


in Tension 


By F.H 


A V-notched bar pulled in tension in plane strain as 
shown in Fig. 1 is considered. The distribution of stress 
and deformation are determined from the analysis of the 
motion with large strains as the initial notch width pulls 
down toward line contact as the test proceeds. The an- 
alysis is based upon the theory of flow of a so-called Saint 
Venant-Mises material, which flows at a constant yield 
limit given by the Mises criterion, and obeys the Mises 
flow-type relationship between stress and strain incre- 
ments. The initially 
square grid on the cross section of the notch are obtained 
This solution is of 


successive configurations of an 
to illustrate the strain distribution. 
interest in investigating the initiation of fracture in a 
notch-bar tension test. In such a test the foregoing type 
of solution applies until plastic flow is arrested by the ap- 
pearance of a fracture crack. The variation of the solu- 
tion with notch angle is of interest in connection with the 
determination of the technical cohesive strength of a 
metal using Kuntze’s technique. The present solution 
indicates a contrast with Kuntze’s hypothesis, in that it 
predicts the possibility of a plastic-flow type of rupture at 
a stress depending only upon the yield stress of the metal. 


INTRODUCTION 
E consider the plastic flow in a deeply notched bar pulled 
in tension in plane strain. This condition is obtained 
with the specimen shown in Fig. 1, if the width 6 of the 


it the notch root: for 


; 


+e 


bar is large compared with the thickness 








/N__j J 


Norcuep Bar Putiep 1n Tension 





Fie. 1 


with a deep notch, plastic flow is localized in the vicinity of the 
root of the notch, and the parts remaining elastic prevent appre- 
ciable lateral contraction, thus leading to plastic flow in plane 
strain. It is considered that the theoretical stress and strain 


'This work was sponsored by Watertown Arsenal Laboratory 
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Presented at the Annual Conference of the Applied Me- 
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distributions are of interest not only as a theoretical analysis 


of a problem of plastic flow, but are also of value in interpreting 
Such 


naterial tests using this type of specimen i test is, 1p gen- 


eral, terminated by fracture, whereas the theoretical analysis is 
carried through 
\ theo- 


retical study of the history of the strain distribution which deter- 


concerned only with plastic flow and can be 


intil the notch root is pulled down to a line of contact 


mines localized regions of high strain, may help in assessing the 
initiation fracture in such a test 

The theory is based on an ideally plastic material subjected to 
large strains. Since strains of the order unity occur, it is per- 


missible to neglect elastic strains, and thus to consider elastic 


iaterial to be rigid. In such problems, in addition to regions of 
large plastic strain, the yield point is exceeded in material which 
is confined by surrounding elastic material, so that the plastic 
strains occurring there are limited to be of the order of elastic 
strain To our degree of acc uracy these regions will also be con- 
sidered rigid, so that in the segregation into rigid and plastic 
This 


type of analysis is sufficient for most metal-forming problems 


ireas, the rigid parts may be subject to small plastic strair 


since it is the regions of large flow only that need to be investi- 
g ited 

The assumption of ideal plasticity implies plastic flow at a con- 
stant stress limit, which is a reasonable approximation for many 
materials. This must not be thought of as equivalent to neglect- 
ing work-hardening, but rather to averaging its effect over the 
field of flow; for having determined the final strain distribution 
an average strain magnitude can be used to determine an aver- 
ige yield stress for substitution in the equations based upon the 
ideal material. In practice it has been found (1)* that even 
with lead, which exhibits a rounded stress-strain curve in the 
yield region with gradual development of plastic flow, good agree- 
ment with experiment is obtained with this type of theory 


Basic THeory 


rhe type of idealized material discussed in the previous sec- 
tion, which is considered rigid until plastic flow occurs at a con- 
stant stress limit, is known in the literature as a Saint Venant- 
Levy-Mises material. The condition for plastic flow is determined 
by the Mises yield limit 


(¢ g,)° +(e, e+e 


’ ‘ z 


+ O7,,* + T., 2¥? {1} 


adopting the usual notation for stress components in Cartesian 
co-ordinates, where Y is the yield stress in simple tension. For 
large plastic flow in plane strain, this law is equivalent to the 
Tresca law of flow at constant maximum shear stress, without 
modification of the equations other than the magnitude of the 
constant which appears in the analysis as the maximum shear 
stress throughout the field. 

The strain components are determined by the Mises incre- 
mental type of law, which can be written in the form 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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du rd 0 
rlong an a-line 
lv + udg = 0 
along a B-line 


combined with no volume change [he analysis of a metal-forming problem requires the deter- 


mination of p, ¢, R, S, u, and v throughout the field of large 


dé, + de le 


plastic flow to satisfy Equations [4], {5], and [6] and the bound 


We consider flow in plane strain which takes place slowly, on ary conditions which may involve both stresses and velocities 
that inertia forces are neaiisihle. Our solution for the stress Adjacent regions considered rigid must be able to withstand 
distribution and the velocity field of flow in the regions of ap- 
preciable plastic deformation, therefore, must satisfy the equa- 
tions of equilibrium and Equations [1], [2], [3] with strain-rate 
components expressed in terms of the velocity field. 

In the case of plane strain with no motion parallel to the z-axis 
only the three strain components in the plane of flow are non- 
zero, and only the three stress components in the plane of flow 
appear in the analysis of the stress distribution. Following 
Hencky (2), it is convenient to consider the stress field in terms of 
the trajectories of maximum shear stress, or slip lines, shown i: rhe slip-line field for the initial plastic flow before the bound 
Fig. 2. These orthogonal trajectories are used to define curvi- aries of the notch have been deformed appreciably is shown in 
linear co-ordinates a, 8. Equations [1], [2], [3] imply that the Fig. 3. This field is a modification of those given by Hill (3 

for parallel-sided notches with circular roots. The configuration 


the stresses transmitted across the plastic-rigid boundaries and th 
external boundary tractions, and their rigid-body motion must 
ve compatible with the motion of the adjacent plastic material 
In the case of nonsteady motion, these conditions must be satis- 
fied at all stages in the flow as the boundaries change due to the 
deformation of the material. The solution presented in this 
paper satisfies these conditions 


DEVELOPMENT OF THE SOLUTION 


is symmetrical about the horizontal and vertical center lines 
The region ABE consists of straight slip lines inclined at #/4 to 
1£. The straight slip lines in ECD are inclined at 4/4 to the 
horizontal, and these two regions are joined by concentric circu 
lar ares and corresponding radii with center E 

This field clearly satisfies the condition of zero shear at the 
notch boundaries, for the shear stress is zero on surfaces inclined 
it w/4 to the slip lines. That the equilibrium equations are 
satisfied is clear from a consideration of the degenerate forms of 
Equations [5] when one or both the radii of curvature become 
infinite, or from individual study of the special types of stress 





field. For example, the regions in which both sets of slip lines 
are linear correspond to uniform stress. 


maximum shear stress « is constant throughout the field of flow 
Therefore, the stress system at every point is determined com- 
pletely by the slip-line direction, defined by the angle yg, and the 
average hydrostatic pressure p 

In terms of these variables, the equations of equilibrium take 
the form 


p+ 2&¢e 
is constant along an a-line 

p 2n¢ 
is constant along a -line 
It is convenient also to work in terms of the radii of curvature Fic. 3 
of the slip lines, R and S shown in Fig. 2. The equations of 
equilibrit m, Equations / ire equivalent to the differential 


he free surface AE determines p to equal —« there Appli 


relation cation of Equations [4] then determines 


in ECD. We can thus determine the stress on the notch center 


line EF. There is no shear stress, as would be expected by sym 


metry, and the normal tensile stress is 
If wu and v are the velocity components along the slip lines 


Equation {2} implies the relations 


* Details of this and subsequent analysis of the section are given in 
(1) Ihe tensile stress for flow in plane strain without a notch is 





LEE 


2x, so that the constraint of the notch increases the stress by the 
factor (1 + #/2— a). 
The assumption of a deep notch requires that the averag: 
stress away from the notch 
d 
a 
2 b 


2k (1 
where d and D are the dimensions shown in Fig. 3, be less thar 
2xy, where ¥ is a factor of magnitude about 0.5 to allow for the 
nonuniform distribution of stress in the rigid material adjacent 
to the notch. 
form in the region away from the notch root, so that the region 
outside the slip-line field may be considered as rigid in deter 


This wil] insure that the specimen does not de- 


mining the large local deformation 

In order to consider the associated velocity field of flow, it is 
convenient to give the upper part of the specimen unit velocity 
upward, and the lower part unit The 
magnitude or time variation of this velocity does not influence 


velocity downward. 


the solution as long as it remains small and positive, since inertia 
By symmetry the material on the center 
If we now 


forces are neglected 
line EF will have no vertical component of velocity 
superpose a unit velocity upward on the whole system, the rigid 
material below the notch is brought to rest, which facilitates study 
of the motion of the material DF/JHG in Fig. 3. The material 
on the line DF has now a vertical component of velocity of magni- 
tude unity. 

The velocity field follows simply from Equations [6 
all a-lines are straight, dg is zero along them and u is, therefore 


Since 
a constant for each line. But since the rigid material below 
DGHJ is at rest, this constant must be zero for all a-lines in order 
to maintain continuity. Thus the second of Equations [6| de- 
termines v to be constant on all lines, which must be V/ 2 to 
produce the required unit vertical component of velocity on 
DF. 

This velocity field develops when the plastic strains first be- 
come large relative to elastic strains, but before the boundaries 
have deformed appreciably. Since the whole boundary F/ 
V 2, the initial deformation of 
and at the three points 


moves with the uniform velocity 
the notch surface will be a kink at J, 
corresponding to J by symmetry 

Since the notch boundaries between these kinks and the root 
move parallel to themselves, the notch width decreases but the 
contour retains its shape between the kinks. This suggests that 
a similar stress configuration may apply for the subsequent 
The validity of this suggestion will be established if 
the new stress field extends only in the region of the undisturbed 
notch boundary shape, for the stress field would not satisfy the 
stress boundary conditions in the deformed part of the boundary 
This configuration is, in fact, found to be satisfactory, and applies 
at all stages in the deformation. The corresponding stress and 
deformation fields when the neck has been reduced to one half 
its initial width are shown in Figs 
ingle a=, 4 


motion 


4 and 5, for a notch of semi- 
In Fig. 4, C corresponds to J in Fig. 3, the point where the 
notch boundary is first deformed. At the stage depicted in 
Fig. 4, only the material in D’E’J’K’ is flowing plastically. The 
material below D’K’J’ but above the initial plastic-rigid boundary 
through C has been subject to large flow during the earlier motion, 
but has now been subject to stress reduction and is left with a dis- 
tribution of residual permanent strain. 

The linearity of the deformed boundary J’C in Fig. 4 is a con- 
sequence of the constant velocity of the notch boundary E’/ 
and of the plastic-rigid boundary K’J’ which terminates the 
plastic flow. The velocity of the latter is constant since its posi- 
tion is determined by the configuration D’E’J’'K’, which re- 
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mains geometrically similar throughout the motion, its dimen- 
sions being determined by the length D’'E’, where E’ moves wit! 
1 constant velocity determined from the constant velocity of the 
notch surfaces. The deformed position of the surface J’C can 
be deduced from a consideration of the flow velocities and the 
duration of flow of each element. However, it can be obtained 
more simply by noticing that the notch will finally be pulled down 
to line contact between two wedges. The linear sides of these 
wedges pass through C, and corresponding points on the other 
faces, so that the condition of no volume change determines the 
deformed wedge angle by the equal area condition shown in 
Fig. 6. Looked at from this standpoint, it is evident that the 
flow in the notched bar is the reverse of that in a wedge pressed 








against a smooth surface given by Hill (4). However, the latter 
is clearly a pseudosteady problem in which the whole configura- 
tion and strain distribution is geometrically similar at all stages 
of the motion, and this indicates that the method of solution will 
be similar to that for wedge indentation (1). In the case of the 
notch bar, the strain distribution is of course not similar at all 
stages in the motion, and the motion from its initial configura- 
tion is unsteady. The angle 8 which determines the deformed 
surface of the notch has been given by Hill (4) for the wedge 


problem, and with our notation is 


1 + cos @ 
tan B = 


sin a(2 + cos @ 


the velocity field is known throughout the motion, integra- 


Since 
tion will give the deformation at any stage his can be carried 
out directly by following the motion of a point through the vary- 
ing velocity field, or by means of the hodograph theory of the 
unit diagram see reference 1 Since we re interested in a 
series of deformation fields as the motion proceeds, the former 
method was used, and carried out gr iphic lly Some of the mort 
interesting details of this procedure are discussed in the next sec 


tion 


ANALYSIS OF THE DEFORMATION 


In order to check this solution experimentally, and in order to 
obtain an idea of the strain distribution from which to study the 
initiation of fracture, it is of interest to obtain the deformation of 
4 square grid scribed on a cross section of the undeformed bar 
This has been carried out for a grid of side 1/16 of the notch 
width The 


the notch width is reduced by 1/8 of its initial value has been 


deformation at increments of time during whicl 


determined 


Che major regions in which the deformation field is divided 


are shown in Fig. 5, in which the types of deformation are listed 
These are deduced by consideration of the relative velocity be- 
the stress-field boundaries and the material. For ex- 
ample, the boundary E’K’ moves faster than the material par- 


ticles, so that material to the right of its initial position AB has 


tween 


been only in a region of uniform horizontal velocity or at rest. 
It has never been in a region which has a vertical component of 
velocity. This implies that the material initially to the right 
of AB has either sheared horizontally or moved horizontally as a 
This, in conjunction with the consideration of the 
1BC to 


rigid body. 
motion of the boundary K’J’ determines the motion of 
4'H’'B'C’J'A’. Similar other 
regions of simple shear or rigid body motion in Fig. 5. This 
breakdown can be more readily seen from the trajectories in the 


considerations apply for the 


unit diagram (see reference 1), but space does not permit de- 
tailed discussion of this construction here 

The deformation of EFGBHA is complicated by the varying 
The 


motion of a particular particle during an increment of time is 


direction of the particle velocity as the flow proceeds 


obtained graphically by drawing the stress-field configuration 
before and after the time increment. 
the initial direction of motion of the particle, and, since the 


The initial stress field gives 


magnitude of the velocity is known to be VV 2, an approximation 
to the final position is obtained. A somewhat different velocity 
direction will be determined by the new particle position and the 
new stress-field configuration. In obtaining the final position 
an average velocity direction is used between these two. The 
time intervals stated at the beginning of this section were found 
sufficiently smal] to enable an accurate deformation field to be 
determined. 

This procedure was carried out for each grid point, but the 
fact that most grid points lie in regions of simple rectilinear mo- 
tion considerably simplified the construction. 
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In tracing out the position of the deformed grid lines, more 
information is required to obtain an accurate configuration than 
the positions of the grid points. This arises since finite shear 
occurs across the boundary D’K’J’ which produces a finite change 
in the slope of grid lines there A knowledge of the particle 
ind boundary velocities enables the change in direction to be 
determined by a simple graphical construction, and this was 
used in obtaining the final configuration. Moreover, a knowl- 
edge of the deformed directions of the grid lines where they meet 
the boundary E’A’ was required to plot the field accurately 
This was obtained by using the unit diagram plot to follow the 
motion of such a line as it passed through the vertex FE’ 

The initial net and the deformation fields for four time increments 

shown in Figs. 7, 8, 9, 10, 11. In Fig. 11, t = 4, the notch 
has been reduced to one half its initial width The construction 


could 


notch, but, since in practice plastic flow is arrested at an earlier 


be continued until only line contact occurs across the 


stage by the initiation of fracture, it was considered not worth 


vhile to complete the construction 








LEI 


Fie. 11 


Discussion OF SOLUTION 


The deformation field can perhaps best be assessed from Fig. 
10. Large strains have occurred in the regions traversed by the 
There are 


plastic-rigid boundaries and near the notch root E 
regions between D’ and FE’, and between E’ and J’ where no dis- 
It would be of interest to check this de- 
One would 


tortion has occurred 
formation with a pattern obtained experimentally 
expect the same genera] distribution to be obtained, though the 
discontinuous changes in direction of the lines across the plastic- 
rigid boundary would be smoothed by the rounded stress-strain 
curve of most materials and the influence of work-nardening. 

An interesting type of fracture occurs due to the flow near the 
root of the notch. The flow pattern demands separation of the 
material at this point, so that material which originally formed 
the cross section of the notch, now forms the notch surface 
This differs from the usual type of fracture in which the energy of 
local plastic flow, to bring about separation of the surface, must be 
supplied as well as the surface energy associated with the develop- 
ment of a new surface. The latter is, in fact, very small, and is 
neglected compared with the energy absorbed in plastic deforma- 
tion. A discussion of this question has been given by Merchant 
(5) in connection with a similar separation process occurring in 
machining. A similar separation occurs when a smooth wedge 
penetrates a plastic medium (1 
ing, the separation is produced by the pressure of a rigid body 
In the case of the notched bar it is pro- 


, but in both this case, and machin- 


between the two parts 
duced by tension in combination with the shape of the free sur- 
face there. It might be pointed out that this separation involves 
large local plastic strain, so that the details of flow, in this region, 
may be somewhat modified by work-hardening. 

A question which should be considered before turning to the 
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technological significance of this solution is that of uniqueness of 
solution. The theory of the deformation of ideal plastic mate- 
rials does not always lead to unique stress and velocity fields 
However, it is usually possible to decide which of two solutions 
would occur in practice, since one may require a larger force, so 
that the other will occur first before the external force has reached 
the value necessary to produce the second type of flow 

In the present case the stress field shown in Fig. 12 can be used 
to develop a complete solution. The material flow velocities are 
smaller for this solution, but the plastic region extends further 
The initial force required to initiate plastic flow is the same as 
for the previous solution. However, the point C; where the ini- 
tial deformation of the boundary occurs is further removed from 
the notch root than the point C in Fig. 6. A similar equal area 
construction is required in the present case based upon C; rather 
than (. In Fig. 6 the equal area requirement demands that AP 














is parallel to CO. For this second type of solution with the final 
notch apex P;, AP, is parallel to C,O, so that P,; lies above P 
The force for any fixed separation of the ends of the specimen is 
therefore greater, as is also the distance over which the force 
must act before complete separation of the two halves occurs 
These considerations indicate that the solution we have used 
which involves a smaller force throughout the motion will occur 


in practice. 
TECHNOLOGICAL SIGNIFICANCE OF SOLUTION 


The application of this solution in studying the initiation of 
fracture in a notch-bar tension test can be decided only after 
comparison with experiment, to check what influence the as- 
sumptions made have on the deformation field. However, some 
interesting indications concerning the investigation of the so- 
called technical cohesive strength are suggested by the range of 
solutions for varying notch angle. 

The basic idea in the material tests carried out by Kuntze 
6), is that a cylindrical specimen with a sharp deep notch would 
fracture without plastic flow at a stress known as the technical 
This stress is considered to play a funda- 
Its value is obtained by 


cohesive strength 
mental role in the theory of fracture 
extrapolating, to zero notch width and zero angle, tests for a 
range of notch angles and notch depths. This concept is based 
on the hypothesis that this limiting notch would produce a state 
of hydrostatic tension which would lead to fracture without plastic 
flow 

It has been pointed out by Orowan (7) that plastic flow in a deep 
notch will occur according to a solution analogous to the one dis- 
cussed here for plane strain, and that the stress at which flow 
occurs is dependent purely on plastic-flow characteristics. Thus 
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the greatest stress which can be produced by the constraining 
effect of the notch is a function of the yield stress, and is not 
limited only by the cohesive strength of the material. 

Similar considerations apply for the plane-strain problem dis- 
cussed in this paper. The tensile stress of Equation [8] is the 
maximum stress produced by the constraint of the notch, and, if 
this is less than the cohesive strength, plastic flow would, in gen- 
eral, be expected before fracture. The amount of flow before 
the notch-bar parts, if fracture does not occur to arrest the plas- 
tic flow, can be measured, roughly, by the dimension OP in Fig. 6, 
for this represents one half of the over-all extension. The con- 
struction of Fig. 6, in which AP is parallel to CO, indicates clearly 
that this maximum amount of plastic flow decreases with notch 
semiangle a, and is zero for zero a. Thus, in the limit a = 0, 
our solution predicts a flow type of fracture at the notch stress 
2a(1 + 


m/2) with zero deformation. This forms an interesting 


comparison with Kuntze’s conjecture that for this case plastic 
flow would be prevented by hydrostatic tension and that the cor- 
responding stress would be the technical cohesive strength. 

It should be emphasized that this limit is just where the as 
sumptions of our solution cease to apply, for strains large with 
respect to elastic strain were assumed, and the surface energy of 
the metal was neglected in comparison with the energy absorbed 
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Clearly these assumptions do not apply in the 
Nonetheless, one would expect 


in plastic flow. 
limit when the plastic flow is zero. 
the deformation to diminish with decreasing notch angle, the solu- 
tion forming an interesting contrast with Kuntze’s hypothesis 
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Experiments on the Plastic Compression 


of a Block Between Rough Plates 


By J. F. NYE, CAMBRIDGE, ENGLAND 


Hill, Lee, and Tupper have recently published a theory 
for the plastic compression of a block between parallel 
plates. This paper describes experiments designed to 
check the theory as closely as possible. The theoretical 
predictions for the average pressure on the plates are very 
well verified by the experiments. The details of the strain 
distribution within the block and the positions of the 
elastic-plastic boundaries are closely compared with the 
theory. 


NUMBER of attempts have been made to develop a theory 
describing the plastic compression of a block between 
Following the incomplete solutions 


given by Prandtl (1),? by Geiringer and Prager (2), and by Geir- 


parallel rough plates 


inger (3), Hill, Lee, and Tupper (4) by a numerical procedure have 
produced a solution which satisfies all the boundary conditions 
both for stress and displacement. Their solution was first cir- 
culated as a depaytmental government report‘ in 1945, and at 
their instigation the author carried out a series of experiments to 
test the theory. The experimental results were also circulated as 
a report® in 1947. Now that the theory has been published in 
this journal it has been thought worth while to publish the ex- 
periments as well 

Few theoretical solutions of plastic flow problems have been 
fully tested by experiment. Most tests have been partly qualita- 
tive and, in particular, have seldom included a quantitative exami- 
nation of the distribution of strain in the deformed material. Ac- 
cordingly these experiments were planned to give as complete a 
check as possible upon the theoretical predictions for the mean 
pressure on the plates, the distribution of strain, and the position 
of the plastic-elastic boundaries 


Cuo1ce oF MATERIAL 


The material assumed in the theory has a well-defined yield 
A full solution was 
obtained only by neglecting elastic strains. The material was fur- 


point and shows negligible strain-hardening. 


1 Cavendish Laboratory, University of Cambridge; now at Bell 
Telephone Laboratories, Murray Hill, N. J. 
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* The present position has been well summarized in “‘The Mathe- 
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ther assumed to be isotropic throughout the straining, and to 
obey the Mises criterion of yielding and the Lévy-Mises law of 
plastic flow under combined stresses. These last two conditions 
made it desirable that the experimental material should be a 
metal. There does not seem to be any material, however, that 
adequately obeys all the requirements of the theory. Lead, for 
example, which has been chosen in the past on account of its soft- 
ness, has no sharp yield point and has the further disadvantage 
that its large grain size causes unwanted local disturbances in 
strain. Work-hardened copper, on the other hand, has grains of 
small size and a well-defined yield point, but it is not isotropic and 
is too hard for experiments of this type 

The compromise adopted was to use rolled tellurium-lead con- 
taining 0.05 per cent of tellurium. This alloy is soft, and the 
rolled material becomes isotropic (at least under metallographic 
examination) if heated for 4 hr at 150 C. At the same time, 
the grain size, after the heat-treatment, is limited by the pres- 
ence of the tellurium to about 0.06 mm. The degree to which 
the stress-strain curve of this material approaches the ideal may 
be judged from Figs. 1 and 2. The method of obtaining the 
stress-strain curves is described in the next section 


Tue Srress-Srrain Curve 


Four compression tests with cylindrical specimens were made 
to establish the stress-strain curve of the annealed tellurium-lead 
The specimens were loaded by aid of an ordinary lever machine, 
and the amount of compression was measured on a dial gage 
Vaseline was used as a lubricant between the specimen and the 
compressing plates If the rate of strain is too great, creep effects 
interfere with the measurements; to avoid this, the loading was 
carried out in steps, and about 5 min was allowed to elapse after 
each successive loading before the strain reading was taken 
Specimen A was compressed by about 10 per cent, and the result- 
ing stress-strain curve is shown in Fig. 1. The change of cross sec- 
tion in the course of compression has been allowed for in comput 
ing the stress. The strain is defined as 


A 
l 


} 


where /, is the original length of the specimen and A 


crease in length 


the de- 


Specimens B and C were each compressed by more than 40 per 
cent, and the ordinates of the two resulting stress-strain curves 
were found to agree to within 3 per cent. With these two speci- 
mens a certain amount of barreling was observed, indicating that 
friction on the plates, due to the squeezing out of the lubricant, 
was causing a nonuniform compression and increasing the load 
To estimate the magnitude of this effect the following procedure 
described by Taylor was used. After a fourth specimen D 
had been compressed by about 18 per cent, the load was removed 
from it, new lubricant applied to the plates, and the test contin- 
ued. In this way barreling was avoided, and a stress-strain 
curve was obtained which was free from the complicating effect 


® Reference (5), p. 312 
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of plate friction. At a strain of 0.40 it lay 6 per cent lower than 
the mean curve of specimens B and C. The best mean of the four 
curves from specimens A, B, C, and D is drawn in Fig. 2. 
It may be mentioned incidentally that the test with specimen 
D was continued to a compressive strain of more than 0.90 by re- 
peated unloading and relubrication of the plates. At a certain 
stage, when the specimen was becoming unduly flattened, it was 
turned down on a lathe and the test The result 
showed that the true stress-strain curve reaches a maximum of 
222 bars’ at a strain of 0.33, after which it falls gradually to 185 
For strains greater than 0.60 the stress remains constant at 
185 bars. 


continued. 
bars 


DESCRIPTION OF TESTS ON RECTANGULAR BLOCKS 
Between Rover PLatTes 


To conform with the theory the rectangular blocks shown in 


Figs. 3 (a) and (b), have to be constrained to deform in plane strain, 
with no motion normal to the plane of the paper, but the metal 
must be allowed to flow out from between the plates at each side. 


7 t bar = 10° dynes per sqem 


MEAN STReSsS-STRAIN CURVE 


0-3 


IN COMPRESSION 























Fic.3) Tae Two Types or Experiment 
Two types of experiments were performed, with and without 
a part of the metal projecting beyond the plates, as shown in Fig. 3 
The condition of plane strain was realized by compressing the 
metal within a trough of hard steel, Fig. 4. It flowed out from 
between the compressing surfaces in the direction AA, while the 
shoulders BB prevented any movement in the perpendicular 
direction. Each specimen consisted of two blocks CC of an- 
nealed tellurium-lead milled so as to fit the trough accurately 
when placed together within it. The combined clearance DD was 
not more than 0.005 in. so that very little displacement perpen 
dicular to the main direction of flow could occur. All the block 





NYE 
surfaces were smoothed, and the interfaces between the two 
halves, which were to receive grids of squares, were highly 
polished. Two perpendicular sets of equally spaced lines, 1 mm 
apart, were scribed lightly on these faces with the help of a divid- 
ing engine, the blocks being placed in a carriage and made to slide 
beneath a fixed stylus. The carriage was provided with adjusting 
screws in order that the lines could be set accurately (a) parallel 
to the edges of the block, and (6) perpendicular to the measuring 
screw of the dividing engine. By this method lines were ruled so 
that the average deviation of the spacing from the mean value of 
I mm was 0.01 mm 














Fic. 4 EXxpertmMents 


Since high pressures were exerted on the shoulders BB during 


the compression, it was necessary to design the trough so as to 


avoid excessive concentrations of stress. The method adopted 


was to round the steps EF and to use a loose plate F to provide the 
There were, in fact, several of these 


lower compressing surface 
plates to allow the compression of blocks of different sizes. As an 
additional precaution against cracking, the whole trough was sur 
rounded by a substantial steel frame 

Friction on the faces G was achieved after various trials by 


grinding the steel with 120-grade silicon-carbide powder. The faces 


DD were lubricated with vaseline. Compression was carried out 
by placing the whole apparatus between the plates of an Amsler 


hvdraulic testing machine 


tervals by measured amounts, and at the end of each interval the 
extent of the compression was read from two dial gages attached 


rABLI 

Length 

te ore 

ompres- 
21 
mm 
50.15 
101.1 
50.15 
101.1 


at either side of the compression plates of the machine 


blocks (each consisting of two parts) were compressed, as shown 


in Table 1. 

The following notation will be used: 
s=ho—h 
a = V/2he 
a= 2h 


2L = plate length 
2he = original height of block 
2h = current height 


\NGEMENT FOR COMPRESSING BLockKs 


The load was increased at 5-min in- 


Four 
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Zo, yo are Original co-ordinates of a material point referred to the 
center of the block as origin, 

Z, y are current co-ordinates of the same point, 

u,, Uy are z and y-components of displacement of a point for 
unit compression (s = 1). 

Fig. 5 shows the mean pressure p on the plates, deduced di- 
rectly from the load, plotted against the amount of compression 
as measured by s/ho. The change in height s was calculated from 
the dial gage readings by subtracting the elastic part of the com 
For blocks 2 and 3 the latter was obtained from an as 
4 and 5 from a 


pression 
sumed value of Young's modulus, and for Nos 
curve measured as the blocks were unloaded, the amount of the 
ranging from 0.008 to 0.01 The 


ompression was also measured after the test with a micrometer 


correction to 3/h permanent 
ind was found to agree well with the dial gage readings 

The accuracy in the measurement of the curves may be judged 
from the fact that the blocks 2 and 4, which were 
coincide The 


curves tor 


nearly identical in dimensions, should same 


ipplies to blocks 3 and 5 


RE ON P Comparison Wirn 


Tueory 


Mean Press 


ATES 


Fig. 9 of reference (4) shows the distribution of pressure to be 


expected theoretically on the surface of a block whose ratio of 
ength to height is 6.72 (which is very near to the initial ratio for 
blocks 3 and 5 
length-height ratios varying between 3.64 and 6.72 have been in- 


with the result that within 


The pressure-distribution curves for blocks of 
tegrated by the authors of reference (4 
this range the mean pressure p is found to be related to k, the 
maximum shear stress (equal to Y/./3, where Y is the vield 
stress in compression, if Mises’ criterion for vielding is adopted 


by the equation 


L 
»= 10.52 + 142) 4 
f / 


rhis equation is similar to that derived from the Prandtl! cy 
i 


cloid solution if the condition is introduced that there should be no 


resultant force on the ends of the block, namely 


( ).50 . 
) 0.. 
} A 


with L/h = 6.72, gives 


( : ) 
} 0.50 50) / 
h 


The last equation differs slightly from that given by integra 
tion of the dashed pressure-distribution curve in Fig. 9 of ref 
4), in that the elastic region at the center of the block has 


which 


erence 
heen taken as bounded by the cycloids through the center rather 


BLOCK COMPRESSION DATA 


ipression 


us s/he 

19 0.400 

76 0.185 

OS f 0 0643 

6.73 3.96 0.0718 

than by the slip lines given by the numerical computation.) For 
large values of L/h it is probable that the 0.52 in Equation [1] 
would approach 0.50. 

Confirmation that the mean pressure on the plates is given by 
Equation [1] is to be found in the measured pressure curves for 
the four experimental blocks. From them the value of k given by 
Equation [1] has been plotted as a function of the plastic com- 


pression 8/ho, Fig. 6. 
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Fic. 6 Maximum SHear Srress as a Function or ( 


The theory assumes « material in which & is constant (no strain- 
hardening), so that the value of k to use in Equation [1] at any 
given value of the plastic compression is problematical. On the 
other hand it is remarkable that when / is plotted as a function of 
s/ho the curves for the four blocks all coincide within the limits 
of experimental error, We may conclude that not only is Equation 
[1] correct, but that the value of & to be used in it is independent 
of the length-height ratio of the blocks, at any rate for 


1.08 8.30 


The curve in Fig. 6 cannot be compared directly with the 
stress-strain curve in compression in Fig. 2 because it is not 


oa 


OMPRESSION 


03 On 


uw Pressure Curves wn Fu 


Depucep Fr 


s interesting to note that 
Y from 


known how to relate the abscissas, but it 
The 


is 221.5 bars and the maximum 


maximum value of 


both curves reach a maximum 
Fig. 2 value 6 1s 
131.6 bars, which, when multiplied by V3, 
The heights of the maxima of the two curves, therefore, agree to 


It is rather surprising, and possibly fortui 


of k from Fig 


227.0 bars 
within 2.9 per cent 
tous, that the maximum in each curve occurs at the same value of 
the abscissa 


A 
0.33 


THEORETICAL STRAIN DisTRIBUTION 


The field of slip lines computed for a length-height ratio of 
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_ Page 


Lines ror A Brock or Lenors-Heicut 


Ratio 6.72 


in 


Fic. 8 Vevocrry Frecp Corresponpine To Siip-Line Fre tp in 
Fic. 7, Assuminc VevLocrry To Remain CONSTANT FOR A 
Compression or 14 Per Cent 


6.72 is illustrated in Fig. 7, while Fig. 8 shows the corresponding 
velocity field calculated by Hill, Lee, and Tupper on the supposi- 
tion that each point retains its initial velocity throughout a com- 
In Fig. 8 a prime denotes the position of 
Velocities are referred not to a time 


pression of 14 per cent 
a point after compression 
scale but to unit velocity of the plates 

The theoretical distribution along the z-axis of the velocity 
(displacement) component u, is shown in Fig. 9, and above it is 


plotted the resulting strain distribution. A discontinuity will be 
seen at 2 = 2.175ay) corresponding to the point D of the slip-line 
field. In Fig. 7 points for which x > 4.05a are outside the 
plastic region and the strain and displacement of this part of the 
material are those of a rigid body. It is clear that since the sec- 
tion AA”B moves out as a rigid body, the addition to the 
block of an overhanging part outside the plates should leave the 
strain distribution unaffected 

Curves showing the theoretical distribution of u, and du, /dy 
in the direction perpendicular to the plates are given in Figs. 10 
and 11, for three different values of z. The discontinuity in the 
curves for x) = 3.029 a» is again associated with the crossing of the 
slip line CD 


j Strain oo 


Fig. 9 TeoreticaL DisraispuTion oF 


COMPRESSION OF 


A BLOCK BETWEEN ROUGH PLATES s41 


EXPERIMENTAL STRAIN DisTRiIBUTIONS 


blocks 


and the two halves carefully 


After the compression the were removed from the 
trough, sometimes with difficulty, 
separated. In the case of Nos. 2 and 3, both halves had been 
scribed, and the pressing of one upon the other during the test 
gave rise to two sets of lines, nearly coincident, on each block. To 
in the tests with Nos 
Photographs of the distorted grids of squares are 


The surface of the lead, which was originally 


avoid this, t and 5 only one half of each 
was treated 
shown in Fig. 12 
highly polished, has become roughened in the regions of plastic 
distortion and these appear darker than their surroundings in 
views (a) and (4). Tracings of the grids on specimens 2, 3, and 5 
were made at a magnification of 10 with the aid of a Hilger uni 
versal projector; they are reproduced in Fig. 13 

To gain more precise information about the distribution of 
strain throughout the blocks the spacing of neighboring grid lines 
was measured on the tracings for blocks 2 and 3, both along the 
center line y = 0, and along various ordinates. It was impossible 
to avoid a slight relative shear of the compression plates, and for 
this reason the diagrams in Fig. 13 are slightly unsymmetrical, all 
the lines being tilted over a little The mean of the measurements 
0 was taken in calculating the 
For block No. 5 greater accu 


on each side of z curves of 
strain distribution shown in Fig. 14 
racy in the measurement was necessary owing to the smallness of 
the compre ssion, and it was found convenient to make use of the 
traveling stage of the projector. The lines whose spacing was to 
be measured were brought up in turn to a fixed mark on the pro- 
jection screen and the movement of the stage read from a microme 
ter. The displacements and strains measured in this way are 
plotted in Figs. 10, 11,and 14. Inall cases the strain is taken to be 
Al/lo, where ly is the original spacing of lines and A/ the change in 
spacing. Fig. 14 gives the strain along y = 0 plotted against the 
original abscissa x) of each point, while Fig. 11 shows the distribu 
tion in the perpendic ular direction for the same three values of z 
as were chosen for the theoretical curves. In plotting these ver 
tical strain distributions a mean of the values in each of the four 


quadrants was used 


ComMPARISON OF THEORETICAL STRAIN-DISTRIBUTION 
Curves Wirn ExreriMent 


In comparing the position of the boundaries of the plastic re 
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DisTRIBUTION OF STRAIN PERPEN I o Axis or BLocr 


gions shown in Fig.7 with the tracings of distorted gridsof squares stl " Ke i ‘ i giver rial element of the block 
same place that field during the course 
1 


and also ir relating the theoretical curves of velocity and strat ould not remain at the 
distribution to the corresponding me sured curves, it is necessary of t compression; it would oc uecession of different 


to bear in mind that the theoretical curves refer to infinitesimal sitions in a certain limited rang 


‘ 
displacements or, more precisely, to instantaneous values of the Fig. 15 will help to make this cle I gram (a) a block with 


velocities calculated for a certain length-height ratio (6.72 In verhang is shown before compressiot Let us consider point 
applying them to a block that has undergone a finite compressiot #f the slip-line field, Fig. 7. Before the compression it coi 
there are two complicating factors. One is that as the deforma h the element at B,, A,B, and H,B, both being inclir 
tion proceeds L/h is increased, the slip-line field is correspond leg to O During compression 1,A H,B, moves out as 
ingly modified, and the plastic boundaries move to new positions ody and B, entirely | 


element that now coincides with the point B of the slip-line field 


eaves the plastic region, diagram (4 


in space. Each new slip-line field of course will give rise to a new 
velocity distribution. But there is another, and more important, — is 2,, this element having moved out from some point within the 


consideration: for, even were the velocity field to remain con- plastic region. All the elements within the area A,B,H,H.B.A 
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were plastic at the start of the compression but became nmgid u 
their passage across the pl wstic boundary Each element to the 
left of A,B.H2, on the other hand, was always plastic, althoug! 
situated at different positions in the velocity field during the dis 
tortion That A,B,H, was, in fact, the initial position in the 
block of the pl astic boundary for specimen No. 2 can be seen from 
Fig. 13 and this conclusion is supported by the upper strain 
distribution curve in Fig. 14. The elements designated by B, and 
B, in Fig. 15 are marked by the same letters in Fig. 14. In Fig 
15 (a) therefore, OB, 11.8 mm and OB 19.1 mm for block 
torted squares n ty rigt No. 2 
As expected, the strain is zero to the right of B;. With block No 


5 the agreement is not so good; this block had no initial overhang 


Elements from B, to B, were in the plastic region for increasingly 
ong periods of the deformatior and naturally give rise to the cor 
esponding ascending portions of the strain-distribution curves 
\s mentioned previously, the length-height ratio increases 
during the compression, and the change which this brings about ir 
he slip-line field must be considered. The theoretical slip-line 
field for a length-height ratio rather greater than 6.72 is indicated 
Fig. 16 According to Figs. 8 and 9, discontinuities in velocity 
gradhent should be expected across certain slip lines as, for ex 
imple, ED and DH. The discontinuity associated with one of 
these slip lines is only momentary for an element crossing It, and 
its final effect is a discontinuity in the curvature of a deformed 
transverse line. The discontinuity in slope of such a line in Fig. 8 
is due simply to the assumption of a constant velocity field over a 
finite time interval. With large compressions the discontinuities 
become considerably spread out. For example, in block No. 2 
the element which originally coincided with point D of the slip 
line field was at a distance 2.07 ao from the center of the block 
During the compression this element moved out along Ox past 
B, and well into the rigid region Its place was taken by an ele 
ment which started at a distance of only 0.67 ao from the center 
of the block. Thus all elements within the range 0.67 ao S 2 
2.07 a came under the influence of the discontinuity at D at 
some instant of the compression. With block No. 5 the compres- 
sion was much smaller and, as is shown by the points marked D 
ind D. in Fig. 14, the range was only 1.84 a S 2 S 2.175 a 
Fig. 14 also indicates the elements which were initially and 
finally at G 
The theory predicts discontinuities in velocity gr udient at O, 
D, G, and B As mentioned 
previously, the existence of the 


Two halves of block No. 4; only upper half was scribed; lines on 


lower half were imprinted during compression 


one at B is clear from the upper 
curve in Fig. 14. That at D, on 
the other hand, would not be ex 
pected to show for such a large 
ompression as 40.0 per cent 
There is, however, no sign of i 
in the lower curve in Fig. 14 
which represents a much smalle 
ompression 7.18 per cent 
Nor is the discontinuity im the 
urve for 2 3.029 ap in Figs 
10 and 11 reflected im the 
perimental points. Indeed 
noteworth that for all 

ind particularly for the 
blocks of large length-height 
rat there is «a substantia 
region (XX in Fig. 14) over which 
the strain is independent of z, a 


fact which can also be seen from 


e) Block No. 3; no overhang; compression = 18.5 per cent the experime ntal points in Figs 
10 and 11. Over this region the 
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deformed grids of squares show that the distortion consists of 
a simple shear parallel to Oz, of an amount which varies with y, 
together with a compression in the direction of Oy. This com- 
pression, moreover, is strikingly uniform, as can be seen by a 
comparison of the experimental points with the broken curves in 
Figs. 10 and 11. The evenness of spacing of the horizontal grid 
lines implied by this property is retained even up to the highest 
40.0 per cent 


compression used 
tinuities propagated along slip lines, pre- 


Thus the strain discor 
dicted by the theory for an ideally plastic material, seem to disap- 


pear when a material is used whose stress-strain curve shows a 


smooth transition from elastic to plastic behavior. This would be 
expected on general grounds, since a strain discontinuity in a 
strain-hardening material would imply a stress discontinuity 

In reference (4) an analog of Saint Venant’s principle in the 
theory of elasticity is suggested whereby the stress distribution 
approaches that given by Prandtl’s analysis for a long block in 
regions far from the edges. A similar principle for the velocity 
distribution is less likely 
built out from the center of the block, and there is a discontinuity 


to hold, for the veloc ity field has to be 


in tangential velocity along the bounding slip line OZ, Fig. 16, to- 


gether with discontinuities in velocity gradient across ED, DH, 
ete. I f course, that these discontinuities 


Now it is conceivable, of 
ilong slip lines, 


although become progressively 


propagated, 
weaker, but no evidence exists for this at present, and a final 
unswer to the problem must await a more extended calculation of 


the velocity field. Nevertheless one can say in general terms that 
if the strain distribution 
block of ideally pl istic mate rial does approac ha configuration 


that is independent of z, it certainly does not do so at all rapidly 


t large distances from the center of the 


On the other hand, it is plausible to suppose that an analog of 
Saint Venant’s principle applies for the strain distribution in a 
work-hardening material, for, according to the experimental 
results given here, the deformation has settled down to a state of 
strain that does not vary with z at quite a short distance, of the 


order of ho, from the central region 


The author has attempted elsewhere a theoretical treatment o/ 
Here the steady state is compared 


this steady state of strain (6 
The slip lines in Prandtl’s 


with the predictions of earlier theories 
solution were two orthogonal families of cycloids, and it is pos 
sible to derive a corresponding velocity distribution in which the 
velocity component u, appears as a linear function of z. For a 
given yo, Ou,/Oy is then independent of z. This is shown for 
yo = 0 by the broken curves in Fig. 9 


a velocity distribution implies that the lines 


Such vertical 
should be deformed into similar curves equally spaced in the z- 
direction. It follows, in view of the assumed incompressibility 
that the horizontal lines should remain straight, parallel, and 
equally spaced after the compression The vertical lines can be 
shown to be distorted into halves of ellipses, with semiminor axes 


of length 


Incidentally 


These results are true for large strains of any magnitude 

The experiments show that in the region under consideration 
In 
re seen to be spaced equally in both hori- 
However, although it is true that 


nearly all these properties are possessed by the grid lines 


particular, the lines a 


zontal and vertical directions 


the vertical lines in this region appear to be parts of ellipses, the 


axes are not (ho? h*\/h. The discrep 


lengths of the sen 
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ancy, Which is no doubt mainly due to strain-hardening, may b« 


judged from Fig. 17 
calculatec curves agree more closely at higher compressions, where 


It may also be noted that the observed and 


the whole of the metal has reached less steeply sloping parts of the 
stress-strain curve 

As a proof that there is no appreciable change in volume of the 
deformed material, the following measurements made on block 
No. 5 in the uniform region 15.5 mm 
The 


observation that the lines parallel to y 


5 mm may be 
with the 
0 remained equally 
If the 
volume is assumed constant, the strain, as previously defined, is 
is 0.0776 


be compared with the measured strain along y 


quoted measured compression, together 


spaced, was used to calculate the strain along 0 


easily seen to be s/h, which in this case This is to 
0 in the uni 
mean value is 0.0785, with an average 
of 0.0028. The 


wccurate 


form region, where the 
deviation of the measurements from the mear 
actual figure given for the mean will of course be more 
than Within the 
the volume change 

As predicted by the 


this limits of experimental error, therefore 


Wits reTo 

and by Prandtl’s original analysis 
block 
12 shows this most clearly The sharp ris¢ 
decreases to 0, Fig. 14, and the 


0 is not ze attributed to the 


theory 
two more or less rigid regions are it the center of the 


block No. 2 in Fig 
long y 0 as 


seen 


of strain 
that the 
continuous transition from elastic to plastic behavio 

recalled that the shape of the part ol the body ex 
plates was shown by Hill, Lee, and 


strain along 2 ro must be 

It may be 
truded 
Tupper to be expressed by the differential relationship 


from between the 


extruded portion, Fig. 18 





Fig. 18 S#apre or Extrupep Materia 


VA is then a tangent to y = f(z) at A rhe latter fact is verified 


roughly by an inspection of the distorted grids 
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CONCLUSION 


The main conclusions to be drawn from the experiments are 
The theory 
the mean pressure on the plates varies with the geometry of the 
The lack of a materia 
without strain-hardening makes it more difficult to check the 
There is also the difficulty that 


the problem is not geometrically similar throughout the con 


as follows: predicts very well the way in which 


block and the amount of compression 
theoretical velocity distribution 


presslor 


and the velocity distribution has only been computed for 
Some theoretical conclusions, for instance the posi 
of the outer plastic boundary when the deformed body pro 


j 


trudes bevond the compression plates, appear to be true inde 


pendently of the precise relationship between stress and strain it 


the material used. Other predicted effects, as, for example, the 
existence of discontinuities in velocity gradient propagated along 
, 


lines, do not appear in the experiments and are a direct con 
The analog of Saint 


stress distmbution in al 


sequence of the idealized stress-strain curve 

Venant’s principle in the theory of elasticity, suggested by 
and Tupper as applying to the 
strain distribu 


plastic body, appears to hold also for the 


real, strain-hardening material 
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A Theory of Plastic Bending From a 
Statistical Aspect 


By HERMANN CRAEMER,' ALEXANDRIA, EGYPT 


The apparent increase of the yield stress under bending 
with respect to that under pure tension is explained by the 
lesser probability that a weak element is situated close to 
an edge. 


Ovp AND New Tueortes oF Puasticiry 


HERE has been a controversy between the adherents of 
the so-called old, also classical, and new theories of plas- 
ticity. The first pretend that, in a bending test, after the 
edges have reached the yield stress as determined in a tensile 
test, vield gradually penetrates into the cross section as shown in 
Fig. 1(a) until the neutral axis is reached. Contrary to this, 
according to their opponents, who refer to experimental evi- 
dence, the stress distribution remains linear until a stress is 
reached which they call the bending yield stress and which is 














(c) 


Fic. 1 Srreess DistrRisuTion at Section oF Beam 


much higher than the yield stress from the tensile test, where- 


after almost suddenly the whole cross section becomes plastic, 
This means that the 
It is difficult to realize how such a 


notified that 


Fig. 1(b stress-strain relation is not the 


same as under pure tension 
“tele-effect”’ ind how the 
they 
have to change their strength properties 

Now, if we take into account a possible upper yield stress and 
tensile 


ean work outer fibers are 


form part of a cross section under bending and therefore 


stick to the stress-strain relation obtained from the test, 


we arrive at Fig. | It can be shown that when the upper 
yield stress is just 1.5 times the lower one, for a rectangular bar, 
Fig. 1(c) passes into Fig. 1(b). So there is no reason to adopt the 
! Professor of Engineering, Bulkeley, Immeuble Binoor 

al Conference of the Applied Mechanics 
Division, June 19-21, 1952, of Tue Amenrt- 
CAN Society or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1952, for publication at Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 6,1951. Paper No. 52—APM-26. 


Presented at the Nati 


State College, Pa 


a later date 


foregoing criticized tele-effect. This has been pointed out and 


verified experimentally by Rinag!.* 

However, the sequence of stress distributions as shown in Fig. 
1(b), can be explained without the assumption of an upper yield 
point if the statistical fluctuation of the strength properties is taken 
into account. It is well known that, even under apparently per- 
fectly equal conditions, the results obtained from different speci- 
mens vary about an average. This, of course, is true also for the 
different elements of which a test piece can be considered to be 
composed. What is measured as the yield stress of a bar, thus 
in reality is a function of the varying, although unknown, prop- 
erties of its elements. 

Let a cross section be composed of 2r equal elements, Fig. 2 
and let each of them obey Prandtl’s idealized plastic stress-strain 
law with equal modulus of elasticity but varying yield stress, 
Fig. 3(a). If now the specimen is submitted to an equally dis- 
tributed unit strain, i.e., pure tension, Fig. 2(a), the stresses will 
be equal until the weakest element reaches its yield point Here- 
after the remaining (27 1) elements have to carry the excess 
of the load alone; thus their stress will now increase more rapidly 
than the load, see point 1 in Fig. 3(6). Point 2 in the figure cor 
responds to the next weakest element and the horizontal line to 
the state when all elements have yielded. The stress-strain func- 
tion of a bar thus does not follow the idealized broken line even 
if those of its elements do. Summarizing, we state that the start- 
ing of yield in a tensile bar is controlled by its weakest element 

Now, this is not the case in a bending test with a triangular 
2(b It is quite improbable that just 
and thus make 


strain distribution, Fig 


the weakest element would be situated at an edge 


? “Yield Limits and Characteristics Under Bending,” by F. Rinagl, 
Bridge Structural Engineering, 
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yield start. The probability is much greater that it lies any- 
where in the inner part of the beam where the strain and, ther« 
fore, the liability to yield is less. What, in turn, can be expected 
at an edge is an element not with minimum but with inter- 
mediate properties. As a consequence, under bending, the edges 
will with great probability yield under a larger stress than in the 
tensile test. Sometimes it occurs that a smaller yield stress be- 
longs to a smaller Young’s modulus; in such a case the stress in 
the weakest element is comparatively less than in the stronger 
ones, i.e., it is to some extent protected against overstressing and 
the foregoing explained effect is less marked. 

This is the qualitative explanation of the observations referred 
to in the “‘new” plastic theory. 


SratisticaL DisrripuTion Law For YIELD STRESSES 


lo explain them quantitatively we need to assume a statistical 
distribution law for the yield stresses of the elements. The well- 
known normal distribution leads to cumbersome 
arithmetic and implies negative values of the yield stress which 
Both are avoided by the use of the dis- 
it runs 


Gaussian 


would be meaningless. 
tribution proposed by Weibull® for strength problems; 


r~ ool (2) | 


Herein “‘exp’’ is the exponential function, p is the probability 
that an element has at least a yield stress equal to g; o, and c 
are constants. If o, is the average (arithmetic mean) and s the 
standard deviation belonging to the distribution, Equation [1], 


the ratios o,/¢ 


a u 


and s/o, are functions of ¢ only 


They have been computed in Weibull’s paper? with the help of 
gamma-functions, and Table 1 is drawn from it. The last line 


in the table will be explained later 


rABLI 


Now, the probability p,, that in a tensile bar yield starts at a 


stress not less than o, equals the probability that each of its 2r- 


elements has a yield stress not less than 0; according to laws of 


probability (probability of ‘as well as’’) this is 


or, Using Mquation [1 


xp | 


Let o,, be the average vield starting stress for the 


2 


tensile piece 


belonging to the forego distribution, and corresponding 


standard devi found from Equation [4 


in the 


tlion 
same Way as : ition [1] and, by 
exe hangi yo i qu tions 


have 


l, Royal Swedis! 
153, 1939 
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These, by the way, are the formulas expressing the dependency 
of strength upon the size of a brittle tensile specimen which 
however, lies outside the scope of this paper 

In order that the stresses at the edge of the same piece under 
bending may reach a value not less than o when yield starts any- 
vhere, it is necessary that the particular yield stress of each ele- 
ment is at least (k/r)o, as is easily understood from Fig. 2(6 
The probability that this holds for a single element k is according 
to Equation [1] 


Dp, = exp [ 
whereas the probability that it holds for all of them is 
Po i? pa Pr 8 


as there are always two elements equally stressed in the top and 
bottom chord of the beam. Combining Equations [7] and [8] we 


have 


From this, too, an average can be obtained by using 


we find 


instead of o 


and, correspondingly 


yr! 


deviation of the edge stress when 


This is the average and the 
vield starts in a bending test 


Comparing now o,, and ¢,, . we get 


4 Ss 
is seen that the unknown property ¢@, 


As to r, it is most 


of the elements is elimi- 


reasonable to imagine the piece com 


ill pieces and, making r . the equa 


lan infinity of sm 


of Equations 


leviation relative to the average remains un- 


considered in- 


standard 


changed when tensile or bending members are 
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stead of elements; this is due to the particular form of Weibull’s 


distribution function. When either s,/¢ 7,, are known we 
ean determine c from Table 1, and represent 0,,/0,4 


of the relative standard deviation 


ne OF 8, 


as a function 


The results have been inserted in the last line of the table and 


plotted in Fig. 4. 


S/ 
1% 





0.2 0.3 04 


0} 


Fic. 4 Average Epce Srress Vexsvus Stanparp Deviation 


A similar reasoning is possible for a circular or a diamond cross 


section. As there is relatively more material near the neutral 
axis, the probability of yield under bending would lessen and the 
corresponding curve would, although starting from the same 
More complicated Cases, 


hole, 


point, lie higher than that in Fig. 4 
around a can be examined 


to this, in 


such as stress concentration 


along the same lines. Contrary in I-beam, the ratio 
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Or,/7,_ should be very close to 1.0 as most of the material is 


situated at the edges 
Wuen Cross Section Is Futiy Piastic 


we shall examine the case when the whole cross section 
when every element is strained within the 


Finally, 
is fully plastic, i.e., 
horizonta! range of the lines of Fig. 3(a). In a tensile test piece 
the apparent stress then will be equal to the average of the yield 
stresses of its elements ‘he same is true, however, for the stresses 
in either the tensile or 
computed after the plastic theory, viz., 4 M/b h* for a rectangle 

Thus there is no distinction between the yield stresses cor- 


compressive zone of a beam, if 


responding to full plastic action in the tensile and bending tests 
{ possible eccentricity in the tensile test as well as a possible devia- 
tion in the distance between the interior resultants in com- 
pression and tension under bending which may occur due to the 
nonhomogeneity of the material, have been neglected. 

No preciseness, of course, is claimed for the results of this in- 
vestigation which would be different if another frequency dis- 
tribution had been assumed. The general trend, however, coin- 
cides with what can be expected and it would be informative if 
experimental data which, mostly, do not state a standard devia- 
tion or even distribution would be enlarged in order to make a 


check possible 





Thermal Stresses in Bodies Exhibitin 


Oo 
—) 


Temperature-Dependent Elastic 
Properties 


By H. H. HILTON 


Expressions are derived for thermal stresses and strains 
due to a steady-state temperature gradient in a thick- 
walled cylinder and a circular thin plate, made of a mate- 
rial having temperature-dependent 
Two numerical examples are computed for specific tem- 


elastic properties. 
perature gradients and temperature-dependent elastic 
properties, which yield results showing that the maxi- 
mum thermal stresses are appreciably lower and the 
maximum thermal strains are larger than the corre- 
sponding values obtained for temperature-independent 
properties. The validity of the thermal plane-stress as- 
sumptions is investigated and it is shown that such solu- 
tions, regardless of whether the material properties are 
temperature-dependent or constant, are only approxima- 
tions. The smaller the temperature gradient the more 
closely are the plane-stress assumptions satisfied. 


NOMENCLATURE 


Ihe following nomenclature is used in the paper 
= constants 
= constant 
= constants 
shear modulus as a function of the temperature, psi 
value of shear modulus at room temperature, psi 
constant 
radial 
vided by radius of hole 


co-ordinate (nondimensional, radial length di- 


temperature above a value which corresponds to zero 
stress, deg Ik 

constants 

displacement in the ith direction 

ixial co-ordinate (nondimensional) 

oefficient of linear thermal expansion as a function ot 
the temperature (in /in-deg F) 

onstants 


on 


th face in the jth direction 
the ith in the jth direction 


radians 


i 


strain component on 


stress component lace 


angular co-ordinate 
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Fic. 1 Variation or Marertat Properties Wire Temperature 


units are of such magnitudes that the existing classical elasta 


thermal-stress solutions (1)? no longer truly describe actual phe- 
These solutions ignore the behavior of material proper 
i, 
mations at higher temperatures where not only material proper 
1, but vddition 
Hooke’s law is no longer applicable even at very low stresses 
! 


nomena 


ties under temperature and, consequently, become only approxi 


Fig in 


ties vary appreciably with temperature 


> 


This anelastic or viscoelastic behavior of metals must be repre 
sented by relations between stresses, strzins, and their time deriva 
4 
lependent visc oelastic stress-strain relations have been obtained 
It that the el 


‘ 
based on temperature-dependent 


tives Thermal-stress solutions based on temperature 


recently by the author (5, 6 was shown isti 


thermal stresses and strains 
elastic material properties) represent the maximum values in the 
Maxwell body 


inalysis of thermal stresses and s 


ise of the incompressible viscoelasti 


This paper presents an trains 


taking into account the variations of the elastic shear modulus 


und the coefficient of thermal expansion with temperaturs 


rhe results that are developed establish the initial conditions 
indi 


) ate 


of the viscoelastic problem and thev further serve t 


Numbers in parentheses refer to the Bibliography at the end 


the paper 
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the effect of 
thermal stresses 

As a fundamental t 
Simp 


the analysis was 


metrical bodies with st 
il direction 
Pick 


a iong 


Consider 


ected to a steady 


eVinimnetri 
ble in the axial 


the 


ends, ross sé 
Thus the 
strain problem with rotat 


rhe 


plane 


conditions 0 


These ynditior 


mmpatir 


Five of the 


ind the remaining one 


SIX ¢ 


eally 


stress-strain 


The 


mav be written in 


imal where the 


sion @ are temperature 


tunctions ot r 


PHERMAI 


deper 


PROPERTIES 


TEMPERATURE-DEPENDENT ELASTIC 


STRESSES 


«en that the shear stresses 


From ions [5 m t is 
vanish 


In the 


t material properties on the 


of the problem was desired, absence of body fe three equilibrium equ 
iting only rotationally sym ons satisfied identicall 
temperature gradients in the 

r(da +o J 0 


Using Equations [9 ud o eliminate 


\DER PROBLEM 


eviinder, Fig 
T= T(r 


| og, from Equations und substituti 
cular expressions for the strat ompatabilit 


one obtains 


re gradient 


aR (CYLINDER 


ind invaria 


the 


ix of the cylinder 


therma 


substituting Equation [1 


sufficient distance from remaining 


may be assumed to remain 


int . 
a rk 


const 


ed essentially to a 
netry 


fulfilled only 


r ire 


differentiat 


t the 


whe the primes denote 


The 
either the value of the 


ends of the 
the 


the tace it wl 
ondition otf plane strau results 


boundary conditions 


strain € stress 0 


For instance, end of the cylinder 


vented from displacing, the 
r strains vanish, o e., € 0, and ¢ is gry by Equation [18], represents the 
force per unit are athat must be applied at the ends of the evlinde 
to maintain plane deformatio 
resultant of the portna 


the 


nal a inishes 


Another possibilit ould be 


now satisfied identi 
yer the cross 1 


0 an f, 


ompressible 


ind then the equa 


ithons are 


vould determine the value ot nt 
In the foregoing solution the dependence of G and @ on the 


and the 


that ar 


+a 

1 nperature temperature gradient itself have been ar 
+ al desired form may be used These solu 
discussed in detail in a later sectiot 


Tuix-Piare PRropiem 


10 
1 thin, circular plat with a concentric round 


hole te radial temperature gradient 
Let this plate have the same evlindrical the 


thick-walled cylinder in Fig. 2. If the faces of the plate are not 


Consider next 


oefficient of thermal expan- subjec ted to a 


and, 


is G and ¢ 
therefore, in this case co-ordinates as 
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restrained, they must be stress-free and if, in addition, the thick- 
ness of the plate is so small as to make any variation of stresses 
from one face to the other negligible, then one may assume that 


throughout the entire plate 


= 


do, ,/dz = d€;;,/d2 = 0 


i 
This plane-stress condition, together with the rotational sym- 
metry assumptions of Equations [1] and [2], is equivalent to dis- 
allowing any warping of the plate. It will be shown in the Ap- 
pendix that these conditions cannot be fulfilled and that any 
solution based on the foregoing is only an approximation. 
However, the assumptions of plane stress and rotational sym- 
metry greatly simplify the problem. The correct solution, taking 
into account the warping of the plate, does not seem to exist even 
for the simpler case of an elastic material with temperature- 
independent properties, although solutions for this material have 
been obtained under the afore-mentioned assumptions (1 
Using the equilibrium condition, Equation [11], to eliminate 
» stress-strain laws, Equations [7] and [8], and sub- 
stituting the resulting strain expressions into the compatibility 


po from the Y 7 


Equation [6], the following differential equation will result 


dr?) G) (dG /dr)| (de, 


r(d*a,. 


2G) (dG /dr) a,, 3G|\d(aT )/dr 24 


solved with the same 
thick-walled 


cylinder, Equation [12]. However, since it is an ordinary equa- 


Unfortunately, this equation cannot be 


generality as the corresponding relation for the 


tion with variable coefficients, it can be readily solved specifi- 
cally for any desired physical temperature gradient. 
if the 


heated to some temperature 7; 


For example, circumference of the concentric hole Is 
and the heat is allowed to dis- 
sipate to a temperature 7) at the outer radius, then at any point 
of the plate 

{25 
where the constants 7; and a are determined from the values 7; 


und 7° 


mal conductivity is independent of 


(This relationship assumes that the coefficient of ther- 
the temperature and that 
there is no heat lost at the faces of the plate.) 

If one approximates linearly the variation of the shear modulus 
with temperature and also linearizes the relation for the coef- 


ficient of thermal expansion, then 


1,7) = G, In (br) 


= (A a, In (er 


where A,, G,, a,, b, and ¢ are constants 


nr ny Ons 
Substituting these expressions into the compatibility condi- 
using the transformation y = In (br), and 


finds the solu- 


tion, Equation [24], 
with the help of the method of Frobenius (7), one 


tion to be 


C; (in br 


a@G,)7T, }140in b 


where 
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= C; + Cy ln (Ind 
+ C,{[4/4n 


It can be shown that the series of Equation [28] converge for 


0< In (br)< @, and since this is always the physical case, 
the solution, Equation [28], is admissible. 

The constants C; and C, are determined from the boundary 
conditions, Equation [14], and as all other thermal stresses, 


strains and displacements depend only on ¢,,, the problem is 


solved 
DiscussiION AND CONCLUSIONS 


[wo numerical examples have been computed for a thick 
walled cylinder having an outer radius equal to 10 times the 
inner one and subjected to a temperature gradient varying from 
1000 to 900 (Figs. 3 to 6 
Fig. 1, is for 1020 steel and the @ versus 7 curve is for typical 
and (9), 


The temperature dependence of G 


in references (3 


is for “Puron”’ 


austenitic steels as given, respectively, 
while the viscosity-temperature relatior iron as 
obtained from reference (2 

Two possible boundary conditions are considered, namely (a) 
the cylinder is heated uniformly to 900 F, then it is clamped 
it the ends and the 100 F temperature gradient is applied (plane- 


strain condition, Figs. 3 and 4); (6) the same temperature gradi 
ent is applied when the body is originally at 70 F with the bound 
ary conditions so arranged as to produce zero resultant axial 
forces over all faces of the cylinder (constant strain condition, 
Figs. 5 and 6). 

In either case, the effect of a temperature-dependent G and a 
is to decrease appreciably the maximum thermal stresses and to 
increase the maximum thermal strains as compared to those 
based on constant G and a. For the computed cases, the great- 
est decrease in maximum stresses is 66 per cent and the greatest 
increase in Maximum strains is 4.6 per cent. 

It should be noted that the thermal stresses for this tempera- 
ture gradient are of such magnitudes as to exceed locally the pro- 


portional limit of steel, and consequently the numerical values in 


these regions have no significance beyond showing the influence 
of the temperature-dependent G and @ on the thermal stresses 
and strains. These numerical examples indicate that the tem- 
perature gradient must be smaller in order to make the elastic 
stress-strain relations applicable. Of course, if a metal with a 
smaller value of @ were considered then the thermal stresses and 
strains would be reduced accordingly. 

In the Appendix it is shown that the thermal plane-stress 
regardless of whether G and a 
The 
smaller the temperature gradient the more closely are the plane- 
While the series solution of Equa- 


solution for a thin elastic plate, 


ire temperature-dependent, is only an approximation 


stress assumptions satisfied 
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Fic. 4 


tion [28 
tremely slowly 


converges as nm approaches infinity, It converges ex- 
for the leading terms and in view of the afore- 
mentioned inherent limitations a numerical example has not been 
computed 

As experimental data showing the distribution of thermal 
stresses and strains at elevated temperatures are not available 
in the literature, no comparison could be made between these 
theoretical analyses and actual results 
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APPENDIX 


rae Liwrrations or THe THermMaL PLAN®-Srress Assump- 


TIONS 


In the formulation of the thin-plate problem, plane-stress 
and rotational symmetry assumptions were made, which ex- 
cluded the presence of shearing stresses in the plane of the plate 
ind, consequently, any possible warping of the plate. 

It will now be shown that such conditions are physically un- 
ittainable in elastic bodies and that results based on these as- 
sumptions are only approximations which depart from reality 
with increasing temperature gradients 

Under the conditions of rotational symmetry, Equations [1] 
and [2], the shearing strains €,, and €,, vanish identically, while 
the definition of €,, together with Equations [10] and [22] yields 
(30) 


du,/Oz = — Ou,/Or 
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But the displacement must be independent of 
23] is to be satisfied. Therefore, through Equations 
and [30] the strain €,, must be independent of ¢, z, and + 


equilibrium Equation (11 


into the stress- 


the 


strain relations for €,, a1 


Substituting 
d €y., Equations [7] and [8], and in tur: 
introducing the latter into the compatibility condition, | quation 
6], one obtains the governing differential equation of the ther 


mal plane-stress problen 
(do,,/d 
Mal )/d 


d?a,,/dr?) + [3 G )] 
1/2G) (dG/d G 


is solved earher un the 


Chis differc paper 
However, the plane-stress problem is overdeterminate 


tial equation W 


since 
in 


ne more equation remains which has not yet been used. This 


is the stress-strain relation for €,,, Equation [9 Differentiation 
of Equation [9] with respect to r yields 


(do d 
6G\d(al 


dr*) + ) G) (dG/d 


G AG drive 


ao 


stress o,. is to be a solution of the thermal 


If the 
problem, then it must satisfy both differential Equations 
This is clear! 


md a@ ure 


and [32 y impossible unless the temperature 7 is 
onstant, since G functions of 7 If 7 were constant 
then with thé boundary conditions, Equation [14], the trivia 


solution ¢, 0 follows 

I ven i he 
ind temperature-independent, 7 
order may satisfy both differential Equations 


problem were simplified further by assuming G 


constant 


24 
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The Plane-Stress Problem of Pertorated 
Plates 


By G. HORVAY,* SCHENECTADY, N. ¥ 


In an earlier paper’ it was indicated that perforated din Equation | 1b! it must be replaced by a somewhat diff 
plates of triangular layout, with narrow ligaments, as verage ligament width 
they occur, for instance, in heat-exchanger tube sheets, 
can be treated in plane-stress calculations as solid sheets 
of suitable elastic moduli, provided that the stress dis- 


tribution does not vary appreciably from hole to hole. ere 7 is the ordinaté 
This paper completes that study by providing suitable ; P 
curves (Figs. 4, 8), from which deformations and stresses ” 7 Vita 
can be read off in terms of the values calculated for solid ofile of the ligament, as indicated in Fig. 1 The nota 


sheets, for mechanical, thermal, and gravitational loads. « retained for the narrowest width of the ligament, at 


Dirt IVITY The average width 2A also « be characterized as the ur 


It l(a ustr th miliar idth which permits as much extension under tension 7 as the 
: a) illu ites e familia 
triangular layout The heat flux that enters the honeveom) 


. 4 We shall still need another effective wit 
R, follows the vertically hatched : =n her ive width 


i honeveoml structure, of 
tual ligament permits. See Fig. 2(a), and Equation [2] footnote 


on the left, over the width 


in terms of the conductivity & of solid material is 


path Hence conductivit k* of the honeycomb § structure L/2 
) ial 


L } . 

= i . This is defined as the width of a uniform bar of length L which 
9 > . 

2h k deflects the same amount in “sidesway bending parallel dis 
placement of one end ef the bar with respect to the other, see 


* The curves A‘h, AoCd 


Weassumed that the ligaments are longand slender, so inaccuracies , ; 
y We st tt lig t does 
that result from corners and overlaps in the path are negligible Fig. 2 y ~ oo — - “ 
. + A versus the ~ler rness rath 
From Fig. l(a), it is also seen that the density p* of the ! vcle ttle 
honeycomb, as compared with the density p of solid material, is 
in the ratio of X X & hatched area to hatched area 
ire plotted in Fig. 3 They considered as reliable up to 
OLA 9 
mn h/R sbout € 0.2 
OLR 2 When the ratio € is neither too small nor too large, we have 
4 


hence the diffusivity of the honeveomb is 2}, ~ 2h 


t/n® 9 : , 
pe Kies li i the Relation wproximately valid also for 


When instead of honeveomb we deal with a pertorated disk 
\se-—O.K 

as in Fig. 1(6), where the ligaments are long and thin, the hex 
agonal representation, as indicated by the dashed lines, reduces L)EFORMATIONS 
this to the previous structure, and the foregoing formulas still mn 
. ; / ' “a . F ‘ , " +h oo. 6 _— , - Phe relative density of a perforated plate is determined by the 
apply except t tu guatior the width 2A must be replaced » . 
ict P vs , _ ; —_— = ratio AR It is reasonable to expect the plate to exhibit a stiff- 
Vv the average ligame 
a ness proportional to its density, that is, we expect the plate to 


deform somewhat like a solid plate of effective Young’s modulus 
1kA/R 7a 


1 The work reported here was carried out under Contract No vhere & is the Young’s modulus for the solid material, and A is 
W-31-109, Eng-52 some suitable constant Likewise we expect the plate to ex- 
? Knolls Atomic Power Laboratory, General Electric Compa: 
Mem. ASME. The Knolls Atomic Power Laboratory is operated b 
the General Electric Company for the Atomic Energy Commissior 
*“Thermal Stresses in Perforated Plates,"’ by G. Horvay, Pro , Ka 
ceedings of the First U. 8. National Congress of Applied Mecha 
1951 
Presented at the National Conference of the Applied Me where K is some other suitable constant The first assertion is 
chanics Division, State College, Pa., June 19-21, 1952, of Tue Ameri 
can Society oF Mecuantcat ENGINEERS * Footnote 3, equation 4 
Discussion of this paper should be addressed to the Secretar 7 denotes the maximuin ligament stress (irrespective of sign 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted __” the numerically larger of the two principal stresses in the solid plate 


until October 10, 1952, for publication at a later date Discussio at a point x, y close to the ligament considered: go is an abbreviation 


verience maximum stresses of the forn 


eived after the closing date will be returned for pie Due to our basic assumption that solid stresses vary but 

Note: Statements and opinions advanced in papers are to be slowly from hole to hole, the precise location of z, y is immaterial 
understood as individual expressions of their authors and not those Note that the E* expression involves 2A /2R (average ligament width to 
of the Society Manuscript received by ASME Applied Mechanics 2R ratio), the @ expression involves 2h/2R (minimum width to 2R 
Division, June 18,1951. Paper No. 52--APM-19 
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(a) 
Fic. 1 


indicates heat path; x x x 


indicates '/; ligament area; 


b) ee 


ILLUSTRATION oF (a) Honeycoms, (6) Perroratep PLate 


indicates area of equivalent 


solid 


\C) 


Fic. 2 Ligament Unver Tension 7, Sear S, 


, 


DEFORMATION OF 
AND Sipesway Benning Moment M 


actual ligament. Long dashes = equivalent uniform ligament 
Short dashes = deformed shape of equivalent ligament.) 


Full line 


readily verified, for it was shown in equation 21 of footnote 4 
that A has the very simple expression 
4 
3 + (s/e) + (1/2¢ 
{ 


+ pin 


7b 


+ 21 + L*h/4h' 


where, in accordance with the notation of the previous paper,‘ 
sL/eL denotes the ratio of shear deflection of a ligament under 
unit shear force S to its extension under unit tensile force 7’, 
1/(eL) denotes the ratio of bending deflection of a ligament under 
unit sidesway bending moment M’ to extension under unit tensile 
force 7. ‘The three deformations are sketched in Figs. 2(a), (0), 
(c). Their expressions on the right of Equation [7b] involve the 
ordinary Poisson ratio u, the familiar factor n (which ranges from 
1.0 to 1.5 but is usually chosen as 1.2), which relates shear strain 


* Footnote 3, equations 8, 9 


Fic. 3. Ratio or Ligament Wiptus, Tenstte AveraGce To Mi1nI- 


muM, 2h /2h, anp BENDING AVERAGE To Minimum, 2h’ /2h, or a Per 


FORATED PLATE 


to shear stress, and the dimension ratios, h/h, h/h’, and h/L = 
Vv 3€/2. 
plate 


Term y* is the effective Poisson ratio of the perforated 
Knowing this and E*, the deformations of the perfor 
ated plate can be calculated by solid-plate formulas. Curves 
for u*, E*/E and E*/(1 


3 by Equations [7], are shown in Fig 


u*)E, calculated on the basis of Fig 
t for uw = 0.3, n = 1.2 
Since our theory presumes that é? < 
7) for calculating the curves for € 2 0.2 


1, we cannot use Equations 
Knowing however the 
limiting values ate = 1(£* = E, u* = yw), the curves are readily 
faired in (by dashed lines) in the missing range. 

Srresses Due Tro AppLiep MECHANICAL TRACTIONS 


The factor K for the stresses is of much more complic ated na 
ture. Mainly, because it is not a constant but still depends on €, 
though not very sensitively (in other words, factoring out th 
ratio % = p/e in Equation [8] has not eliminated completely 
the e-dependence of K), it also depends upon the ratio x of the 
principal stresses of the solid plate—we denote the larger prin- 
xj<1 
it also depends upon y, the orientation of stress p with respect to 
We know 


that when the holes are exceedingly small, K must assume the 


( ipal stress by P, the smaller by Xp so that alway s and 


a ligament. Such dependences are to be expected 


familiar value of the stress concentration factor k for isolated holes 


(2 1 (isotropic tension) 
K = k =43 for x = {0 (simple tension) 
4 * - 1 (pure shear) 


when € = h/R = 1 


[9] 





HORVAY 


-THE PLANE-STRESS PROBLEM OF PERFORATED PLATES 











Errective Poisson Ratio u* ann Youna'’s Moputus E&* o1 


Perrorateo PLATE FoR wp = 


0.3,” = 1.2 


Dashed portion is extrapolated 


This suggests therefore a further split of A into factors 


K = kT 10a] 
where T is a 


maximum 


stress-enlargement factor,” indicating the ratio of 


average cross-sectional stress in the ligament to do, 
while k gives the ratio of maximum local stress to maximum aver- 
age and is 
However, for the 


y 


stricted (¢ 


stress, thus a bonafide stress-concentration factor. 


narrow ligaments to which our analysis is re- 
1), the excess of over 1 


is insignificant and 


For eé? « 


K = 


can be disregarded <1 therefore 


Tax; ¥ e<<l [106] 
The dependence of T on Wy is also obvious 
simple tension (x = 


For a state of 
0), for instance, if p acts perpendicularly to a 
ligament, as in Fig. 1(b) where it is perpendicular to b, the liga- 
ment will not experience any stresses because all loads are carried 
by inclined ligaments’ such as a and c, hence 


Tie = 


If p is parallel to a ligament, 
simple tension and we hav 


Tie 


0 for Y = 2/2 lla 


then the ligament is subject to 


1 for ¥ 0 11b 


In all other cases bending also will occur in the ligaments in 
addition to tension. Usually, 


however, we are not interested 


7 Remember that our basic assumption, the ligaments are thin, 
implies that loads are transmitted only at the corners of the skeleton 
hexagons, such as points A, B, C in Fig. 1(6) (This assumption, 
combined with that of slow variation of stresses from hole to hole, 
also insures that only M’ [sidesway 


type bending moments arise in 
the ligamente of the plates 


See footnote 3.) 


in the maximum stress, @max, in one particular ligament, but 
rather in the maximum of all the stresses that may arise in the six 
ligaments surrounding a hole; this we denote by ¢ = kT, with- 
out use of the subscript “lig.” Therefore T(p) is the largest of 
the three values Thiel W), Tiel vy + 2/3), Tiel Y w/3). 

We are now ready to derive the formula for T. From Figs 
8 to 13 of the earlier paper,’ it follows that if a solid-plate stress dis- 
tribution rz, ry, yy, is found to exist, then the ligaments of the 
perforated plate experience tensions 7’ and sidesway bending mo- 
ments M 1, B, C of Fig. 1(b) as follows (A is the plate 
thickness 


at points 


T/2RH = W'/2RHL 


yy 


Expressing zz, zy, yy in terms of the principal stresses p, xp, 
and the direction W of p with respect to the z-axis, see Fig. 1(b), we 
can write 
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r l j 9 ind we obtain 
/P x , C1 — x) cos 2y 
o 
T(+1; ¥) = = | 16/ 
sin 2v , pie 
,?P l x in 2y 13 
By varying & in Equation [14] between L/2and +L/2 w 
I ! iat in determine the numerical maximum @max of ¢ Phe ratios 
l x > PK l x) cos 2y - f | 
2 2 Tmax/ Oo are plotted in Fig. 5 versus x and y for various values 
of € It must be remembered that when ligament a experiences 
Hence the stress in the horizontal ligament a becomes p at 15 deg, then b experiences it at 15 deg, and ¢ at 75 deg 
hence the largest of the three @mua., which we denote | 7, is 
2M't 61 E/R 7 " 
Vel 1 ' ! E/Rh ‘ 7 l by Fig. 5 for, say, € = 0.05, x 02 
2 H 2H» 2RHL (n/R 2RH n/R 
"ete 7 = T 0.2, r 4)p 39 p/0.05 78 | 17 
» , = al é kK l ' When ligament a experiences p at 30 deg, then 6 experiences it 
py sin 2 } p $ ‘ ge 
2 n/R 2 x it {0 deg, c at 90 deg, and, from Fig. 5, T 3.65 When a ex 
: periences p at 60 deg, then 6 experiences it at 0 deg it 6O deg, 
I y . "3 
pl x com 29 | i4 nd T 3.2 It is thus noticed that T depends upon W but mod 
2 n/R erately, ranging, in the present example, from 3.2 to 3.9 as W var 
es from Oto mw/2 
i ‘ s SS¢'s lig s ; ‘ ‘ t “ 2 ( ) >I ‘ r . 
“ya . pay ep peray 6 and ¢ are obtained by replacing Cherefore it is the simplest procedure to disregard the varia 
DY Sar + ; spec a ’ . . 
y DY ¥ m/Sand ¥ 7 ‘3, respectively tion of T with ¥ altogether and write simply T,(x), using the 
‘ sotropic lone y Squat ix duces te ' on 
For i pic loading, x 1, Equation [14] reduce , ¥-value which makes T the largest rhis, by Fig. 5, is evidently 
. oR - ¥ r/4 for all except very thick ligaments for which our theory 
( Ry ) 
ceases to be re liable anvhow Thus one derives from I quation 
Its maximum (at § O) ts 14 
go. = pR pe Tr rx Tax, ¥ ~ Tix, 4/4 
*) - 
, ti 4 
- X > I \ 5 
us ” + "J 
\ ~ 
\\\.. 
\\e8 B 6 
\\\ mOx l 
35 \ To \ omoax 
\\ \\ 
~ 
DEPENDENCE OF STRESS-ENLARGEMENT Factor T,ON x ANDE 
ithe I curves so obtained are plotted in I ig. 6 
From Fig. 5 one notices that T, is almost linear in x Thus 
ne can write approximately 
" l+ x l Ot at 
Tdx) = — ~*~ TA1) 4 — +n 19a 
27/8 7 
Fic. 6 Ratio oy Maximum Ligament Stress UnpeR AcTION OF ro 1, T(—1) = [3&h/9?) wax = (1 =o ) 
Principal STRESSES p, xp, TO Maximum Stress Unper Isorropi Vv be 12 
Tension (x = 1) as Function or x anp Direction ¥ OF Pp, FOR = 


Various e¢ 
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The last expression, assumed at the abscissa 


is obtained by expansion in powers of € 

It is rather interesting to note that the largest lig ament stresses 
are experienced when x 1, and pis sligned at 45 deg For 
this case the ligament is subject to pure 


moment M We may write 


sidesway ) bending, b 


our maximum stress, therefore, also 


in the form 
HLh HL} 


RHLp; = 20 


Tmax = M'/E: M 
(Eh /9? max T(-—1 


the 


maximum moment gives 


and can refer to = as the tion modulus,” i 
divided into the 
Note that 


maximum stress not far 


apparent sec 


modulus which when 


the maximum stress maximum moment occurs at 


end of ligament, from center 


THERMAL AND GRAVITATIONAL STRESSES 


It was shown in the foregoing that the mechanical stresses in a 


perforated plate produced by applied tractions are related to solid- 


plate stresses by the formula 


Applied mechanical] traction= 


6 = Ape kTp/e 2la 


We shall now show that if stresses are produced by 


temperature 


changes or by gravitational (or centrifugal) body forces the for- 
mula must be modified to the following 
Thermal stresses 

Ape E*/} 21h 


PLANE-STRESS PR 


BLEM OF PERFORATED PLATES 


This also can be written’ as 


Here Ey is the effective modulus of elasticity of the perforated 
plate for axial direction rmading The derivation of the ex 
pression for m, is somewhat more involved 
It is shown elsewhere’ that a thermal-stress problem can be 
solved as follows One considers the plate as chopped up into 
infinitesimal elements so as to permit the strains 
t, t . at 23 





to the temperature hange Or, y) to develop without 
~ Applying now an hydrostatic tension 

Kav 
7 24a 

I os 
restitutes the original size of the elements; these now can be 
cemented together by use of some good-quality cement The 
stresses, Equation [24a], are produced by certain body forces 


forces 


Compensating body 


Y, Y) = EaVv/‘( bb 246 
must be applied to maintain proper 


the 


equilibrium Superimposi 


tion of I quation 24a], of effect of Equation 24b). and of 


the effect of normal edge tensions 
Kad 
24¢ 
I vi 
which compensate for the boundary stresses produced | 


Y, )) provides solution of the thermal-stress problem 


If the plate perforated. an isotropic ter ; f. , 
. t I ! son po lagnitude 
Gravitational stresses x 
a I *¢ 
o m Ap € aa E./E 2 : 5a 
l u* 
Here m,, m, can be referred to as mitigating factors, indicating the 
extent to which the body forces which arise in a perforated plate Bending of Honeycombs and of Perforated Plat by G 
° yr J PLIED Tee es rans - 
are reduced from those which act in a solid plate It is clear that H : — ” APPL Mecuant ra ASM! 74 
’ . 52, pp. 122-123 
ore at , tigating factor is giv by the relative abt 
the er avita tonal mitigating ta , rus t nites fenst ** Theory of Elasticity by 5. Timoshenko and J. N (ioodier 
of the perforated plate McGraw-Hill Book Compan Inc., New York, N. ¥ 1951, p. 425 
The minus sign indicates that the stress. for positive 0, is actu- 
, . >» /R Dy ee ee ; 
D p*/p 2h/h 22a ally a compression 
- . - - ~ 
= ] j i 
=> 7 - - ~ 
rT me od a 
MAS of ° > I } 
- a ° - 
- { ° ° = 
- ! bo re 
ed f — 
- + — _ : - 
~- » - - - 
= - ~ > ~ 
\7 ~ ~ | 
x 
T . < c «j—- @ D T 
OOO oo 
Bes A - o + - 
-_ * = eo r ~ 
——_1=~-=— —_ oo [ a 
CROSS PATH 
Fie. 7 PROPAGATION OF STRESSES 
Solid plate exhibits no shear lag. 6, Perforated plate experiences shear iag 





JOURNAL OF APPLIED MECHANICS 





| Ket! 
\ eet foil 1 l ! 0.2 


Fia. 8 Ratio or Larcest Ligament Stress ¢@ oF a PerroraTep 

Pate TO Principat Stress p, or a Souip Piatz, ror Appitep Me- 

CHANICAL Tractions m, GRavITATIONAL Loaps g, AND THERMAL 

Loaps t, Versus ¢ Wuen Loaps Are Appiiep tn PLaNe oF PLate 

Curves are extrapolated by dashed lines to « 1 m 0.3, 7 1.2 are 
ased.) 





is required to eliminate the isotropic strain € = ad (see footnote 


3, equation 25), Hence the body forces brought into play are 
Etavd/( p*) [25D] 


and the edge tractions are 
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Therefore it follows that the entire analysis for thermal effects 
remains unchanged if E*, u* replace EZ, yu in all expressions. The 
results of thermal-stress calculations are usually expressed in 
multiples of a reference length 1 = RaT where displacements are 
concerned, and in multiples of a reference stress S = EaT’ where 
stresses are concerned. 7' is some reference temperature. The 
corresponding quantities for the perforated plate are 
l* = RaT =l, S* = E*aT = SE*/E (26 
Equation [216] now follows at once 
We must re-emphasize the limitations appertaining to our ap- 
proach. Tht temperature distribution &(z, y) must not vary by 
more than infinitesimal amounts from hole to hole, for the skeleton 
hexagons in Fig. 1(6) now constitute the infinitesimal elements of 
the body, and subdivision of these is not permitted because other- 
wise the isotropic relation Equation [25a], would cease to hold. 
In particular the present formulas do not apply to thermal shock." 
In Fig. 8 we plot the stress ratios ¢,, Ip,o Pp, o,/p versus €, as 
obtained from Equations [21] for x = 1, 0, 1. Linear inter- 
polation is permitted, by Equation [19a], for in-between values of 
x. The curves are valid for € $0.2. Knowing the limiting values 
1 the curves are readily faired in, by dashed lines, in the 
uncalculated « = 0.2 toe = It is rather interesting to 
note that thermal stresses in perforated plates exceed, by and 
those in solid plates where x is negative, and are smaller 
Stresses caused in the plates by mechanical 


foré = 
1 range 


large, 
where x is positive. 
tractions obviously may reach very large values when the liga- 
ments are slender, and the frequently used design criterion, 
g Evidently the 
lack of failures of tube sheets based upon such an unsatisfactory 
formula must be attributed to the additional strength derived 
from the outside portions of the attached tubes. No study has 
been made of this strengthening effect 


og ~ Oo = p/eé, is shown to be entirely inadequate 
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the concentrated end loads shown a solid beam will exhibit unifort 
tension at the center as in (a), so long as the length / is appreciabl 

than the height u A perforated beam 
(6), unless the net width of all the cross- 
This 


Stres 


larger (say, 2 or more times 
will exhibit shear lag, as in 
paths connecting top and botton 
expected behavior of perforated plates has been confir 


is about twice the height u 
ed by * 


coat tests 





Thin Rectangular Plates on 


Elastic Foundation 


By H. J. FLETCHER? anv C. J 

The deflection of a thin rectangular plate on an elastic 
foundation is given for the case in which two opposite 
edges have arbitrary but given deflections and moments. 
Six important cases of boundary conditions on the re- 
maining two edges are treated. The solution given 
for general transverse loads which are continuous in one 
direction and sectionally continuous in the other. By 
use of the sine transform the solution is obtained as a 
single trigonometric series. Numerical solutions are ob- 
tained for six special cases. 


INTRODUCTION 


HE problem of an infinite plate on an elastic foundation 
has been treated for several loads and bound ary conditions. * 
Murphy has solved the problem of a finite plate simply 
supported on all edges, and has given numerical results.6 Timo- 
shenko gives the solution when two edges are clamped and two 
edges are simply supported.* 

This paper treats the rectangular plate with two opposite edges 
having prescribed moments and deflections, and the other two 
most boundary condi- 


edges having any of the six important 


The method of solution is the same as that used by 


Thorne 


two edges clamped, free, and simply supported 


tions 
Deverall and given for the 
Deflections and 


moments are given for constant load and strip load 


Numerical results are 


PROBLEM 


The deflection w(z, y) of the middle surface of a thin homo- 
the following differential 


. 


geneous isotropic plate must satisfy 


equation over the region bounded by the plate in Fig. 1 


O*u 
or‘ 
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Pian View or Piate 





where 
(x = load per unit area normal to surface of plate 
Ths 
12(1 vy?) 
thickness of pl ale 
= Young’s modulus 
vy = Poisson's ratio of material 


k’ = foundation modulus 


In all problems to be considered, the edge conditions, Fig. 1, 


will be at z 0 


MAy 


The six cases for edge conditions at the other two edges y 
th are as follows 


Case 1 Two edges fixed 


Deflection and moments given, Equations [6] and 


uv, : ‘ VUir)aty 11} 


Case 3 Moments and reactions given, Equations 10) and 


11] with 
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O* 
' R 
re) 
One edge fixed (y 6), and one with deflection and 
b), Equations [6], [7], [8], and [11 


ven (y , 

One edge with moment and reaction given (y 

re fixed b), Equations [8], [9], [10], and [12 
One edge with moment and reaction given / 

und one ige with deflection and moment given (,y 

equations [8 10 11 and [12 

Poe Sine TRANSFORM 


be a function which is equal to its Fourier 
The finite Fourier sine transform of y 


by the lines integral operation define 


function y(a) obtained 


is follows 


an be expressed u losed ri 


formon I juation [20 The result 


Wa,T 


the hverse site 


Phis expression, Equation [17 
a fepeated u on | parts vields the 


transfor land fourth deriva 


When writing the sine transform inverse transform) « 
iny function, we shall assume function has properties 
necessary for that transform se transform) to exist 


Also, we assume continuity of all derivatives 


k 
\ D 
* “Modern Operatienal Mathematics in Engineering,” 
first edition, McGraw-Hill Book Company, Inc., 
York, N. Y., 1944, pp. 267, 269, 37 


by 


Churchill, 





FLI 


juired 


rCHER 


THORNE -THIN 


I quations 


ertain ol 


in 


the 





FOUNDATION 


PLATES ON ELASTIC 


RECTANGULAR 


v 


we sn evaiu- 


23 We wil 
the edge 
The 


functions 


lusive 


edge 
responding 





( and C’, for Cases | to 


We shall now find th 


inclusive: 


JOURNAL OF 


In the constants of Case 1(a), replace 


Gla, b) by Gla, b 


Gla, b) by Ga, 


G'(a, b) by Gla, b 


G'(a, 


Case 2 In the constants of Case 2(a), 
[39] and replace 


G’'(a, b) by G’’(a, b) atyw,;,(a 


uw(0, b)} + Myfa)/D 


ay |( 1 )"w(a, b 
b) by G’''(a, 5) aevvw,,{ a) 


b)] + M,(a)/D 


G''(a, 


av[(—1)"*w(a, —b w(0, 


Case 3 In the constants of Case 3(a), replace 


1 "wa, b 


w(0, b)) + M;,(a)/D 


G’'(a, b) by G’’(a, b) av | 


b) by G’’(a, 
w(0, —b 


ry G''(a, v)a\( 1 )*w'(a, b) 


‘ase 4 In the constants of Case 4(a) use Equations 

, and [43]. 

‘ase 5 In the constants of ¢ 
39], and [41 

In the constants of Case 6(a 

39] and [43 


For example 


‘ase 5(a) use Equations 


‘ase 6 use I 


edges one would replace 


G''(a, b) by G’'(a, b 


where 


2 
/ V(x) sin ax da 
0 


and one would re plac t 


Via) = 


G'"(a, 


where 


M,, (a as / M4 zr) sin ag dz 
/0 


The final solution is given by 


where wa, is given by Equation [ 


EXAMPLES 
The factor depending on the load is G(a, This factor is 
evaluated for several specific examples from Equation [23¢ 
(a) Rectangular strip 


q(z, vy) = q as indicated is shaded area of Fig. 2 
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b) by G'(a, s2,( [41] 


use Equations [38] and 


xquations [44], [46], 


if in Case 2 a constant moment was app ied at the 





X=b 








X=-b 





-—. 
Fig. 2 Constant Loap App.Liep BETWEEN 2: AND Z 
q COs ax; 


" D a‘ 


Y COS AX: 
G(a, y) 


b) Concentrated line strip 


when z = & 


¢ 
q(2, y) = 
dz 


= 0 elsewhere 
q l 


= sin ag 
D at + ke : 


Gla, y 


This was obtained by letting 22 approach z; in Equation 
Constant load 


Gla, y) = 


D at + k 
This was obtained by letting z, —> 0 and z, — a in Equation [51 
1) Hydrostatic pressure in x-direction 


gor 
qz,y)=— 


Da‘ 
(e) Hydrostatic pressure in y-direction 
I 
q(z, y 


q 
D at‘ 4+ 


f) No load but constant moments at z = 0, : 


Mi(y) = Mi, My) = Me 


a(—1)"M, + aM, 


Aa, y Da + k*) 


The constant-load solution is the same as that in Timoshenko, ® 


M,, Mo, ws 


In examples (c), (d), (e), (f 


if one takes w;, we, ws, Si, 
Case 1. 


ax, giving a particular solution in simple form. 


S, € qual to zero and uses 
one can sum G(a, y) sin 
These 


solutions corresponding to the one-dimensional problems. 


are the 
The general equation of a thin isotropic homogeneous plate 
on an elastic foundation including time dependence is 


ow 


ot? 


DV‘W =q—k'W 
If we assume the load is impressed sinusoidally gq = qo(z, y) sin 
+ 5) then W(z, y, t) = wz, y) sin (wt + 4) is a solution where 


satisfies the equation 
DV ‘w = q (h pw? u 
If w< V k'/p this equation is the same as the static case, Equa- 


Also, if k’ 
reduces to the case treated by Deveral! and Thorne.’ 


tion [1], where k’ is replaced by k’ — pw? = pw’ this 
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The problem of elastically supported edges at y = +b also could 
be solved by the foregoing method 


4 
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The curves would be the same shape if E, h, k’ were varied in such 
a way as to make Eh*/k’ = 6.48 X 10° but are reduced by a fac- 
tor of 1/k’. 


Deflections and moments are symmetric about the two center 
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compiled by Federal Works Agency, Works Project Administra- 
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Temperature Development in a Heated 
Contact With Application to 
Sliding Contacts 


By RAGNAR HOLM,' ST. MARYS, PA 


The calculation of the development of the temperature 
in and around a heated contact is reduced to the use of 
some simple formulas for certain fundamental variables 
and to making readings from a diagram. Applications 
are made to a contact that is heated by the current and to 
circular or oval heat sources (for example, friction-heated 
sliding contact-surfaces) stationary or moving on the face 
of a semi-infinite body. The practicability of the method 
is due primarily to the fact that the numerical calcula- 
tions, which are made before using the standard curves, 
are so simple that the chance of a numerical error is very 


small. 


NOMENCLATURE 


The following nomenclature is used in the paper 


= radius of circular contact spot, em 


= radius of substituted sphere Sp, em; based upon 


principle that same amount of generated heat 


shall cause same average temperature rise in 


actual and substituted contact, Equation [1] 


must hold* (see Appendix 


xh = 2a {1} 


distance from center of contact, em. Hemispheres 


T= 


r = const are isotherms in case of Sp-contact; 
but in actual case, with a flat contact spot, those 
hemispheres only the isotherms 
Because of this fact Equations [5], [7], and [12 


give a good approximation for actual isotherms 


approximate 


only if they are at a distance greater than b from 
any part of contact spot 


dimensionless position co-ordinate satisfying 


= h(1 +27) 2 
and 2 major and minor axes of an elliptic contact spot 
representative 
ya and 


References will be made to a 


circular spot with radius a, where a = 


8 a/y 


Here Y is a measure of ovalness 


Stackpole Carbon Company 


? Cf. reference (1)* equation 11.19, and reference (3) equation 


19 


+ Cf. reference (1) 4E. Ife = 1 e 


1 
eccentricity — = 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Conference of the Applied Me- 
chanics Division, State College, Pa., June 19-21, 1952, of Tae Ameri- 
can Society or Mecuanicat ENGINEERS 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1952, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 12, 1951 Paper No. 52—APM-24 


aB, and thus the elliptic and the substituted 
circular areas are equal 
l 
l+z 


= another function, compare Fig. 4 


We have a? = 


f(z) =2 


z 
l+z2 
= rate of 

infinite body per unit area of beat source on its 


heat, watt/cm?, conducted into a semi- 
surface 

= time measured from beginning of heating period 
ser 

= time measured from beginning of cooling period 

= supertemperature at time ¢ and position 7, meas 

ured in centidegrees from bulk temperature of 

This bulk 


remaining constant at its 


contact members temperature is 


regarded as initial 
value 
supertemperature during cooling of a “stationary” 
contact region (constriction) which previously 
was heated up to a steady state 
= steady supertemperature at r 
= maximum supertemperature in contact spot at 
time ¢. In a stationary heat source J.(1) be 
longs to center of spot 
maximum® supertemperature under a heat source 
moving with speed v. #,(v) appears between 
center and rear point of source. 
steady supertemperature in center of stationary 
contact spot 
steady in stationary 


average supertemperature 


contact spot. In the Sp-case @,, = 6. 
The indexes A, B, S refer to cases A, B, 8, which are defined in 
the second and third sections; for example, 6, 

z = dimensionless substitution for time 


nN * Xr 


f t 
cb? 4 ca’ 


p = resistivity of contact material, ohm-cm 

\ = heat conductivity, in watt/cm deg 

¢ = heat capacity, joules/cm® deg 

I = current, a 

U’ = contact voltage = voltage between bulks of con 

tact members 

t = speed of heat source, cm per se 

u = coefficient of friction 
INTRODUCTION 


The problem of the temperature and its variation in and around 
a contact heated by an electric current through it, or by friction 


5In the Sp-case (represented by the Equations [5]! to [9]) any 
represents an isotherm, and there is no difference between average and 
maximum temperature for any given r. The words “average’ 
and “maximum” refer especially to the case when the formulas ar« 
used to approximate the happening in a moving heat source 
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arises frequently in practice. In any case, form and size of the 
contact surface can be computed only roughly, and more thar 
ipproximate solutions are not needed Exact solutions of the 
mathematical problem have been derived for some idealized cases 
However, numerical calculations for these cases with these formu 
las are very tedious and difficult It would be of great advantag: 
to have the aid of tables or graphical representations. It is th 
iim of this paper to provide such means, by making certain ap 
proximating simplifications. Compared with other uncertain 
ties, the errors which are involved in this method are negligible 
Since all of the fundamental deductions are available in the 
literature, it is unnecessary to repeat them here. We confine our- 
selves to a description of the character of the deductions. Among 
them we distinguish two classes: Class 1, deductions dealing di- 
rectly with the assumption of plane contact surfaces in close agree- 
ment with actual cases; class 2, deductions dealing with a simpli 
fying model in which the actual curved lines of flow, that start ir 
a plane-contact area and are shown in Fig. 1(A), are replaced by 
straight lines of flow going out from a hemispherical surface, «= 
Fig. 1(B 


shown it The same idea may be expressed mathe 


7% 


d 
B 


A) Arnounb a Fiat Contact Sut 
IN THE Sp-Case 


Fic. 1 Current Flow Lives 
, + B 


matically by replacing the circular contact surface by a sphere 


Sp of infinite conductivity, of zero heat capacity and of suitabl 


a recipe must be given for the conversior 
As will be explained 


radius b. Of course, 
from this model to the actual flat contact. 
in the Appendix, the conversion is possible since the system o 
isotherms beyond a certain small distance from the contact sur 


face is approximately the same in the actual and in the mode 
radius b of the sphere Sp 


Equa 


case, pr wided that the ratio of the 


to the radius a of the (circular) contact area is given by 


tion [1 


The degree of approximation by which the model results a 
lass 1 is indi ated by the close resemblance of the eur 


proach « 


Sh and J-O in Fig. 2. Taking for granted the use of the 


Using the equations which 


model we proceed as follows: 
vased upon the Sp-model, a system of curves representing the 


levelopment of the temperature in different points in and around 


the contact is designed in Fig. 2 Merely the use of these curves 


rin itions between them would shorten computations « 


siderably, but we shall make a further simplifying step. We 


-hall shov i the few curves in Fig. 3 suffice for the computa 
tions desire Because of a similitude between curves in Fig. 2 


conversion to the curves in Fig. 3 can be made by some simpk 


ilgebraic transformations, Equations [15] to [17 These trans- 
ms have no exact mathematical background; but inspe 


he data in Table | shows that the results obtained by this 


ormath 
tion of 
method agree with Fig. 2 within sufficiently narrow limits 

Che practicability of the transformations mentioned lies in the 
umping together of both the time and space variables into a 
single dimensionless parameter z, the calculation of which is so 
simple that the chance of « numerical error is reduced practically 
to zero 

Thus far we have considered a stationary heat source. The 
MHS 


differences 


on the surface of a 
There is, for 


problem of a “‘moving heat source 
flat semi-infinite body exhibits many 


instance, the fundamental difference between the happenings at 


* The contact area of a sliding contact that produces frictional heat 
is such a heat source 
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PERTEMPERATURES 48 


PERATURE 


maximum tempera 
“sis Of the rules f 


ese tempera 


MOVING HEAT SOURCI co, ARISON 

ACHIEVED WITH SIMPLIFIED METHOD AN ( 

ACCORDING TO JAEGER'S EXACT BUT COMPLI 
FORMUI 


time of contact of the points of the MHS.’ To what degree this is 


true is illustrated in Table 2 where computations by aid of the 


lhis turns out to be true for a circular but not for an oval heat 
source; Oval Heat Source Moving in 


Direction of its Major Axis 


refer to section Surface 
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recipe given here are com 


Jaeger’s formulas which apy directly to a moving heat source 


fs ¢ t 
It is of m ImMpo 


and the 


table 


nor ince that Jaeger regards 


The 


inevitable inaccura imi 


4 square 


contac 


author a ular one deviations revealed 


lie n the 


of the determinations the rita 


surface 
by the certain! 


t dimensions 


Wirn ¢ 
TRAVERSING CONTA ( 


A Conract IRK ONTACT 


Is Hearep 
ro Finn 0 


SPOT 


0 RY urReNT / 


Only Holm has worked out numerical solutions to thi 


He 


artificial 


lem." constants and starts from the 


the 


assumes p and A to be 


Heat 


It flows off to | 


S p-case ill over 


in the 


is cle veloped current con- 


striction ~1des direction from the hot- 


The bulk of 
is a great heat capacity 
that is labeled 0 = 0, Le 
the 


test surface at which iv l the 


semi 


infinite contact members ! it Is supposed 


1 const t temperature 


the 


Sp-model suitable 


to remain o1 
’ is 


t supertemperat hove temperature of bull 


is shown (1) that for the transformations cor 


vert the problem to solving the equation 


for which suitable solutions are known After a simple manipu- 


final is follows 


In this sh 


lation, the 
4} to [9 


numerica 


formulas may be written Equations 
pe the equations are particularly fit for 


the 


tainly, planimetric evaluation 


hecking of corresponding curves in Fig. 2. Cer- 


f the integrals cannot be avoided 


Such difficulties are inherent in the problem 


l 


Spd 


For ease A, 


tact surface, which corre sponds to = bh, 


con ontact between equal members, the con- 


is the hottest isotherm 


erning 


For case B 
1 poor thermal and electri: 
Ht \ 


examipie 


ax is readily checked concerning a contact betwee 


conductor (e.g., graphite), to which 


pandc rete ind a pertect conductor (re presented, for 


by copper 


vith the hottest isotherm situated in the poor 


conductor and corres 


nding to 


Felt 
6 


4 


Hence 


® A. Avramescu, thesis, Dresden, Germany, 1937, has given later a 
solution by means of expansion in Heaviside series, without trying its 
suitability for numerical calculation 


* See reference (1) § 11 


HEATED CONTACT 


vmared with calculations according to 


AND SLIDING CONTACTS 


ilculation of (dd ut 0 has been made (1) st 


The 


ing from the fundamental differential equation. Putting 


id 


hes 


( ~*) 04 
d 0 2 


\ Crrcutar Spor Is Hearep ar / 0 UntrorMLy 


Wart Per Square Centimeter —to Finn 3 
We denote this problem case S where the S” refers to 
This case 


of a semi-infinite 


sur 


face heat source substantiated by 


body 


may be s circular 


region on the face being (surface) heated 
by irradiation att > 0 
The problem of a surface heat source has been treated by 
10) is 
1 semi-infinite 
the instan- 
0 and 0 


* through the 


sole 


* 
few authors in diversified manners. Equation well 


known 
body at 


It gives the temperature rise d0(t, r) in 


the distance r from a surface point where 


taneous amount dq of heat has been ge nerated at ( = 
under the condition that otherwise 


no heat pass 


: »( =) 


regarded as composed of points 
has pre 
, 


has confined his calculations 


surface of the body 


Av tr 


The 
of this kind 
viously (2, 4, 5 
to the 


wtual heat source may b« 


This is the procedure which been used 


Oosterkamp (4 


temperature in the cet of a stationary circular spot 


Jaeger (2) carries out formulas f ctangular sources, stationar\ 


and moving 
Holm (3 


artifice with the sphere S 


loes not start Ire stior 10} but uses again the 


mentioned 


His resulting 


wor 12 rt ly fittes 


the t« 


formula, Equa simpli 


Phe 


rated b 


ving 


method we here aim at n devia 


tion of Holm’'s result mi othe the 


the 


deviation of the Sh-curve JO Fig. 2 


negligible for the present purpose 
The final average 


super thor 


source Is 


The average supertemperature at the dist freon the 
of the heat 


center 


source’? is given approxin »y Equation [12 


when r = aorr 2a, whereas the equation furnishes a poor ap 


proximation when a r 


vo 


Cf. reference (5), p. 216 
S64 
equations 4 t& 
argument of the erf function larger 


Cf. reference (3), p 


* Reference (3 
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) 
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where 


z 
Y = erf (, 
ay 


with, forr = b 


43s 
dt }:=0 M2 


[14} 


NUMERICAL ResuLts OF FoRMULAS 


Numerical results of the equations of the preceding two sections 
are illustrated in Fig. 2. The indications at the curves will be 
understood from the following examples: 

A4b refers to case A and to distance r = 4b. 

B2b refers to case B and r = 2b, which here defines the hottest 
isotherm. 

S2b concerns heating in a 
atr = 2b. 

The dashed J-O-curve is based upon the formulas by Jaeger 
and Oosterkamp and represents 


“ 


surface spot” and the temperature 


d,(t) 
0 


with 0,, = 1.122 aq/X or 6,, = aq/X, respectively."* The factor 
1.112 appears because Jaeger assumes a square heat source 

In all cases z is defined according to Equation [3]. The 
leviations from the S-curve are practically negligible 


Tue Simpuiriep CALCULATION 


We now are prepared for the particular simplification aimed at 
tegarding the curve A2b in Fig. 2, one sees that extension of its 
vertical dimensions by the factor 1/0.75 and moving it to the left 
a horizontal distance corresponding to the factor 2 brings that 
curve to an approximate coincidence with Ab. This means 
a kind of similitude between the curves A2b and Ab. The same 
kind of similitude exists between all curves belonging to cases A 
and B, and also between the curves belonging to case 8. This 
fact suggests the attempt to reduce the curves to some few funda- 
mental patterns. Fig. 3 is the result of such an attempt. It 
shows an A-B curve and an S-curve, both with dashed branches 
at small z-values. The reduction of the curves Ab and B2b into 
one single A-B curve is a performance within the error limits 
Fig. 3 may be used according to the following directions which, 
as emphasized in the foregoing, are partly empirical. Their 
suitability is proved in Table 1 by numerical comparison with 
data from Fig. 2. ° 

First consider for which case, A, B, or 8, and for what distance, 
r, from the contact (or heat source) center, information is wanted. 
Express r in the unit b, which is defined by Equation [1]. Ob- 
serve two singularities which result from the use of the fictitious 
hemisphere Sp in the calculations: 

1 The contact surface is not represented by r = 0 but by r = 
b. 

2 The method is applicable for points “outside” the contact 
area only when r 2 2b or r = 4b, respectively, according to Equa- 
tions [15]. 

Calculate 3,( ©, r), Bg( ©, r), or FY 
tion [6], [8], or [14], respectively, and the corresponding factor 
p(r) according to Equations {15} 


r) according to Equa- 


43 Cf. reference (2), p. 213. 
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) for r 2 2b 
t 


e \s 
Par) (; ;) forr 2 4b 


r\2 
Ps(r) 2(*) for r = 2b | 
) 
Palb) = pg(2b) = ps(b) = 1 } 
Then read off the ordinate B(z) from the concerned curve in Fig 
3 with 
mw? 


z= t 16 
ip(r) c a?® 


When r > b the dashed branches shall be used. Finally, we ob- 


tain 
dy(t, r) = B(zWy( @, r) (17 


where X = A, B, or S, respectively. 
Results which have been achieved in this manner are com- 
The differ- 


pared with direct readings from Fig. 2, in Table 1. 
ences are practically negligible. 


Crrcutar Heat Source Movine ON SURFACE OF A SEMI-INFINITE 
Bo yy 


This case is embodied in the contact of a slider moving along 
the face of a semi-infinite body, when friction heat is produced at 
a uniform rate all over the contact area. This area is then what 
we call the heat source. 

Jaeger (2) gives a thorough treatment for a square source 
starting from Equation [10], but does not deduce formulas for a 
circular source. Holm (3) uses an approximate method for 
a circular heat source. We gain a considerable simplification by 
following Holm and confining ourselves to the “‘“maximum tem- 
perature” in the spot. Because of the motion the source covers 
successively new points of its trail and any point is contacted 
The average contact time with a circular 


only a limited time ¢,. 


source is 
[18] 


It is plausible that ¢, plays a similar part for the highest tem- 
perature in the contact surface as does (via z) the heating timetfor 
4 stationary contact according to Equation [12]. Numerical 
comparison in Table 2 confirms this. 


Substitution of ¢, in Equation [3] yields 


mw? X 


Scar 


{19 

Let the corresponding ordinate of the S-curve in Fig. 3 be 
B(z,). Then the maximum supertemperature under the source 
varies according to 


ag 
v(v) = Biz A q 


, [20] 
where 


w a*q aq 


- mar A 


the steady supertemperature’* in the center of a surface 
“ated circular spot. 


‘Cf. reference (2) equation [31]. 





HOLM—TEMPERATURE DEVELOPMENT, HEATED CONTACT AND SLIDING CONTACTS 


Equation [20] also satisfies Jaeger’s results for a square source 
if ag/X is replaced by 1.122 ag/A, which is the maximum steady 
supertemperature under a stationary square source. Fig. 5 illus- 
trates the temperature distribution along the axis in the v-direc- 
tion of a moving square heat source.'* 

Note that in the case when gq is produced by irradiation its de- 
termination is obvious; but in the case when heat is produced by 
friction it is a particular problem to determine what portion of it 
is conducted into the contact member under consideration. 


Ovat Surrace Heat Source Movine tn Direction oF 
Masor Axis 


Its 


A stationary isothermal oval heat source with an ovalness'* 
which is measured by y has a thermal constriction resistance 


Fie.4 Function f(y 


§ Dire for rectangular source 


TART (a 


> “+. 


a 


Fic. 6 Disrraisution or Tem- 

PERATURE ALONG Masor Axis 

or RecTancutar Heat Source, 

Movine «xn Direction or Tuts 
Axis 


Tem- 
Axis 


Fie. 5 Distrisvtion oF 
PERATURE ALONG SYMMETRY 
or Movine-Square Heat 
Source, in Direction oF 
MoveMENT 


W, that is smaller than the constriction resistance W, of the 
representing circular contact We have 


(21) 


spot with the radius a 


Wi Wf (y 
with f (7) according to Fig. 4. The maximum supertemperature 
appears in the center of a stationary circular heat source and is' 
0,, = aq/A. Assuming that the factor f (7) still applies when we 
turn to a surface heated oval spot which is not isothermal we ob- 
tain the maximum temperature in it 


a 
0, 4 f(y (22) 


nN 


If the heat source is rectangular, with the ratio y* between the 
sides, and with 5 « 


” 


y? < 100, the maximum temperature" is 


u 
= 1.07 ~ f(y) 


/ 


In the moving heat source the maximum temperature no longer 


18 Calculated according to equation [16], reference (2). 
16 Cf. symbols at 2a and reference (1) 4E. 

1? See reference (2) equation [31 }. 

'® Calculated on the basis of equation [18], reference (2) 
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appears in the center but is displaced behind it. Fig. 6" shows 
the temperature distribution along the major axis of a rectangu- 


lar heat source. The maximum ordinate 


may be expressed as B(z,), where B is the function that is repre- 
sented by the full drawn curve S in Fig. 3, if z, is suitably chosen. 
One would guess that z, would be obtained according to Equation 
[3] by inserting ¢ = (wa7y)/(2v), the average contact time. But 
this is not true. In order to determine fairly correct B-values, 
z, shall be determined by Equation [19] witha = V a8 
sequently, we write for an oval heat source 


Con 


v (v) = 


= (ag/X)B(z)f(y) 24) 
making the plausible assumption that B(z) is the same for the oval 
and rectangular heat sources. Table 2 confirms that the proposed 
use of Fig. 3 gives fairly good agreement with Jaeger’s (2) Equa- 


tion [16] 


EXAMPLE 


Assumptions: 
and ¥ i= 


* cm 
10, thus f(y) = 0.75 is moving in the a-direction with 
v = 200cm per sec. The size of this spot would correspond toa load 
of about P = 100g if the Brinell hardness of the softer contact 
member is of the order of 20.2° With q being frictional heat 


An oval contact spot witha = 5 X 10 


> Pr 
4s ° 
Ta* 


where yu is the coefficient of friction and & is the fraction of the 
heat which is conducted into the stationary semi-infinite contact 


member. Reasonable values are u = 1 and & = 0.8 giving 


q = 2 X 10° g/cm sec = 2 X 10 watt/cem* 


WithA = 0.45 watt 


ing to material of iron in the semi-infinite 


cm deg and ¢ = 3.6 joule/cm deg, correspond- 


stationary contact 


member, we obtain 


0.49 and Bi 0.47 


Equation [22] gives 


6. 167 deg 


y 


Hence 


according to Equation [24] 
& 78.5 deg 


CoounNne or a Previousty Hearep Contact ReGion 


The problem of cooling a previously heated contact is of the 
same importance as the heating process. Holm*' has proved 
that those processes follow the same pattern, and that the cooling 


can be mathematically expressed by 


v(t..r) = W(@,, Ht. + 125) 


Consequently the rules given in the foregoing can be applied 
also to the cooling problem 
ACCELERATION OF CHEMICAI 


Remark CONCERNING LEACTIONS 


BY A SLIDING Process 


The so-called frictional oxidation and other phenomena have 
been interpreted as resulting from very high temperatures in 


sliding contacts. However, according to calculations the tem- 


* Calculated on the basis of equation {16}, reference (2). 
*” Cf. reference (1), p. 75 
*! Reference (1) appendix iv 


and reference (3) 
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peratures of sliding smooth surfaces usually are found to be rather mathematical formulas but describe the significance of the 
moderate.*? Any discrepancy is removed by the hypothesis that 


in sliding contacts the rough treatment of the upper atom layer 


de- 
juction We imagine a set of isothermal surfaces in the actual 


constriction?’ region, as illustrated in Fig. 7 The surfaces will 


and parti ularly of small abraded grains in the contact inte rspace 


provides activation energies beyond that which thermodynami 
temperature with Maxwellian distribution would produce In 
addition, the individual grains may have higher temperature than 


is calculated for a smooth contact surface 
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‘ lipotentials in the case of an electric current traver 

em pera- 

I ct 


corresponding isotherms in the Sp-case are he mispheres 


The temperature development will be the same 
both cases if the heat capacity C,,, of the shell between the iso 
sie therms 7',, and 7, is approximately equal in the model and the 
Appendix PE 
| constriction It is prove d that this is true if the model has 
APPLICATION OF THE Sp-Mopei the dimensions prescribed by Equation [1 
: ; ie- have applied the Sp-model to the problem of a moving 
rhe Sp-model Is applic ible to the problem of the te mperature PI . / ae . 
where the model simply provides a picture of isothert 
” Ssemi- . " 
whi s suitable for the calculation Obviously, the curvature 
nfinite body, if the model defines a heat de velopment that ip . 
one ( model contact has nothing to do with the fact that such a 
proximates the actual one. The mathematical proof that this is Id not slid 
ce would not slide 
the case is sketched by Holm We shall not repeat here the 


development in a heated circular contact at the face of 


Cf. Example section, and reference (3 


‘ The concept “constriction 
Cf. reference (1), § 11 


which is fundamental to the the 
ontacts, is defined in reference (1), 23 





Minimum Weight 


of Tapered Round 


Thin-Walled Columns 


By MORRIS FEIGEN 


It is shown that the optimum wall thickness of a cylin- 
drical round tube column is a function of load only and is 
independent of diameter. The optimum wall thickness 
of a tapered round thin-walled column is found to be con- 
stant along its length. The optimum shape of a tapered 
round thin-walled column is derived, being that column 
whose bending stress in the buckled state is constant along 
its length. The weight ratio of the optimum tapered col- 
umn to an equal-strength optimum cylindrical column is 
found to be 0.8924. It is shown that a double truncated 
cone whose diameter ratio is in the range 0.35 <D, Dy‘ 
0.50 closely approaches the optimum column. If it 
specified that no portion of the double truncated cone shall 
yield, then the weight advantage of the cone over the cy- 
lindrical column is rapidly lost as the stress in the cylin- 
In the inelastic 


is 


drical column approaches the yield stress. 
range the weight advantage of the tapered column will be 


less than in the elastic range. 


NOMENCLATURE 


The following nomenclature is used in the paper 
e pay 


A 


cross-sectior 


constant 
a lengtt paramete 
diameter 
modulus of 
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ses impossible to design a structure of the 
a theoretical minimum 


Shank tis In many ca 


if 
would then be able to estimate 


minimum weight; however, 
known, the designer 
his structural design has approached the theoretical mini- 
The the cylindrical round thin 
walled column has bec rut is repeats d here, 
Further 


considering 


absolute 
were how 


close] 


mum Cast 1 optimization ol 
1 established? | from a 


slightly different approach, for continuity reasons 
optimization of the column can be obtained by 


by removing material from the ends of the column and 


Le 


taper 
placing it in the middle where it is more effective 
Phe basic concept used is that the stress in an optimum struc- 


ture will be at a maximum in al) parts of the structure so that in 
cipient failure can occur simultaneously in all parts of the struc 


ture, in effect, a structural “One Hoss Shay In primary columi 
buckling the governing stress to be held constant for optimiza 


tion is the bending stress in the buckled state rather than the axial 


compressive stress. For the thin-walled column of a given length 
to support a given load the diameter and thickness are so chosen 
that will buckle at the critical load 


long 


soas to result in a structure 
both locally and due to primary column failure at any point 


the column 


CYLINDRICAL Col iN 


lindrical round tube under axial compression the equa 


tion 


| buckling is given as 


” expressed in terms of load 


The critical buckling stress o 


ind ares 


ing Equations [1] and {2 


p 
wke 


): 


optimum thickness is inde 
the 


| 


This shows that the minimum or 


vendent of the diameter and depends only upon required 
I I I 1 


load 

To determine the optimum weight 
thickness is 
allowed until the 
For a pin-ended column the formula for primary buckling is the 


for a given load and a given 
the diameter 
buc kling 


length, the optimum chosen and ix 


to decrease tube fails in primary 


well-known Euler formula 


Pp 
L? 


i thin-walled tube the moment of inertia ts 


Substituting Equation [5] into Equation and utilizing 


Equation [3], the resulting equation solves for D 
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e "Lk ): 
Don = oa (6) 
eg’? Els 


Given, then, a thin-walled round tube column of length L, 
and so designed to carry a load P, the optimum thickness and 
diameter can be found from Equations [3] and [6) 


Sk*E 
D ) P 
T 
(7). -\* Gs) 
10] in the Shanley paper? where 


This is the same as Equation 
P/L* is his “structural index.”’ 


Tarerev CoLuMNs 


Given a tapered round tube column symmetrical about its 
mid-length whose diameter varies arbitrarily along its length and 
whose taper is small (as it will be for any practical column), then 
the effect of taper upon Equation [1] will be small and Equation 
[1] is assumed to be valid for the tapered column. Hence, for a 
tapered column designed to carry a fixed load, the optimum thick- 
ness is independent of diameter and the wall thickness along its 
length is constant. Again, to determine the optimum weight for 
a given load, length, and shape (distribution of diameter) the 
optimum thickness is chosen and all diameters are allowed to de- 
crease proportionately until the column fails in primary buckling 
ises as to whether or not the shape chosen will 
The optimum shape for ab- 


The question si 
give an absolute minimum weight. 
solute minimum weight is developed in the next section 


Optimum SHare ror Minimum Wetrcu1 


Given a tapered pin-ended column of length L as shown in 
is assumed the optimum shape will be that shape such 
that the bending stress will be constant along 
its length when the column has buckled 
Since buckling depends only upon E/ and 


Fig. 1, it 


is independent of compressive stress, the 
optimum distribution of material will be 
that to give a constant bending stress when 
the column has buckled. H. Blasius* has 
lerived the optimum shape of solid columns 
however, the 
will 


using variational principles; 
sssumption stated previously yield 
the same differential equation of buckling as 
obtained by Blasius.* 

In order to simplify the approach for 
determining the optimum shape and com- 
puting the resulting weight it is assumed 
that the column has a constant wall thick- 
ness measured normal to the column center 
line rather than normal to the column sur- 
face, 

The bending stress ¢,, after buckling has 


occurred at any point x is given by 
WD/2 PyD 
/ 2/ 
Knick 
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* Since writing this paper the 
through an extension of Blasius’ work 
stant stress is valid for the optimum column of arbitrary 
tion when the cross-section area varies as a7, where 4 = any 
section reference dimension and rf is a constant 


author has been able to prove 
that the assumption of con- 
cross sec- 


cross- 


APPLIED MECHANICS 


SEPTEMBER, 1952 


Substituting J from Equation [5] and solving for y 


ro,D* 


iP 


Since the bending stress, a), and thickness ¢, are constant, then 
for any critical buckling load the diameter must vary as the 
square root of the buckled deflection curve. In a buckled column 
the magnitude of the deflection is arbitrary; therefore the deflec- 


tion can be written as 
lp z 


C; 
Lp, 


where D- is the diameter at mid-length and D (z) is the diameter 


y(xz) = {10 


it any point z. 
The differential equation for buckling is given by 
0 


[5 


Substituting the expression for / and y as given in Equations 
and {10} and dropping the functional notation 


y] n< (2) 


(2 
C; 

\ D 
dr? 


is the critical load for the optimum tapered column 


where P, 
Simplifying 


where 


Let n D/ Dz and q:* 


13 


dn 
* dz 


0 


ro solve Equation [14) the following substitutions are made 


\fter substituting into Equation 


a 
dz* 
* This formula for J breaks down as D —> 0; however, the assump 


tion is carried through for theoretical purposes only 
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Integrating 


when 

in dt 
,— = 0, and 
dr dz 


Therefore C, = | 
Making the substitution for C; and solving Equation 


ndn 
n 


Solving Equation [18 
gr = 


In applying the boundary conditions: 


(a) For z = 0 use the (—) value in Equation {19 
(b) For z = L use the (+) value in Equation [19}. 


Applying the condition (a) and the boundary conditions 


,n=0 


Applying the condition (6 


z=L,n=0 


i (®) El, - 
a 2 = 


is the critical buckling load for the 


then gl = - 


where P; optimum-shaped 


column whose shape given by 


0+a)0-a) <4 
2+(24 1 2 = 
D; D; L 


and whose moment of inertia is /; at the center. 

In general, the critical buckling load of a tapered column can be 
given by 
mmEl, 

P; [21] 
‘ Ll’ — 
where m is the strength ratio between a tapered column and a 
cylindrical column in which the moment of inertia or diameter at 


the center is the same. For the optimum column 


To find the weight of the optimum-shaped tapered column it is 
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necessary to compare the optimum column to an optimum cylin- 
drica] column of equal strength 
8\* El, 
P; = : 
3/ Lb? 
for the optimum column 
r? El, 
-. = 
L? 


for a cylindrical column where the subscript c denotes cylinder. 
But P, = Pzand 1, = (rD,*t)/8; therefore 1,/1, = (37/8)*, 
since the wall thickness must be the same for each column, or 


vA 
D ars 22) 
dD. 8 y 


The weight of the optimum column (assuming a density of unity) 


e 


18 given by 
W, = 2S rDt, ds 23) 


where ds is an element of length along the surface of the column 


and ¢, is the wall thickness normal to the surface. However 


dz 
1s 


= { 


therefore 


ie "ls Db ds 
= 2 x Didz 2r Det 
0 /J0 Dz dn 


But from Equation 
therefor: 


Solving Equation [24 


4 
We. = - LD, 


0 


The weight of a evlindrical column is given by 


The weight ratio W, 


W, 
Ww 


therefore 
WW 


= 0.8924 {27] 
W 


This equation shows that the absolute minimum weight for a 
thin-walled tapered column is 0.8924 of the weight of an equal- 
strength optimum cylindrical tube 

Since it is impractical to build a column whose end diameter 
goes to zero, columns of shapes other than the optimum must be 


considered 
Various Saarep Tarerep CoLuMNs 
Boyd’ has investigated, both theoretically and experimentally, 
Tapered Struts, a Theoretical and Experimental Investigation 


by J. E. Boyd, Ohio State University, Bulletin No. 25, The Engineer 
ing Experiment Station, September 15, 1923 
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tica’ buckling load P» for solid tapered columns of the ype therefore 
to be considered here 
symmetrical tapered column of the type shown in 
Fig. 2, for which the moment of inertia varies as / Cyr", four 
9 , 


cases are eonsidered, namely, 7 l,? n= indn = 4 


rD*t/8 is substituted for / 
D 
dD 


=~ 745) 
ahay 


onsidering Equation {21} and the expression for / 
The = D 
D 
EC 


bD ’ 
ilytical solutions as given by Boyd? are rather compli- 
K 


) 
however, the final results can be given in a useful form. If ! 
the equation for the critical buckling load is given by D. is the diameter of an equal-strength cylindrical column 


compute the weights for the various columns, Equatior 


Table l 


-ERED COLUMNS : 1 utilizing Equation 
" . 
W 2rD. dt f, 

OOU4 

0090 

O3 2t 

1070 

2108 

3067 
170 
5306 
646 
763: 
BRI4 
Oooo oO0o00 


It should be noted here that ther is give T: » 1, al- 
though computed for solid columns, ar ompletely general and 
ould be applied to any column \ bitrary cross section as 
long as the variation in / followe« wform]d = ¢ Hence these 
results will be applied to the thin-wall column 
In order to utilize these results »> compute weight ratios 
some additional analysis is necessal 
The ! f moment of Inertia ny point ; 
Dividing by W., the weight of an equal-strength cylindrical 
column, substituting for K, and utilizing Equation [34] 


where D is the diameter \ nt However 





FEIGEN— MINIMUM WEIGHT OF 


Ws 

W 
The weight ratios W./W. and diameter ratios D,/D, and D 
D, for equal-strength columns have been plotted in Figs. 3, 4, 
versus D, De, it is noted that 
the minimum value of W./W. for all 


and 5. Examining Fig. 3, W./W 


‘olumns are close to 
the optimum. For construction purposes one should choose the 
The 
is the double truncated cone } 


type most easily made most easily constructed column 


landn =2 


i finite buckling strength when 


It is also noted in Fig. 3 that the columns for n = 


are the only columns which have 


D, = 0. The reason for this is that for the other columns the 


Tive we THIN -WALL 
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rAPERED ROUND THIN-WALLED COLUMNS 


“ 
79 


deflection, or bending moment, at the end is increasing faster 
than the section modulus resulting in an infinite bending stress 
at the end. The criterion for finite buckling strength when D 

0 is, therefore, that the bending stress at D, = 0 be finite 


From the bending formula 
Py 
rD*t 


10 


but (y/D? 
and denomina 


If it is specified that (o,)o # then (y/D*)) = 


is indeterminate and to evaluate, both numerator 
tor are differentiated, therefore 


Fora pin-ended column 


(2 


therefore 
41 


The criterion for finite buckling strength of a column when the 


end diameter is zero is that the end of the column does not come 


to a point, or has a horizontal tangent, i.e 


(F).- 


It is easily verified from Equation [18] that this condition is 
satisfied for the column and it is also satisfied for the 


ind n 2 


optimum 


columns when n l 


Comparison or a Cone Wrrn an Equat-Srrenetu Cy.inver 


the double 


The materia 


com- 
ield 


The data for an optimum cylindrical round 


As an example, truncated cone (n = ?) is 


pared to a cylinder is 758-T which has a 
stress of 55,000 psi 
tube are taken from Shanley,* where stress and weight are 
plotted versus the structural index (/?/L*) 

If it is specified that all compressive stresses remain below the 
vield point, then the stress at the end of the cone (where stress is 
vield stress o 


a ee ee ee 


The minimum diameter at the end is governed by 


P 


therefore 


dD 


1s round tube 
(= Lh )s 
r‘'E 


Equation (8) 


(?*) 

kE Tr 

(2 mia) ) L 
Decopt ; So 


From Equation 


Dividing Equation [42] by and simplifying 
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From Equation [11a] of Shanley’s paper? 
P; 
Lt 


Substituting Equation [44] into Equation [43] 


Dy min) ( o y > 
——— = [45] 
Decopry vy, 
where o is the optimum compressive stress for a cylindrical round 
tube as a function of P/L* for 758-T as plotted by Shanley.? 

The optimum D,/D, as determined from Fig. 3 is equal to 0.4 
which, utilizing Fig. 4, results in D,/D, = 0.525, or substituting 
in Equation [45] and solving for ¢ 


a = 55,000 (0.525)"* = 44,300 psi 


From Shanley’s? fig. 3, a stress of 44,300 psi results in P/L? = 
4.85. For values of P/L? < 4.85, the optimum D,/D, is equal to 
0.4 resulting (from Fig. 3) in a W:/W, equal to 0.917. As 
P/L* increases, the optimum stress, fig. 3,? increases resulting 
in a iarger D,/D, and subsequently in a higher W2/W,. Stated in 
other terms, as the load increases and the stress in the cylinder 
approaches the yield stress, the taper must gradually decrease, 
approaching ultimately a cylinder. 

Taking values from fig. 3,2 and Figs. 3 and 4 of this paper, 
the resulting W:/W, is plotted versus P/L* in Fig.6. From Fig. 
6 it is noted that as P/L* increases beyond 4.85 (or @ = 44,300 
psi) the weight ratio W,/W, increase to 1.0 where the entire col- 
umn is at the yield stress and the truncated cone has degenerated 


to a cylinder. 


INELASTIC RANGE 


The optimum design of cylindrical round tubes can be extended 
into the inelastic range by using the tangent-modulus formula for 
For tapered columns, however, the stress and 


primary buckling.* 


* Inelastic Column Theory,” by F. R. Shanley, Journal of the 
Aeronautical Sciences, vol. 14, May, 1947, pp. 261-268. 
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therefore the tangent modulus varies along the column and the 
solution of Euler’s differential equation will be more difficult 
The optimum shape of a tapered column extended into the in- 
elastic range will evidently be a function of the load. When the 
stress at the small end of the column has passed the knee o 
the stress-strain diagram the center of the column may stil 
be in the elastic range This change in effective stiffness can be 
visualized as a constant modulus with a change in moment of 
inertia which will effectively reduce the diameter in the inelasti 
portion. As can be seen from .Fig. 3, if the effective diameter: 
ratios are at the optimum point, then the actual diameter ratio 
will be larger, resulting in a larger weight for the tapered column 

Hence, based upon this physical reasoning, it is felt that under 
certain conditions in the inelastic range the weight ratio of a: 
optimum tapered column to a cylindrical column will be mors 
nearly equal to unity than for the elastic case. If the stresses 
in both the tapered column and cylindrical column have passed 
the knee of the stress-strain curve and they both are at a portior 
of the stress-strain diagram where the tangent modulus is nearl\ 
constant then the weight advantage of the tapered column over 
the cylindrical column may be regained, 





The Characteristics of Fuel Motion 
Which Affect Airplane Dynamics 


By E. W. GRAHAM! ann A. M. RODRIGUEZ,* SANTA MONICA, CALIF 


Problems in aircraft dynamics such as stability and re- 
sponse of the rigid airplane may be affected by fuel motion 
in the tanks. Such problems also might arise in connec- 
tion with missiles. In this paper the response of the fuel 
to simple harmonic motions of a rectangular tank in trans- 
lation, pitching, and yawing is studied. Using the force 
and moment expressions, simple mechanical systems 
equivalent to the fuel are constructed. These systems re- 
spond to motions of the tank walls in the same fashion 
as the fuel, producing identical forces and moments. 
The use of such mechanical analogies should simplify in 
many cases the analysis of the complete dynamic system. 


INTRODUCTION 


“HERE has 


dynamics problems which are 


interest recently in aircraft- 
affected by 
fuel in partially full tanks (1, 2). The stability and re 
It is intui 
mass of fuel with a free surface 


been increasing 


the motion of 


sponse of a rigid airplane is a problem of this type. 


tively apparent that a large may 
have serious dynamic effects on the airplane, particularly if there 


* a possibility of resonance 


Inforn 


re quires 


\vailable ition he understanding of these problems 


primarily an understanding of the dynamics of fuel 
deal of the 
available for some time sa), particularly the nature of the free 
oscillations of liquid in some tanks of simple shape. 


motion A great necessary information has been 
Extension 
of this material to include forced oscillations makes it possible to 
the tank 


or airplane Prior work in this 


direction initiated by Stewart and Lorell (4) was in part respon- 


determine the forces communicated to walls by an 


arbitrary motion of the tank 


sible for the present investigator 


1 in f of 


‘ 


Related problems have been 


investigate seismology Reference (5) gives ex- 
£ 


! and 


perimental resul oretica 


vdditional references to th 


experiments 
Reference (6), the u red version of 
} 


the present paper, 


contains mu mn on the mathematical deve lop- 
ment, and discusses Laplace 


Methods Used ‘ enience in 


esirable ts 


transforms 


solving the complete ly- 


namics problem it may » replace the fuel by a simple 


mechanical system. Therefore this paper suggests mechanical 


systems which produce the same forces gnd moments as the os- 


cillating fuel when the cont an arbitrary 


uner i given motion 
Aerody Mr 
Monica Division 
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paper 

Presented at the West Coast Conference of the 
chanics Division, Los Angeles, Calif., June 26-28, 
AMERICAN Society oF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Str New York, N. Y., and will be accepted 
until October 10, 1952, for publication at a later date. Discussion 
received after the closing date will be returned 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 13, 1952 


Applied 
1952, of 


Me- 
Tue 


eet 


(The “arbitrary” motion must, of course, fall within the scope of 
the linearization processes used.) In a previous report (7) the 
representation of fuel by an equivalent pendulum was discussed. 
The characteristics of the equivalent pendulum were determined 
only from consideration of fluid motions in a stationary tank 
This was adequate to define the frequency and the product of 
mass times amplitude of motion for the pendulum, so that forces 
corresponding to a given amplitude of the fundamental wave 
motion were duplicated. 
for the study of some stability problems 


This provided sufficient information 
as affected by fuel 
“sloshing.” The present paper offers additional information so 
that the more general problem of aircraft response to arbitrary 
disturbances can be considered, including the effect of angular 
tank motions 


DEVELOPMENT OF EQUATIONS 


Consider a rectangular tank filled to a 
Let the walls and bottom of the 


Co-Ordinate- System. 
depth A with fuel. 
in irrotational co-ordinates, which are allowed 
the tank, by 


tank be given 
to translate with 


as shown in Fig. 1. Positive forces, moments, displacements, 
and rotations are defined according to the conventions of a right- 


hand system 





























Ly F 


TE SYSTEM 


LLEp Tank Snow 


Assumptions. In order to simplify the problem a number of 


restrictions are applied concerning the nature of the fluid and the 
motions of the tank. The fluid is considered incompressible, and 


is also assumed nonviscous since the tanks are relatively large 
and baffles are not considered 

All tank motions are restricted to small accelerations compared 
to gravity. Angular motions are restricted so that they involve 
only small angular displacements while motion in translation 
In the case of 


sinusoida] motion, it is assumed that the frequency of oscillation 


may involve large displacements and velocities 
is not in the immediate neighborhood of a natural free-surface 


frequency so that the slope of the free surface is small. These 
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2 
assumptions allow a linearization of the boundary conditions 
which is consistent with the small perturbation methods used in 
tirplane dynamics. 

From reference (3a, b) it can be shown that the velocity po- 


tential must then satisfy the following equations 


eZ, 2,0) + by (2, 2,0 + (2, 


which leads to the solution 


@,, (at tank boundaries normal velocity of boundary 


h 
A = (0) 
9 
Equation [3] may be satisfied at the mean positions of the tank 
boundaries for angular motions of the tank 
Equation [4] combines two linearized free-surface conditions 
i.e., the zero-pressure condition 


anz, y,t 
and the kinematic condition 


n(x, 


Velocity Potential for Pitching About y ts et the angula 


Tank Motions Considered Any rigid tank motion of the type displacement of the tank walls in pitch be 
considered can be constructed from motions of translation along - 
the z, y, and 2-axes and a unique set of rotations about the thre+ Ht) = Bsin wt 
axes. It is enough to treat three basic tank motions, ie., hori The boundary conditions for the velocity potential becom 
zontal translation parallel to the x-axis, pitching about the y : 
ixis, and yawing about the z-axis. The first two require only : 
two-dimensional solutions involving z and z, while vawing motion 9’ + Buz cos wt 
requires & three-dimensional solution 

The motions will be assumed to be sinusoidal in the present 4 : er 
development. Solutions for arbitrary tank motions can be con- ; ‘ 





structed from sinusoidal motion by use of the Fourier integral 
However, the use of the Laplace transform method (with respect 





us 
| ; . 2n + | sinh [ 2n +1 
Bw cos wt | 
r 0 \4 ; ¢ wi 
ee 2 
us 
a? sin [ 2n + 1 | cosh | y 
a 
sinh [co 


+ 


2a tanh | (2 
h 


m(2n 


to time) is especially adaptable for arbitrary tank motions 
This proce dure has been developed in reference (6). where the w&, are given by Equation 8]. 
Velocity Potential for Horizontal Motion Parallel to x-Azxis 


Let the displacement of the tank relative to inertial co-ordinates 
be 


Velocity Potential for Yawing About 2-Aris. Let the angular 
displacement of the tank walls in vaw be 
()=Cs 
X(t) = A sin wt ¥ ain 


The boundary conditions for the velocity potential become The boundary conditions for the velocity potential become 
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dimensional velocity potential 


which leads to the three 


tanh | — + aX! :) i 


two-dimension potential satisfies the boundary 


The 


conditions on the ( lis while the three-dimensional 


part is needed to surface condition given by 


I quation |4 


Equivalent Mech In replacing the fuel by an 


equivalent mecl necessary to consider three 


types of motion 


1) Horizontal trat m parallel to the z-axis and pitching 
ibout the 

B) Horizontal tr 
bout the z- 


C) Yawing 


/-AX18 
the y-axis and pit 
axis 


ibout the 


Ir 1 I mechanical tem to be equivalent to the fue 


with respect to one of the foregoing types of motion, it must exert 
tank as the fuel does for 


Motions of type (A) and (B 


to discuss only one of 


the same force and total moment on the 


that type of m on are of the 


same character so that it is ne 

Volions of 7 pe | ilde! 
VY and 
so constrained as to move pal illel to the bottom of the tank 
Loca the dis 
vertical distance Z from the 
spring 


,#,* where w, is given by Equation [8]. 


them 


eSSUr 
i mechanical system composed 


of a fixed mass in infinite set of undamped spring masses 


and the z -pla ‘ spring masses at verti al 


n 
tances z, and the fixed mass at a 


the constants he 
The 


thought of as point masses while the fixed 


origin as shown in Fig. 2. Let giver 


bv / =" mov 


masses may be 


ing 
mass has a distribution such that its moment of inertia about a 
undz = 0 


line parallel to the and passing through z = Z 


is I, 


{-&X18 


CHARACTERISTICS Ot 


/ 


FUEL MOTION, AIRPLANE DYNAMICS 


The equations of motion of the moving masses in response to 


sinusoidal tank motion are for horizontal translation 


s1n wil J 12 


1w* 
and for pitching motion 


mt = 2. sin wl s sin wi 


From these equations the horizontal force and moment about 


the y-axis are derived. The corresponding force and moment 


sinh 


pressure and 


ad bry 


moment arm, respectively 


integrating the 
the 


exerted by the fuel are obtaine 


pressure times over tank bound 


They 


primed forces and moments refer to the equiv alent me 


aries are given in nondimensional form in the following 


where 


chanical system and 


horizontal fore 
weight of fuc 


moment about 


effective moment the fuel about 


moment of merti surface fixed 
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My = mazes of fuel 
Mu I 8 tanh [(2n 
—” = Bf sin wt | —"* ‘ = 
W ph M yh? 


l)rr, tanh [(2n + 1)rr,] 
tanh | (2p, 
l 


(2n + 


Horizontal translation 


Fy A | 8 tanh [(2n + 1L)rr,} 
= f sin wt {1 + 


Wy h w(2n + 1)*ry; Ay 8 tanh [(2n + lyr, 


n=O 


mw 2n + 1)*r; 


n=O 


: f? sin wt | J $+ ) me > mn - . ' tanh [ 2n 
Mp, My M;, a P 
n=w0O yy ; « : 


\ Mz 
} M gh 





B sin wt 
17 


If the forces and moments exerted by the mechanical systen 
are to be identically equal to the forces and moments exerted b 
the fuel for all forcing frequencies, then the characteristics of the 


mechanical system must be given by 





8 tant 
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Equation [22] indicates that the rigid mechanical system has 

the same moment of inertia about the y-axis as the fuel would 

have if the free surface were constrained by a tank boundary 
This effective moment of inertia of the fuel is found to be 


768 


rrfl + 


> tanh [com + 1) a 


(2n + 1¥ 


r;,° 


where Js, is the moment of inertia about the y-axis of the solidi- 
fied fuel. 


\Ir, 


= Cr, f? sin wt - 
? I 


aM, 
gl s; 


yin * Dydeg te * Dada te cr 


Is, M/My and Z/h which 


as follows 


0.0045 ) 


Approximate expressious for /; 
lend themselves to easy calculation are 


. 7 
2.5101 tanh 
>, 


lp, ir,? 
Is, +r 


258 


tanh wr 


Yr; (: anh 


0.0518), (: 


0.0518), (; 


0.1643 
( i ) 
a, 
( l 
cosh 3‘ cosh 37; ) 


Votion of Type C. Consider a mechanical system composed 
of a fixed mass with moment of inertia about the z-axis J, and an 
infinite set of moving masses constrained to pivot about the z-axis. 
and are at- 
then if the 


If the moving masses have moments of inertia /,, 
tached to torsional springs with spring constants k,, ,, 
system is undamped the equations of motion of the moving masses 
are 


C sin wt 28 


Tan ¥ Kan W 
where C sin wt is the angular displacement of the tank in yaw 
If the spring constants are re lated to the natural frequencies of 
fuel oscillation by 


| er ie {29 
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then the yawing moment produced by the mechanical system can 
be compared to that produced by the fuel. In this comparison, 
which is made in the following, the primed moment is produced 
by the mechanical system and 
Vv, = moment about z-axis or yawing moment 

lp, = effective moment of inertia of fuel about z-axis 
Ts, = moment of inertia of solidified fuel about z-axis 

h 


- tank aspect ratio in yz-plane 
) 


tank aspect ratio in zry-plane 


Tr; V 132m + 1)? + (2n + 1)? 


Xx tanh [rr V rs 2m + 1) + (2n +1 »] 


‘ya 


If the two yawing moments are to be identical for all forcing fre- 


quencies, then 


ra(2m 


768 


lr, > > ane 
Ts Is 
0 0 


[24] if r; is replaced by r 
stems for Combinations of Tank Motions \ 


pond the same as the fluid 


is given by Equation 


where J, 
Ve 


single 


hanical S 


mechanical system, tl will re 


tank motions, cannot, in general, be constructed from the 


mechanical systems discussed without introducing nega- 


to all 


simple 
However, it is always possible to con- 
fluid 


or yaw- 


tive moments of inertia 


struct a single mechanical system that will represent the 


response to both yawing motion and motion of type (A 


ng motion and motion of type (B). Consider the mechanical 


system that represents motions of type (A the fixed mass can 


be distributed in the yz-plane so that the center of gravity remains 


fixed and it 


noment of inertia is /p, about the z-axis and /, about 
an axis passing through z = Z and parallel to the y-axis. The 
noment of inertia l, , can then be separated into the components 


I, To.0, Loa, a 


response of the fluid to yawing motior 


d so on, of the mechanical system representing the 
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DescriPTION OF MECHANICAL SYSTEMS 
In the preceding section equivalent mechanical systems were 
derived and shown to produce the same forces and moments as 
the fuel in response to t ink motions Their characteristics were 
derived in terms of tank aspect ratios r, = h/a, rz = h/b, and r; = 
a/b. Some of these characteristics of the mechanical systems 
have been computed and are shown in Figs. 3 through 10. 
} shows the ratio of the fixed mass and first two moving 


Fig 
masses to the total fuel mass as a function of tank aspect ratio 
26) The 


ry rhe ratio M/M, was computed from Equation 
moving masses associated with the higher harmonics are too small 
=(). The ratio of m, to mois approxi- 
‘for large r; 
+ versus 


to plot except very near r; 
mately 1/(2n + 1)? for small r,; and 1/(2n + 1 
These ratios are plotted on a logarithmic scale in Fig 


the frequency ratios f,/f 
Fig. 5 shows the vertical location of the fixed mass and first 
two moving masses as functions of Z/h was computed from 


Equation [27 The ratio Z/h becomes infinite for the shallow 


M = FIXED MASS 
mM, = FUNDAMENTAL MOVING MASS 

m, = FIRST ODD HARMONIC MOVING MASS 
Me= MASS OF FUEL 








LO 15 20 25 30 
TANK ASPECT RATIO Ff, 
iNITUDES OF Masses IN MECHANICAL SysTem 1s 4 | 


rion oF TANK Proportions 








s—+SHALLOW TANK 


+ 


XK | 
NY 


~ 


aI 
‘" 


—_—— — oT 
\ 
YZ DEEP TANK 


an 


3 
™~s 





= 








6 10 4 16 


8 
fafte 


$4 Maanrrupes or Moving Masses as A FUNCTION OF 
Naturat FREQUENCIES 


tank but Z remains finite approaching the value 


from Equations [22 


THEIR 


SEPTEMBER, 1952 


10 sama — 

Z= VERTICAL LOCATION OF FIXED MASS | 

Zo* VERTICAL LOCATION OF FUNDAMENTAL 
MOVING MASS 

Z,=* VERTICAL LOCATION OF FIRST ODD 
HARMONIC MOVING MASS 











05 10 3 20 
TANK ASPECT RATIO & 
LocaTIONS OF Masses as A Ft 
PROPORTIONS 


VERTICAL NCTION OF TANK 


EFFECTIVE MOMENT OF INER 
OF FUEL ABOUT ¥y - AXIS 
MOMENT OF INERTIA OF F 
MASS ABOUT T 
MOMENT OF INERTIA 
IFIED FUEL ABOUT ¥ 


XEC 








NT OF INERTIA 
rank Proporti 


0.461a for 


Moment of inertia ratios /,//5, and Jp,/Is, were computed 
22) and [25] and are shown in Fig. 6 Ip, Is, 
by 1/r, in Equation [25 


! 1 was computed by replacing 
constants Ak,/W; 


0 


g. 7 shows the nondimensional spring 


sssociated with the first three moving masses 

Fig. Sis a plot of the horizontal force produced by the mechani- 
to horizontal oscillation divided by the 
The 


f for 


cal system in response 
force that would be produced by the fue lif it were solidified 


plotted against the dimensionless forcing frequency | 


When yawing motion is considered, it is probably sufficiently 
urate to consider only the masses with moments of inertia / 


aut 
» as moving masses and the rest as part of the 


Tio, Loa, Teo, and I 
fixed mass The ratios of these moments of inertia to Js, have 
been computed from Equation [31] for 7 = r: = 0. They are 


plotted against rs in Figs. 9 and 10. J,,//s5, was computed from 


Equation [25 1,/T s, is zero in the shallow tank case 


Discussion 


Some problems arise concerning the proper use of the pre- 


ceding material, and a few of these will be discussed 
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Mechanical Systems. Yor aircraft having a vertical plane of 
symmetry through the longitudinal axis, the longitudinal sta- 
bility and the lateral-directional stability can be treated inde- 
pendently. 

In order to handle the longitudinal stability it is necessary to 
know the forces and moments produced by translation of the 
tank and by pitching motions. A single mechanical system has 
been set up to represent the tank for both of these motions. 

The lateral-directional case is more complicated since, in gen- 
eral, the effects of rolling motion, translation, and yawing must 
be considered. A single mechanical system has been devised to 
represent the fuel tank for all of these motions, provided the 
The 


more general case, involving also longitudinal translation (which 


translation is confined to the plane of the rolling motion 
would appear with wing-tip tanks), cannot, in general, be repre- 
sented by a single system of the present type, unless imaginary 
dimensions are introduced. In such a case different systems could 
be used to obtain forces and moments in different planes 

It is also possible to use the Laplace transforms of the forces 
and moments directly, without regard to mechanical systems, 
if the transform method is being used for the complete problem 

In some cases, particularly where tanks are located far from the 
CG of the airplane, the effect of angular motions of the tank may 


CHARACTERISTICS OF 


FUEL MOTION, AIRPLANE DYNAMICS SST 
be negligible by comparison with the effect of translation 4f the 


tank 


ipp orimate 


In such cases some simplifications may be possible 
Vechanical 
the higher harmonics of the 


Systems. The forces and moments 


produced by fluid motion will be 
negligible in many cases. This means that the equivalent me- 
chanical system frequently can be assumed to consist of one fixed 
mass and one moving mass 

If the airplane has a natural frequency quite close to a higher 
harmonic of the fluid motion, it might be assumed that it would 
moving mass corresponding to this 


be necessary to retain the 


harmonic However, consideration of the practical limitations 


on wave heights may alter the picture. These limitations may 


irise from the effects of viscosity, cavitation, or through the 


presence of nonlinearities in free-surface boundary conditions 
a limitation on the ratio of wave 
Such a 
the introduction of splashing with consequent energy dissipation 

Tanks of Different Shape. Tanks of other than rectangular 


shape could be studied have studied the 


For ex imple, in reference +7) 


height to wave length is suggested ‘limit’? might mark 


Stewart and Lorell (4 


forced oscillations in a cylindrical tank of circular cross section 


vith free surface normal to the axis. Some information on the 
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free oscillations in a few other tanks of simple shape is given in 
the appendix to reference (7). Few cases involving variable 
tank depth have been solved exactly. Although there are 
mathematical difficulties in getting exact solutions to many cases 
which appear physically simple, it is still possible to get approxi- 
mate theoretical solutions in such cases. Also, it should be com- 
paratively easy to determine experimentally the fundamental 
frequency for a tank of arbitrary shape. 

Baffle Locations. If the oscillations of the fluid produce large 
forces on the tank walls, baffles may be required to dissipate the 
fluid energy rapidly. These baffles probably should be placed 
in regions which show high velocities in the unbaffled condition. 
For example, consider the fundamental mode in a rectangular 
tank undergoing horizontal oscillations. Here the highest ver- 
tical velocities of the fluid occur at the ends of the tank in the free 
surface, and the highest horizontal velocities occur at the center 
of the tank in the free surface. Baffles should be most effective 
in these locations. 

Effective Value of g. If the fuel tank experiences a large con- 
stant acceleration normal to the mean free surface, then the 
value of g is effectively changed. If the effective value of g is 
quadrupled, then the natural frequencies of fluid oscillation are 
doubled. If the effective value of g approaches zero, as in a free 
fall, then the natural frequencies approach zero. Such effects 
probably would be of interest in connection with missile dy 
namics, and might be of importance in aircraft maneuvers 

To get the correct equivalent mechanical systems and force 
and moment expressions it is only necessary to replace g by the 
effective value of g in the formulas. (This results in the intro- 
duction of an effective fuel weight also. ) 

Variable Normal Accelerations. It has been mentioned that 
a constant acceleration normal to the mean free surface changes 
the effective value of g and alters the natural frequencies of the 
fiuid in the tank. It also can be shown that variable normal ac- 
celerations may alter the amplitude of the wave motion. Ir 
particular, a periodic normal acceleration of the correct frequency 
may feed energy into an existing wave motion. This occurs 
through a nonlinear coupling, and the equivalent mechanical sys 
tem does not correctly represent the fluid to this order Such 
terms are not ordinarily considered in airplane dynamics 

Vonlir When the amplitude of the fuel motion is 
the effect of nonlinearity may become important. Th: 


earilies, 
large 
nonlinearity is associated with boundary conditions at the free 
surface, not with the Laplace equation, which is linear. The 
mathematical difficulties introduced by the nonlinear effects are 
too great to permit investigation here. The region of applicabil- 
ity of the linearized equations can best be determined by experi 
ment 

The effects of viscosity are small for unbaffled tanks 


If baffles were present this 


Viscosity 


of the size 


considered in aircraft. 


certainly would not be the se, since the actual flow pattern ca 
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be radically different from the potential flow pattern in such cases, 
and heavy damping may be introduced. For this reason it is 
of little interest to investigate the potential flow pattern where 
baffles are involved. The scope of the paper therefore is limited 
primarily to determining whether or not baffles may be necessary 
It is then possible to suggest locations where baffles might be 
found most effective. This is based entirely on the velocity dis- 
tribution in the unbaffled tank, it being assumed that the greatest 
energy dissipation would be produced by locating baffles in the 


regions of highest velocity 
CONCLUSIONS 


In many cases it is practicable to replace the fuel by spring-mass 


purposes of dynamic analysis. These spring 


systems for 
mass systems correctly represent the fuel even for angular mo 


tions of the tank. When many types of tank motion must be 
considered simultaneously 


come complicated, and possibly lose physical significance through 


these equivalent systems may be 


the necessity for negative moments of inertia 

It seems probable that masses corresponding to higher har 
monics of the fuel motion often may be neglected (or considered 
as fixed mass). This type of approximation is, of course, very 
important in simplifying calculations, and deserves further stucly 

When equivalent mechanical systems are introduced, any 
sired method may be used for solving the complete dynamics 
problem. Laplace transform methods may be used in conju 
tion with the mechanical systems or without reference to them 


In either case terms corresponding to higher harmonics prot y 


in be omitted 
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A Mathematical Analysis of the Relaxation 


Type of Vehicle Suspension 


By JOSEPH GALLAGHER! anv ENRICO VOLTERRA,’ CHICAGO, ILL 


The responses of the relaxation type of vehicle suspension 
to steady and transient disturbances are analyzed. The 
results are compared with the corresponding responses 
for the standard type of vehicle suspension. The re- 
laxation suspension system shows a definite improvement 
over the standard suspension system in the response to 
transient disturbances, as the initial shocks following a 
sudden wheel movement are reduced greatly. In the par- 
ticular case of critical adjustment of a relaxation sus- 
pension system the maximum amplitude of the transient 
vibration is approximately 30 per cent lower than that of 
the standard-type system at critical adjustment. The 
amplitude and phase-angle curves presented in the paper 
for the steady-state motion, together with the transient- 
state-response analysis, permit the design of a relaxation- 
type suspension system with known vibrational char- 
acteristics in both states. 

NOMENCLATURE 

The following nomenclature is used in the paper 

displacement of wheel 

displacement of vehicle 
displacement of damper piston 

(z: — 21) = relative displacement 
amplitude of motion of wheel 
amplitude of motion of vehicle 
amplitude of motion of damper piston 
spring constant of main spring 
relaxation spring constant 
coefficient of viscous damping 

mass of vehicle carried by one wheel 
time 

step function 

unit impulse 

unit doublet 

Laplace transformation 

transform of z(t) 

inverse transformation 

critical value of relaxation spring 
critical value of viscous damping 


. 


= relaxation factor 


= damping factor 


impedance transform 
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triple root of Z(s) 

real root of Z(s) 

real part of conjugate root 

imaginary part of conjugate root 

distance from wave crest 

velocity of vehicle 

wave length of road disturbance 

2m 
l 


phase angle between relative motion and road motion 


= frequency of road variation 


phase angle between steady vibration and road 


motion 


natural undamped frequency of vehicle 


@u 
rh 
373 — 
4 
V/ 8h 


INTRODUCTION 


In a recent paper by Bourcier de Carbon (1)? a new type of 


vehicle suspension, called the “relaxation type,” is described. It 
consists of a spring connected in parallel with a spring and a dash- 
pot connected in series. This new type of suspension presents 
considerable advantages in comparison with the standard type of 
suspension consisting of a spring connected in parallel with a dash- 
pot. 

The object of the paper is to present a mathematical study of 
this new type of suspension by analyzing its responses to steady 
and transient disturbances and by comparing the results with the 
corresponding responses for the standard type of suspension 
Curves giving the principal results of the analysis are presented. 

In an Appendix the responses of the standard type of vehicle 
suspension to transient disturbances are analyzed. By comparing 
the impulsive responses of the two systems, it appears that one of 
the chief advantages of the relaxation system over the standard 
type is that the former gives no instantaneous jump or displace- 
The sudden displacement of a 
vehicle with a standard suspension system is, in fact, due to the 


ment when an impulse is applied 


high instantaneous velocity of the damper piston relative to its 
cylinder. As a consequence, an instantaneous force is trans- 
mitted to the vehicle 
other hand, this sudden 


taneously to the vehicle owing to the presence of the relaxation 


In the case of the relaxation system, on the 
force cannot be transmitted instan- 
spring between dashpot and vehicle 

Aside from this obvious improvement of passenger comfort, 
the results of the analysis indicate that the maximum displace- 
ments for the relaxation ty pe are lower than for the standard type, 


+ Numbers in parentheses refer to the Bibliography at the end of the 
paper 
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in the particular case of a critically adjusted relaxation suspension 

system the maximum amplitude of transient vibration being ap- 

proximately 30 per cent lower than that of a critically adjusted 

standard type 





The steady state of the relaxation suspension system is also 
analyzed in the paper, on the usual assumption that the wheel of 
the vehi le is moving over a sinusoidal profile 
The analysis of the responses of the relaxation type of vehick 
suspension presented in this paper supplie * the data necessary for 
the design of relaxation type suspension systems with known vi- 
brational characteristics in both states 
for the co-ordinate z The system will be considered to be at 
TRANSIENT MOTION OF A RELAXATION SUSPENSION SysTemM rest at time? = 0. 


me Let the transforms of the co-ordinate x. and x, be 
Fig. | shows the model of a relaxation suspension system, The 


mass Mf represents the mass of the vehicle, k, the constant of the 
spring coupled in parallel with a system of a spring (of constant k 
in series with a dashpot (of constant ¢ In the following analysi 
the spring forces will be considered linear and the damping vi 


cous 
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= si(s 


dx(t) 
l 
dt 


or 


Applying the Laplace transformation to the differential Equations 
1] and making use of Equations [5] and [6 


ig. 2 shows the model of « standard type of suspension sys The differential Equations [4] are thus reduced to the algebrai 
m Equations |7| in the transforms %,(s) and &(s). From Equations 


rhe equation of motion for the mass V is r 


Z(s Vics? + 


| 
| 


whereas consideration of the forces acting on the damper pistor rhe a a eee, Ce ee 
whose mass is neglected, leads to ontour integration in the comple x plane The value of this con- 
drt our integral equals the sum of the residues of the function e**xo 
dt ’ 
| quation [8] it follows that the values of the residues of 
In studying the transient motion, the general method of impul tion will depend on the nature of the roots of the im 
sive response will be used. The response of the mass V will be lance function Z(s It will, therefore, be of interest to deter 
found when the co-ordinate x, performs a unit impulse, 1 ine how the parameters of the system affect these roots 
a displace ment which can be considered to be the limiting « ase OF 4 As far as the stability of the ensuing motion of the system is 
displacement of 1/R units acting for a time duration of R seconds oncerned, it is known (4, 5) that if the real parts of the roots of 
as R approaches zero. The response of the mass 1 to an arbi Equation [8| are negative, the system is dynamically stable. By 
trary displacement 2, of the wheel can be built up by superpositior Hurvitz’ criterion of stability (6) it is known that an algebrai 
f the responses to unit impulses equat vith real coefficients 


Let the co-ordinate z, perform the motion defined by 


] I 
t) = lim ~ Ut - U(t R [: 
ro LA R has all roots with negative real parts if, and only if, the n-de 
terminants of the polynomial Equation [9] are positive, provided 


(see Fig. 3 U(t) is a step function defined as zero for ¢ < 0 
that po > O 


(2) and unity fort >0. Substituting Equation [3] into Equations phe 
<a : The determinants for a polynomial of third degree are 
1} and [2 


+ kyre(t) + kort ker,(t) = kU(t) D, po; D, = P! P Ds = p 
Pa Pr 
adu'(t 


+ Karat dt From Equation [8] the polynomial is 


The Laplace transformation will be used for solving Equations Z(s) = Mcs? + Mkos? + clk 
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Comparing Equations [11] and [9], one gets for the coefficients 


Po = kikz; p 
Substituting the expressions given by Equations [12] in the 
terminants given by Equations [10] and expanding 
ckeM ; 


D, = eck D Dy = ckiM 13 


As py given by Equations [12] together with the values of the 


determinants given by Equations [13] are positive, the system ts 
dynamically stable 
f 


It is well known from the case of a simply damped system of one 
degree of freedom that the transition from periodic motion takes 


place when the discriminant of the impedance function equals 


zero. Then the impedance equation for the system has one double 
reot, 

In our case the values of the parameters which cause the im 
pedance transform Equation [11] to have one triple root are of in- 
terest. If the impedance transform is to have one triple root s = 
a, then 


jas? 3a? 14) 


must equal the impedance transform which, by dividing numera- 


tor and denominator of Equation |8] by Mc, becomes 


Ls 


By equating Equations 


The value of the triple root given by Equation [17] is 
19 


Substituting the value of a given by Equation [19] into Equations 


16] and [18], one is led to 


equating Equati 
22 


9 


Substituting Equation [22] into Equation [20] one obtains for ¢ 


The values of k, and c given by Equations [22 


those which cause the impedance transform given by Equation 
15] to have a triple root. The motion performed by the system is 
a transition between oscillatory and nonoscillatory conditions, 
and the corresponding values of k, and ¢ are known as “critical 


values” and will be designated by 


kr = 8k, [24] 
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Introducing the dimensionless ratios A and ¢ defined by 


and the natural undamped frequency of the mass M: w 


into Equation [8] for the transform 8s) equation 


is obtained 


The nature of the inverse function of rs) given by Equation 


27] and, therefore, the motion of the mass VW depends on whether 


hand ¢ are 1 From a practical point of view, the motion 


when A and ¢ are lis of interest and will be considered in the 


following analysis 


TRANSIENT Motion ror Crericat Abs USTMENTS OF PARAMETERS 


In this case the impedance function has one triple root defined 
When 4 8k, Equation [19 


by Equation [19 becomes 


28 


for the transform when A 1, becomes 


ition 


transform of these functions ivailable from 


lying the inverse transforms given by Equations [31] to Equa 


30), after some simplifications the following equation is ob 


d 
Dw 


As Equation [32] shows, the impulsive response of the relaxa 


tion suspension system in the case of critical adjustment of the 
parameters is a function only of the natural undamped frequency 
w@,, of the sy m. Fig. 4 gives the impulsive response calculated 
from Equation [32] for critical adjustment of the parameters 4 
andc. The is calculated for defle« 
hicle of 3,6, and 9%in. According to B.S. Cain (7 


railroad cars have been built with a static deflection of less than 6 


response a stati tion of the ve- 


good passenger 


in., but tests indicate that improvements can be obtained by in 


creasing the static deflection to about 12 in 


Fig. 5 gives the re- 
sponse of a critically adjusted standard suspension system for the 


same values of the static deflection. 
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PRANSIENT Motion ror Less THan Crirical, ADJUSTMENT OF 


PARAMETERS 


In the case in which / 


the transient motion is oscillatory, and Equation [15 
real root and two conjugate imaginary roots, 


nated by 


hese roots are obtained easily) 
Cardan’s method for given values of h, {, and wy. In this case 
transform %-(s) given by Equation [27] becomes 


Sh)s 


Expanding Equation [34], on 


and ¢ are less than their critical values, 
has one 


which wil! be desig- 


from the impedance transform by 
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rhe following inverse function can be found by means of partial 


fractions 


j 8 { 
lis + a)i(s + 5)? + pf 
5,~* sin (pt — 


p V (a — 6)? + p? 


where ¢ is given by Equation [37 
By using Equations [36] and [38] the inverse of Equation 


found to be 
B Aaje~®* 


+p] pr + p? 


15 sin(pl 


ip cos (pl 


B sin (pl 


ind Bb 


Equation 


ritten in the following form 


V (B 456)* + (Ap 


pv (a >)? p? 


e~* sin (pt 


= given by 


Equati 41} determines the impulsive response of a relaxa 
tion susp 
than the As Equation [41 
depends on the values of h, ¢ From Equation [41] Figs 
6 and 7 have been calculated. Fig 6 gives the impulsive response 
c/¢ = Land / ke/kee = 1,0.5 


0.25, 0.125, and for a statical deflection 3 in 


sion svstem for values of the parameters ky and c less 


critical values shows, the motion 


ind @y. 


of the relaxation system for ¢ 
(approximat ly 
standard railroad practice for passenger ca Fig. 7 gives the 
impulsive response for h ko/kee = 15 4 é = 1, 0.5, 0.25 
0.125, and for the same statical deflection 

For comparative purposes, Fig. 8 shov 


mpulsive response 


standard system for ¢ = c/c 0.5, 0.25, and for 


the same static deflection in Figs. 6 and 7 


Sreapy-Srate Motion oF A RELAXATION SUSPENSION SysTEM 


In the analysis of the steady-state motion of the relaxation sus 
pension system, we shall consider, as is common practice (8), that 
the vehicle is moving over a road having an approximately sinu- 


soidal profile given by the equation 
42) 


where / is the wave length and s the distance from a wave crest 
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(see Fig. 9). If the wheels are small enough so that the hub has 
the same harmonic displacement as the road surface, and if s = vt 
(v being the velocity of the vehicle), the motion of the hub (co- 
ordinate z,) may be written as 


a(t) = X, cos wt [43] 


where 


The equations governing the motion of the system are Equa- 
tions [1] and [2]. Equation [2] may be written as 

ke 2 

(Xs )= ( nu) + \ {44] 


r 


dt 


Integrating Equation [45] from 4 = 0 (instant at which the motion 
begins) and ¢ = ¢, one gets 


* [xe r ri(r)\dr 
By partial integration, quation [46] becomes 


x(t )|dr[47] 
dr 
Substituting Equation [47] into Equation [1], Equation [1] be- 
comes 
d*z,(t , 
Vu + ky[za(t) — 2,(0)] 
dt* 
a(r)|dr = 0 


Introducing into Equation [48] the relative displacement 


a—X 


d*x(t) 
f 


A 
dt* 


+ kur(t) + kee 


a [49] 


Replacing z(t) by the equation of the road profile, Equation [43], 
Equation [49] becomes 
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P _¥ .s dx(r i 
+ kKyx(l) + Ke é dr 
. Jo dr 


VMw'?X, cos wt 


Equation [50] is identical with the equation for forced vibrations 
of a single-degree-of-freedom hereditary system, in the case 
which the generalized force is sinusoidal (9 
Differentiating Equation 
dx(t lhe factor ® given by Equation [62] has previously been caleu 
Vv i + ¢ i ate 9) as a function of r for various values of the parameters @ 
dt} 
The amplitude of the forced vibration X; can be found from the 
Sos a . : 
1w'X, sin wt ‘ vector diagram shown in Fig. 10, when X,, X, and ¢ are kno 


By replacing in Equation [51] the expression in brackets by its 


equivalent expression 


radar rT 


Ir 


+ Mw?X, cos wt 
In fact, from Fig. 10 one has 


obtained from Equation [50], one finally obtains the equation 


Substituting into | quation [63 the « xpression for the relative 
d*x(t 1 x A 2 ‘ ri . rt amplitude XY given by Equation 60 the amplitude ol torced 
dt? { cM vibration X, of the vehicle becomes 


w*? X; cos wt w* X, sin wi 52] J V14 >)? + § 64 


ai The phase angle 8 between the motion of the hub of the whee 
Introducing the following notation into Equation [52 


} 


amplitude X,) and the forced vibration of the vehicle (amplitude 
k XY.) can be found from Fig. 10 to be 
>) -- 5 ! 

e 


equation [52] becomes 


d*rx(t Substituting for X and NX, the 
it? 60) and [64] Equation [65 
dt? 
= (w?X, cos wt w'X, sin wt. . [54 
Let us assume the particular solution (forced vibration) of Equa- 
tion [54] to be of the form 
The ratio between the amplit 


x(t X cos (wf . the amplitude of the disturbance 


ae 5 sented graphically in Figs 2 
Substituting Equation [55] into Equation graph » Figs. 11, 1 


equal to 0.1, 1, and 10, and for vy Y= V Shrar 
to 4. The values of the phase angle 8 (Equation 


for the same sets of values of 6 and ¥ in Figs. 14 


Appendix 


PRANSIENT RESPONSE OF STANDARD SUSPENSION SYSTEM 


Phe standard type of vehicle suspension is represented in Fig. 2 


equation of motion of the system is 


dro 


where h and ¢ are given by Equations [26] ) into Equations [56 
and [57], the expressions for the relative amplitude XY and phase Let the co-ordinate z; perform a unit impulse U’’(f) previousl 


angle ¢ become defined. Replacing the co-ordinate x, by U'(t), Equation [67] be 
{60} comes 
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If the system is supposed at rest when the impulse is applied, 


Laplace transform of Equation {68} is 
Vi s*®(e + css + ky 


Solving Equation [69] for the transform %,(s), one obtains 


Introducing the following no 


c. = 2Mon, 


nto kquation 


In the eriticall 


becomes 


The inverse of Equ ition [73] is readily found to be 


2 \¢ Ww; *e 


Equation [74] is the impulsive response of the standard suspen- 
sion system and was used to caiculate the curves for critical re- 


sponse of the system given in Fig. 5. 
In the case in which Cis Jess than 1 (¢ less than 2 M w, 
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where 


lo) 


Equation [77] gives the impulsive response of the standard sus- 





pension system for less than critical damping in the system and 
was used to calculate the curves given in Fig. 8. 
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Limit Design of a Full Reinforcement for a 


= 


Circular Cutout in a Uniform Slab 


By H. J. WEISS,? W. PRAGER,? anv P. G. HODGE 


A thin square slab with a central circular cutout rein- 
forced by a concentric ring is subjected to uniform ten- 
sions 7, and 7, on the exterior edges. It is desired to de- 
termine the dimensions of the reinforcement if the slab is 
not to collapse under any load which could be supported 
by a similar slab without any cutout or reinforcement. 
It is assumed that the slab and reinforcement are made of 
a perfectly plastic material which satisfies the Tresca yield 
criterion of maximum shearing stress, and that the dimen- 
sions of the reinforcement are such that it may reasona- 
Under 


assumptions, an upper bound on the necessary thickness 


bly be approximated by a curved beam. these 
of the reinforcement for any given radius is obtained. 
Certain practical limitations of the theory are discussed. 


STATEMENT OF PROBLEM 
ONSIDER first a uniform plane square slab of side 2d 
and thickness h, subjected to uniform tensions 7, and 7, 
At time ¢ = 0 let 7, and 7’, be suffi- 
ciently small so that the deformations in the slab are all very 


on its edges, Fig. 1. 


Then, let the tensions be slowly increased 
are A(t) 7, A(t) T, 
a monotonically increasing function and A(0) = 


small compared to 1. 
proportionally, so that at time ¢ they 
where X(t) is 
1. For some critical value of A, the deformations no longer will 
be considered small. It will, of course, be necessary to adopt 
some definite criterion of “small” deformations. Such a cri- 
terion might be that the total greatest extension of the slab be 
The resulting critical 


and will be 


less than some small constant times 2d. 
tensions will be called a “yield load” denoted by 
MiT,, AT,. 


Any load less than a yield load will be called a 
‘safe load 
Next, consider the same slab with a central circular cutout of 
radius a, Fig. 2. The material which has been cut out formerly 
participated in carrying the load on the slab. Therefore its re- 
moval will weaken the slab, so that the yield load will now be 
AT, AT, where A; < A;. 
Finally, let the cutout be 
of thickness 6, inner radius a, and total thickness H, Fig. 3 
H > h, this will have the effect of strengthening the cutout slab 


reinforced by a concentric annulus 


Since 


1 The results presented in this paper were obtained in the course 
of research conducted under Contract N7onr-35810 the 
Office of Naval Re h and Brown University 
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Fie. 2 Ptane Stas Wirn Cvrovur 


so that the critical tensions will now be A,7’,, As7',, where A, > 
Az 


The problem then is to determine the smallest value of H for 


utout slab will have the same critical ten- 
ub, ie., such that Ay = A,. 


a completely defined “physical 


which the reinforced 
sions as the original! =! 


The preceding problem is 
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proble m For a given slab of a given material, snd for a given 
tension ratio 7/7’, there will exist a unique answer which 
could, for example, be determined experimentally (1). How- 
ever, if general results are desired, such a procedure would be 
expensive and time-consuming Therefore it is desired to find 
some mathematical method which can be used to predict the 
correct value of H for a slab of a material with given properties 

Che solution of a physical problem by mathematical methods 
involves essentially three steps which shall be taken up in order 


in the succeeding sections. These steps are as follows: 


| The definition of a mathematical model which describes 
the salient features of the phy sical problem 

2 Manipulation of the components of the model in accord 
with the laws of mathematics 

} Interpretation and evaluation of the results in terms of the 
physical problem 

PREREQUISITES OF 4 MATHEMATICAL MopeE! 

he mathematical model of a physical problem consists of an 
idealization of the actual problem into well-defined mathematical 
components. Consider first the problem of the slab without a 
utout The actual physic al slab is three-dimensional and con- 
tains minor surface irregularities: the mathematical model will 
be «a two-dimensional plane square The physical tensions are 
wwplted through clamps of some sort which produce certain non- 
uniform stress distributions near the edges; the model has uni- 
orm tensions applied at the edges. The physical material is 
neither comple tely homoge neous nor isotropic and has a compli- 
ited stress-strain curve the model is taken to be homogeneous 
ind isotropic and some simplified stress-strain curve 1s as- 
sumed; and soon. The process of constructing a mathematical 


mode! is such a common one that it is often done unconsciously 


* Numbers in parentheses refer to the Bibliography at the end 
of the paper 

* A more complete discussion of the relation between the physical 
and mathematical approach to a problem will be found in many me 
chanics texts, for example (2 The present discussion is included 
because of the comparatively recent development of the theory of 
limit analysis, and the consequent uncertainty in the minds of many 
engineers as to value of the theory 
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Obviously, the solution of a problem with these simplifications 
will not be the precise solution of the original physical problem 
However, if the choice of model has been a good one, the results 

be nearly the same It follows that a successful mathematical 


nodel must satisfy two conditions simultaneously 


| The formulation must be sufficiently simple so that mathe 
1] results can be obtained 
The results must be sufficient curate for the purpose fo 
they are intended 


It mav be that there is no commer ground tor these two re 
juirements, i.e., that the most complicated mathematical prob 
lem which can be solved will vield physical results which are un- 
satisfactory In this case the theoretical engineer will try to 
upp more powerful mathematics to overcome his previous 
mathematical difficulties. The experimental engineer, on the 
other hand, will use the mathematical results so far obtained to 
design economical and informative experiments In either case 


the time spent in obtaining the first inadequate mathematical re 
} j 


sults has not been wasted 


MIATHEMATICAL MopeL ror THE PROBLEM 


It is convenient to consider the reinforced slab as consisting of 

1 evlindrical hub joined to the unreinforced slab, Fig. 4(a). At 
1 moderate distance from the hub the state of stress in the slab 
is approximately plane. Near the hub, however, the state of 
stress cannot subsist, and this hub itself cannot be in a state 


hus a solution of the problem so defined would 


ne stress 





live’ anpS 


require the consideration of three-dimensional stress distributions 
ind consequently would be rather difficult A cruder model is 
therefore proposed in which the hub is treated as a curved bean 
with rectangular cross section of depth 6 and width H while the 
slab is considered to be in a state of plane stress throughout Ir 
the elastic range this approximation has proved very success 
ful (3 Obviously, it will be satist \ ily if H/h is not too 
great, since otherwise the questior carrying 
hub will arise 

Next, the behavior of the material must be considered Most 
wctual materials have stress-strain curves of the type indicated 
in Fig. 5(a) or 5(6 The stress-strain curve for the mathematical 
model is given in Fig. 5(« The essential simplification is that 
the idealized (perfectly plastic) curve will tolerate even infinite 
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Thus 


ipproximation to Fig 


strains with no inere i tress above the yield stress 


the idealized curve ither poor 
Ha), but isonable one for Fig. 5(¢ pro 


ded that the 


appears t 


strains ’ a This proviso will not neces- 


sarily be enforced, so t il esults must be viewed with sus 


picion. However, on t isis of the argument in the pre 


section the present approa pears to be worth deve loping 


stress occurrit the ideal stress-strain diagram 


vield 


Fig. 5(c), must be limensional states stres 


STRESS-STRAIN CURVES 


rfe plastic materia 


wdopted and epi 
IBCDEF in Fi,. | Here 


plane of the prob!em, the 


The Tresca yield condition ere 


sented conveniently b the heX\agon 


g\, 0: are the principal stresses in the 


third principal stress norn » this plane being zero, and s is 
the vield stress in simple tensior Plane states of stress at the vield 


imit are represented by oints « the sides of the hexagor Ir 
particular, the vertex A repre >a state of uniaxial tension, the 


vertex B a state of biaxial lor und the 
1-F a state of pure shear 


center G of the sice 


MITION FOR PLANE 


Finally, the crite ‘ n detormations 
orporated into the original tensi 
such that the slat ig is evervwhere ’ 
of the vield hexagon, Fig. 6 


elastic; Le the 
point is everywhere in th ero! 


As A increases, plasti 


is on the yield hexagon, wil 


regions, i.e., regions where the stress point 


levelop At first the de 


formation 


of the material within these regions remains restricted by the 


material which is not capable of large de- 


surrounding elasti 
When the plast 


infinite 


formations regions extend entirely across the 


slab, however, large become 
The yield loads will be defined as the loads AT,, AT, for which 
possible For the plane 


deformations possible 


such large deformations first become 
slab, Fig. 1, plastic 
throughout the slab when A7’,, A7’, 


behavior obviously occurs instantaneouslh) 


orrespond to any point on the 


hexagon in Fig. 6 

In conclusion, then, the following mathematical problem is to 
A cylindrical hub of inner radius a, and thickness 
centered cutout of radius a + 6 in a 


The w hole is made of 4 


be solved. 
5 is rigidly attached to a 
square slab of thickness A and side 2d 


DESIGN, Fl 


LL REINFORCEMENT, CIRCULAR CUTOUT 


material satisfying the Tresca vield condition 


i the minimum he ight H of the 


perfectly 
It is desired to fin 
such that the 


vd within the hexagon of Fig. 6 


plasti 


evlindrical hub 


plate will not suffer infinite deformations under 


Limrr-Destun THororem 


to the problen mased on a limit-design theorem 


Phe sol 


recent! 


ition 


proved by Drucker, Greenberg, an 


rding to this theorem, a given system of lo 
lered as safe, an be found which (a) are in equilib 


bh) de 


applications of this theorem the cor 


if stresses 


given loads and nowhere reach the limits s« 


In the 


vith the 
eld criterion 
limits set 


wtually to reach the 


lered stresses mav be allowe« 
While the 


ystem of stresses of this type does not permit the conclusion that 


vy the vield criterion existence of an equilibriun 


the given loads are safe, it establishes the fact that safe loads can 
be obtained by reducing all given loads by a fixed, arbitraril) 


“mall percentage 


» CONDITION FoR Hus 


Yret 


Within the framework of beam theory, the state of stress at a 
generic cross section of a beam is specified by the stress result- 

that is, bending moment, axial force, and shear forces For 
solid cross sections, the she iring stress 
with the 
and will be 
Fig. 6, the 


interval from s to 


caused by the shear force 


ire negligible in comparison ixial stresses caused by 
bending moment and 


model By the ield condition, 


ixial force neglected in the 


f these 


This 


bending moments 


intensity o 
ixial stresses is restricted to the 
ondition imposes certain restrictions on the 
ind axial forces which the beam can support 
To find 
consider 


limiting combinations of bending moment and axial 


foree i fully plastic stress distribution of the typ. shown 


in Fig. 4(6 cross section is stressed to the yield limit 
in tension, the rest to the vield limit in compression Let y de 


the depth of the 
und let the 


part of the 


note the depth of the layer stressed in tension o 


iver stressed in compression, whichever is smaller, 


bending moments be computed about the center line The 


ibsolute values of bending moment V and the axial force N cor 
responding to such a fully plastic stress distribution are then given 


Mi = Hyd 


Hio 


tmination of between these quations leads to 


Hi M+ N *H% 


is the vield condition for the stress resultants In particular 
\ 0, the bending moment ts limited b 


Hé 


Hb 


defined iu nanner, the yield condition 


With My and \ 


written in the fort 


VW ) 
u 


1s rectangular co-ordinates, 


3} may be 


used 


M/My and N/No are 


domain of safe stre 


When 
Fig. 7, the 
parabolic arcs 

The loads which the 
sidered as safe if stress resultants M, N 


resultants is bounded by two 


slab transmits to the hub may be con- 


ean be found which (a) 
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are in equilibrium with these loads, and (b) do nowhere reach the 


limits set by the yield condition [6]. 


M/M, 


—™~. 
2" 





Ned 
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Sare Stress ResulTants 


Brax1aL TENSION 


he case of biaxial tension furnishes a particularly simple illus- 


tration of this approach. Here, an equilibrium distribution of 

stresses in the slab which do not violate the Tresca condition is 

obtained by assuming the slab to be in a uniform state of biaxial 

tension represented by the point B in Fig. 6. Under this assump- 

on, the slab transmits to the hub a uniformly distributed radial 

force hs per unit length of the circumference of radiusa + 6. This 
1 can be equilibrated in the hub by a constant axial force. 


N = (a + ddhs \7} 
Since this axial force must not exceed the value No of Equation 
5], the hub must be designed so that 


Hé = (a +56)h 


UNIAXIAL TENSION 


the case of uniaxial tension, it is not quite so easy to find 
s resultants in the hub which satisfy the conditions for the 


theorem. Here, an equilibrium distribution of 


tresses in the slab which do not violate the Tresca condition is 
ibtained by 


assuming the slab to be in a uniform state of uni- 

i] tension represented by the point A in Fig. 6. The stress 
esultants in the hub can then be determined from equilibrium 
onsiderations if the bending moment at the cross section 6 = 0 is 
cnown, Fig. 8. Indeed, the equilibrium of that portion of the 
system which lies, say, below the z-axis in Fig. 8, requires the 
qual axial forces at the cross sections 6 = 0 and @ = 7 to vanish 
» that the bending moment X is the only nonvanishing stress 
resultant at the cross section 6 = 0. 

In terms of this statically indeterminate quantity, the stress 
esultants M and N at a generic cross section @ are obtained by 
onsidering the equilibrium of the portion zOAB in Fig. 8. 
hinds 


One 


. sah(a + 6) sin? 6 [10] 


= sh(a + 6) sin? 0 [11] 


and 


With the use of Equations [4] 
can be written as follows 
M X a 


— F 


[10] and [11] 


+ 1) sin? 0 


5], Equations 
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N A a 
= + 1 sin? @ 
NX (5 ) " 


In view of the last of these equations, the first is equivalent to 


. (13) 


MX ..aN - 
a. ie ee ’ ; 


and the yield condition [6] assumes the form 


x a N ( N ) 
4-2 <1 
M, 5 Nel - No 


For the discussion of the Inequality [15], 


[15] 


the following facts 
are of importance: 
1 The ratios X/M, and N/N 


value 


cannot exceed 1 in absolute 
2 According to Equation [13], the ratio N/No is nonnegative 
< 6< 2/2 which 


ilone needs to be considered on account of the symmetry of the 


ind monotonically increasing in the interval 0 


problem 
3 According to Equation [12}, the ratio M/M, is monotoni- 
ly increasing in this interval so that the ratio X/M> must be 
negative if the bending moment is to be kept small at 6 = 7/2 
where the axial force assumes its maximum value 














Fic. 8 Uniaxtat TENSION 

To discuss the Inequality [15], plot each side as a function of 
N/No. The parabola in Fig. 9 represents the right-hand side of 
Inequality [15]; the line representing the left-hand side depends 
on the values of a/5 and X/Mp». For instance, the line A-B-C 
corresponds to the values a/6 = 1, X/My = —0.75. 
the highest value of N/No for which Inequality [15] remains 
satisfied is given by the abscissa of the point C. According to 
Equation [13], this maximum value of N/N» equals (h/H) 
[(a/d) 1] and is assumed at 8 = 7/2. Since the line A-B-C 
is based on a specific value of a/6, the abscissa of the point C fur- 
nishes a compatible value of h/H. If H is to be kept as small as 

ssible for the given a, h, and the assumed 4, the ratio h/H and 
hence the abscissa of C should be maximized. This is accom- 
plished by replacing the line A-B-C by the line A’-B’-C’, i.e., by 
choosing X/My) = —1. 

Not for all values of a/6, however, does the choice X¥/M, 


In this case, 
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Fie. 9 Discussion of Inequauity [15] 


1 lead to the most favorable design. The line A’-D’ in Fig 
9 corresponds to the values a/6 = '/,, X/My = a 
0.5 as the largest value of N/N» for which Inequality [15] re- 


The line A*-D’, on the other hand, corresponds 
0.5, and yields 1.0 as 


and vields 


mains satisfied 
to the same value of a/d but to X¥/M, = 
the largest admissible value of N/No. 

Obviously, the line A’-D” in Fig. 9, which corresponds to a/6 = 
'/,, X/M, = —1 represents the border-line case separating these 
two manners of choosing X /Mo. 

When a/é >! My, = 1. The largest 
simissible N/No is then found by substituting this value of 
Y /M, into Inequality [15] and using the equality sign 


one must choose X 


N 1 ( a y a 17 
No _ S \ é ‘“ ‘ 
. 


Equating this to the value of N/No obtained by setting sin 
# = 1 in Equation [13], and solving for H/h, one finds that 


H 1 + (6/a j 
= for — <2 {18 
h Vv ll + 1 


oth i..vaat 
2(0/a . a 


On the other hand, when 6/a > 2, the discussion based on Fig 
9 shows that the maximum value of N/N> can be made to equal 

1 by a suitable choice of X/M,; thus 
H 1 + (6/a) 6 . , 
- for 2 2 [19] 

h 0/a a 

10 shows H/h versus 6/a according to 
the dotted line corresponds to Equa- 


The full line in Fig 
Equations [18] and [19]; 
tion [9]. It is seen that a reinforcement which is safe for uni- 
axial tension is also safe for biaxial tension. 

Oruer Cases or LoapING 


The points on and inside the hexagon in Fig. 6 represent 


DESIGN, FULL 


REINFORCEMENT, CIRCULAR CUTOUT 


10 Dimensions or Sare ReEiInroRceMENTS 


states of loading for a uniform slab without cutout. From the 
symmetry of the hexagon with respect to the origin and from its 
convexity the following results are obtained 

(a) If T,, _ load, then Ts 
load.” 

6) Tf, 

wT", wT,’ +1 
It is readily seen that any safe state of loading can be obtained 


is a safe T, is also a safe 


and 7',”, 7,” are each safe loads, then u7’,’ 
u)T,” is a safe load for any 0< w< 1 


from the stress-free state (the origin in Fig. 6), the state of uni- 
axial tension (points A or C in Fig. 6), and the state of biaxial 
tension (point B in Fig. 6), by means of the operations indicated 


under (a) and (b Since the domain of safe stress resultants for 


the hub, Fig. 7, is also convex and symmetric with respect to the 
origin, it follows that a reinforcement which is safe when the slab 
is stressed to its capacity in uniaxial tension and in biaxial ten- 
sion, will also be safe when the slab is stressed to its capacity in 
any other manner Thus the reinforcement designed according 
to the full line in Fig. 10 restores the vield strength of the slab 
with cutout to the full value of the 


for any type of loading represented by a point on the hexagon in 


uniform slab without cutout 
Fig. 6 
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7 The possibility of buckling is not considered in the mathematical 
model, and must be discussed separately in relation to the physical 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 


The Frequency of Vibration of Rectangular 
Isotropic Plates 
By R S. HEARMON,' PRINCES RISBOROUGH, AYLESBURY, BUCKS, ENGLAND 


The object of the present paper is to collect the theo- le, and the frequencies have to be estimated by an approximate 


retical estimates available for calculating the frequency of rocedure, 
vibration of rectangular isotropic plates subjected to ileulated the frequencies of a square plate with all edges free 


usually that of Rayleigh-Ritz (1 Ritz himself (3 


various boundary conditions. ip to the 35th mode, and his results have been compared with 
xperiment by Waller (4 The values obtained by the approxi- 


NOMENCLATURE mate procedure 
Poisson's ratio, and the extent of this dependence for the square 


depend somewhat on the value assumed for 


Phe following nomenclature is used in the paper 
with all edges free is discussed by Waller. Ritz assumed 


o lengths of sides of plate j 0.225 in his calculations, but the value assumed by the other 


D = Eh*/12(1 Z vorkers quoted in the present paper is vy = 0.3 

h Young’s modulus of elasticity In 1938, Iguchi (5) summarized and extended his earlier work 
Irequency of vibration nan important paper which has been overlooked in recent dis- 

plate thickness Sie Iguc hi calculated the fundamental frequencies tor 

w/V D/pha’ = wa? M/D \ ) ! 3, © and f the 

w/V D/phb* wh?Y M/D ( I 

ph = mass per unit area of plate material 

support 


positive integers 


a/b 


skew angle (see Table 4 1th ' 
. 1 i ited the frequencies of the modes of a uar 

density of plate material 1u j € 
plate up to tl t or edge conditions (a), to the 18th for edge 


Poisson's ratio of plate material 
- it ic 1 to the 6th for edge conditions 
2xf = angular frequency " , a ‘ 
or itly, Young (6) independently calculated the frequen- 


imped square plate up to the 6th 


A 
I 


SOLVING THE DirrERENTIAL EQuaTion 
‘ . following edge conditions 
The differential equation to be solved, and the mathematica eit Lice ; 
expressions for the boundary conditions are discussed by Timo- re my remainder free (cantilever plate 
shenko (1),? who gives the exact solution for a plate with all edges iped, remainder free 
simply suy rted as : 
ny Ipporte in rton | x ided Young's calculations for the canti- 


t { 2 ri so has given é 
watt/ M/D rm? + rin? v i values o oO 1, 2, 5, and also has giv th 
r nel f the first two modes of the rhombus-sh ape d canti- 


\ solution also has been given by Voigt (2) for a plate with two ey pl skew cantilever plate Barton has compared his 
opposite edges simply supported and the other two free, but this solutions with experimental values, and finds good agreement 
solution does not appear to have been evaluated numerically the experimental values, however, being, as expected, lower than 
Apart from these two treatments, exact solutions are not avail- the calculated values. It also appears that the agreement be- 

Officer Chaves. i a i it on es poorer for the skew cantilever plate as the departure from 
Laborator the square shape becomes more pronounced 


Numbers in parentheses refer to the Bibliography at the end of 


the paper 
Discussion of this paper should be addressed to the Secretary NUMERICAL RESULTS 
SM 9 West 39th Street » or J c l be accepte : , . 
co ee 10 108 ren ven York, N ; wg tong * cepted Che available numerical results are summarized in Tables | to 4 
un ctober 952, for publication at a later date iscussion P 
received after the closing date will be returned The diagrams in these tables give the edge conditions, using the 
Nortr Statements and opinions advanced in papers are 
understood as individual expressions of their authors, and not those of The quantity entered in Tables 1.3, and 4 isk = war/ VW /Dand 
the Society Manuscript received b ASME Applied Mechanics ! - ; re P " 
2 is either k, or / = wl? VY M/D 


ibbreviations F = free, S = simply supported, and C = clamped 


Division, September 20, 1951 Ritz actually cal- 
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TABLE 1 FO eS OF A SQUARE PLATI + k& FOR MODES OF RECTANGULAR CANTILEVER 
PLATES (BARTON 





age Number 
font: ons Pathonty i 1 + 
__) cana GP Ge 








cr 
Fr Fl | Young | 8-547 | 21-44] 27-46] 31-17 


ae 














a+ 





t | Mode Number 
¥ . lo | a 
ung 6-958 | 24-08 | 26-60 +805 6314) 1 2 i 4 ] + Ts 
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3508] 5372 | 21-96] 10 26] 2465 
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3-472) 14-93 | 21-61) 9449| +8 1} 
| 
s-+30] 34-73 21:52| 5639] 105.9| 


2365 | 5168 | 5865 | 86.13 1003 | $ k FOR MODES OF SKEW CANTILEVER PLATES 
} BARTON 
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5| 5475 | 6932 | 94-59] 1022 | 4 
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} 
at ae 
wea] i 


| 7340 | 108-2 1322 





7341 | 1083 | 13316) | 132-3 
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. 
TABLE 2 FOR FUNDAMENTAL MODE OF REC 30° 45 
NGULAR PLATES (IGUCHI 7 ' 

3-96 462 





ba} +0] 1-5] 2-0] 25] 3-0] 

















10-19 13-75 








19-74| 1426] 12-34] 11-45 10-97] 9 87 
+0] 15 | 20] 25] 3-0] 09 





corresponds with a given pattern of nodal lines; for example, the 
23-65 | 16 -90) 17 hel 63 1636) 15-43 first mode has a single nodal line along the clamped edge, and 








b| 10] 151 2-0] 2-5 | 3-0 | , on} the second mode has two nodal lines, one along the clamped edge 
and the other perpendicular to it, bisecting the rectangle The 
12365] 15:57] 12-92] at it! 967 
—_ + sap 
o;4 
| 





frequencies of these modes vary differently with a/b; the first 
5 3 "ol os ind third decrease slight with increasing a/b, whereas the fre 
quencies of the other modes increase, and for this reason the pro 

| 23 27 2-93) 22-37] 1 I 
gression of & with mode numb < irregular for values of a/b 


- other than | 
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culated® A 16: Iguehi caleulated &/ar?, and their results 


ih ne enks 
have been converted according! Values of & for simply sup- 300 “dition ’ yt 1 Company In New York, N. ¥ 
ported plates, calculated from Equation [1], have been included in 

Bemerkung zu det roblet ler transversalen Schwingunges 
~“ rechteckiger Platter ) Gottinge Vachrichten, 1893, p 

The agreement between the calculations of Iguchi and Young 295 

for the clamped square plate is very close, but it appears that 3 Theorie der Transversalschwingunget 
Iguchi missed the mode for which Young found k = 131.6 Platten mit freien Riinder . tits, Annale 
zig, vol. 28, 1909, p. 737 
: $ The Vibrations o ree S« » Plate 
references to papers dealing with the convergence and accuracy Vibrating Modes ‘ 


of the method are quoted by Young (6 Weinstein (8) later 


Tables 1 and 2 for comparison with the remaining results 


The Ritz procedure gives upper limits to the frequencies, and 
weedings 
pointed out that it is also possible to calculate lower limits to the . pavernpren 
Platte Iguchi, Met 


. Hokkaido Imperial Universit vol. 4, 1938, 1 
sults. For the first ten modes of a clamped square plate, he states ration of Rectangular Plates by tl ti Meth 


frequencies, and in this way to estimate the accuracy of the re- 


that the errors range from 0 4 to 6.1 per cent mung, Jo wv Ap ep Mecnantcs, Trans. ASMI 
It is worthy of note that when, as in Table 3, the modes are 


: Vibration of Rectangular and Skew Cantilever Plates b 
numbered in order of ascending frequency for the square plate M. V. Barton, Jovenat or Appurep Mecnanics, Trans. ASMI 
(a/b = 1), the frequencies do not always ascend with increasing vol. 73, June, 1951, p. 129 
mode number for other values of a/b. Each mode in Table 3 8 “Vibration of Rectangular Plates by the Ritz Method,” | 

Dana Young, discussion b A. Weinstein, Jownnat or Apptit 
3 It should be noted that the 4 in the denominator of the Ritz Mecnanics. Trans. ASME, vol. 73, June, 1951, p. 229 
equation [56] is in error; it should be 2x 
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Brief Notes 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


An Exact Solution fora Rectangular- 
Plate Problem 
By J. G. SUTHERLAND,' URBANA, ILL 
1 be problem considered is that of an interior panel of a plate 


which is continuous over a rectangular grid of flexible beams 
supported at their intersections by columns. If parallel 
beams are of equal stiffness and are equally spaced, and if the 
lateral load is uniformly distributed over the whole plate, the 
bending in all interior panels may be assumed to be identical 
Under these conditions only one interior panel need be considered 
From symmetry, the slope of the deflection surface at a panel 
boundary in the direction of the normal to the boundary must 
be zero, and the shearing force in the plate at the boundary 
must be equal to one half of the pressure on the supporting beam. 
For co-ordinate axes directed along the beams, these considera- 


tions lead to the following boundary conditions 


(0w/dxr)seo = (Ow/dy),3 = 0 


x O*w 
) 
. Or Oy? Jrme 


O*w 
) 
Or? Oy Jy 


where 


w = lateral deflection of plate 

1 Research Assistant in Civil Engineering, University of Illinois. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1952, for publication at a later date. 
received after the closing date will be returned. 

Note Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors, and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
April 24, 1952 
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= EI,/aD = 
each of beams parallel to z-axis 
El,/bD = 
each of beams parallel to y-axis 


» oo 


ratio of beam rigidity to plate rigidity for 


ratio of beam rigidity to plate rigidity for 


=a ratio of panel length (along z-axis) to panel 
width (along y-axis) 


= Poisson’s ratio 


n addition to the foregoing boundary conditions, the deflection 
function w must be zero over the columns, and must satisfy the 
differential equation 


VV? w = 4/D 


where 
q = intensity of uniform load on plate 


It is easily verified that all of the requirements mentioned are 
the deflection function 


satished by 


for cases in which 


Although this solution is limited in generality by virtue of Equa 


tion [5], it is felt that it is of interest in view of the limited num 
ber of exact solutions available in closed form 

The foregoing solution can be generalized for cases in which the 
uniformly loaded panel is restrained or loaded by any moments 
In these cases, how 
As. 
a there is a re- 
(Ow/dr), 
and similarly for the boundaries y = 0 and y = 


which are uniform along its boundaries 
ever, the solutions are exact only if Poisson's ratio is zero. 
suming that on the boundaries z = 0 and z 
straining moment given by M,; = C, 6, where #, = 

(OwW/ OF )rma, 


,M,=C 


6,, we have then 


w l 


= ~ (a*x — 2az* + z* : 
24(1 +cA,) + 2D/aC,; 


[« R by? ‘ by (b—y 
~ | (0°y — Zoy* + y*) — 6 
+ A,/e 1 + 2D/bC; 


Like Equation [4], this expression is limited to cases for which 
A, A, = 1. It should be noted that A, and J, are still defined ir 
terms of the moment of inertia of a beam which was assumed to 
If the stiff- 
this expression re- 


qd D 


support boundaries of two similar adjacent panels. 
ness constants C; and C, become very large, 
duces to that given by Equation [4]. When C,; and C; are very 
small, the solution is that for a plate which is not continuous over 
the beams, that is, for the case in which there is no bending 
moment in the plate along the panel boundaries. 

The foregoing solutions were obtained originally from the ap 
plication of an energy method to the more general case of a plate 
continuous over flexible beams. The results of this latter investi- 


gation will be included in the author’s doctoral dissertation. 








Discussion 


‘ . . . . 
Supersonic Flow With Variable 
Specific Heat’ 

H. H. Korst.* The author treats the case of an oblique plane 
shock based upon the classical fundamental equations (assump- 
tions 4 through 7 in the author’s paper) for a semiperfect gas 
that satisfies the state equation p = pgRT (assumptions 1 through 
3) but has variable specifie heat. He derives correction coeffi- 
cients for the principal thermodynamic properties and the normal 
component of the Mach number to take care of deviations from 
results as they are usually presented under the assumption of con- 
As the influence of the temperature level 
becomes significant, a universal dimensionless presentation of the 


stant specific heats. 
results is no longer possible. This application of variable specific 
heats to the conventional treatment of plane shock constitutes an 
The author has 
brought out the significance of this factor in the range of condi- 


interesting refinement in this type of analysis. 


tions covered by the paper 

It might be worth mentioning that the author’s computations 
utilized for the 
specific heat on the geometrical configuration of the shock 


the influence of variable 
The 


as it results from the continuity 


can be discussion of 


vector diagram of the vel 


ocities, 


FOR M,= 6.00 


7, = 500°R 


Variable specific heat 


Constent specitic heat 


Fic. 1 Sock Potar Diacram 


equation and the m quation, vields the fe 


known relations 


Ma = M, 


cos o tan (¢ 


shock nd & the deflection angle, so that 


where ¢o is the i 
M,, and M, can be elir 


andv?. One obtains f 


1 and replaced by the variables o 


specific heat 


tan (o@ — #), = T:/T. os aM 


and for variable specific heat 


A(M, 


A(M,:) and A(T;/T; 


tan (o — #), = tan (o — 0 


The correction factor are defined in the 


March, 1952, 
ASME, vol. 74 
University of 


Durham, published in the issue of the 
Apptiep Mecuantics, Trans 


Mechanical Engineering 


i By F. P 
JOURNAL OF 
3 Professor of 


Urbana, Il 


pp 57-62. 


Illinois, 


author's paper. Shock polarsd = &(¢,M,, 7) can be computed 
for different values of the parameters M, and 7). Fig. 1 of this 
discussion gives evidence of the change in the shock configuration 
for air of a free-stream temperature of 7, = 500 R, and M, = 6.0 
due to variable specific heat as compared with the idealized case 
of constant specific heat. While relatively little difference exists 
for weak shocks with small deflection angles, the limiting wedge 
angle is considerably larger in the case with variable specific heat 
The limits for a regular shock reflection consequently are shifted 


Linear Bending Theory of Isotropic 
Sandwich Plates by an Order- 
of-Magnitude Analysis’ 

B.A. Les 


the constancy of the direction cosines along its length of a line 
initially normal to the undisturbed plate surfaces implies that 


In presenting this paper the author stated that 


plane sections remain plane. This is certainly too stringent a 


generated by 
in general, will become ruled 


that, in 


Plane sections comprising planes 


the undeformed surface 


deduc tion 
normals t« 


surfaces, and one cannot even put on the restriction 


general, they will he developabk 


AuTHOR’s ( URE 


The stateme 1 sense 
customarily employ ed 


su *h the 


it referred to by Professor Lee was used in 
discussing the characteristics of sand 
wich plates \ deduction does not appear to be too 


stringent 


Bending of Honeycombs and of 
Perforated Plates' 


is virtually 


Brief Note” 
paper by the 


I. Mavxin.? The author's anew ver 


ments or 4 previous 


| writer? In 


his col 
plified computation of the 

»v the writer for the case of a 
2 in the following 


tants /,., represent the fictitious 


tropic pl ite, but no justifi- 


jem ol 


first « 


of the equivalent isotropic 


onsidered the prol 


weurate it narrows unjustifiedly 


reduction of the bending prob- 
to the problem of an isotropic plate in 


f the corresponding fictitious elastic 


1 By George Gerard, published in the March, 1952 
JouRNAL or Apptieo Mecuanics, Trans. ASME, vol. 74, py si 
? Professor of Applied Mathe ati Graduate Division of Applied 
Mathen «, Brown University, Providence, R.I Mem. ASMI 
1 By G. Horvay, publi the March, 1952, issue of the Journat 
or Apptiep Mecuanics, Trans. ASME, vol. 74, pp. 122-123 
?Standards and Design Engineer, Foster Wheeler ¢ 
New York, N. ¥ 
§ “Notes on a 
Triangular Layout 


issue 


shed u 
orporation 


for the Design of Tube Sheets of 


April, 1952. pp. 387-396 


al Basis 
ASME. vol. 74 


Theoretic 
” Trans 
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constants. This work was done by the writer in March, 1946 
is can be proved from the files of his company 

3 The author speaks of an “unfortunate slip” in the writer's 
derivations; the writer could not find any slips in his calculations 
ind he maintains that his formulas are correct 

4 Neither of the two constants computed by the author agrees 
with the corresponding constants derived by the writer 

5 The problem of the plate and that of the grid in bending 
require consideration of bending and twisting stresses, but in 
Mr. Horvay's Fig. 2, he introduces into his beam element 01 a 
bending moment only, without justifying the omission of the 
torque 

6 He emphasizes convenience of derivation of formulas 
the mai thing 1s, however, not the convenience of derivation 
but reliability of the results, which, in turn, calls for services of a 
eliable guide (the Hamiltonian principle 

7 A serious inaccuracy occurs at the very beginning of the 
tuthor’s Note a where he says that the hexagonal grid ‘“‘can be 
treated in bending calculations as an isotropL solid plate, and 
so on. The correct definition of the reduction of the hexagona 
grid to the isotropic plate in bending is given in the lines betwee 
the Equations [16] and [17 18] in the writer’s paper The 
equivalence between grid and plate is valid only in so far as the 
determination of the deflection is concerned, but not for the 
remainder of the bending « ilculations \ noncritical reader may 
conclude from the author’s Note the possibility of figuring the 
stresses in a perforated plate in the same manner as in a solid 
plate f only some fictitious elastic constants are bei ig used 
which is entirely incorrect In this connection the writer con 
siders it most appropriate to ¢ ill attention to the fact that cor 
rect stress calculations in tube sheets (and adjacent elements 
mn the basis of his previous work* have been carried out by hin 
in two further papers, “Stress Analysis of a Tubular Air Heater 
and “Stress Analysis of a Pressure Vessel Tube Chamber”; th 
easons for their not being published vet cannot be discussed 
here 

\cTHOR’s CLOSURE 

Phe author is indebted to Mr. Malkin for the stimulating di 
cussion and his keen interest in the paper. Mr. Malkin and the 
tuthor agree in claiming equivalence between hexagona! gri lwork 
ind solid plate Since the end results differ— Malkin’s equ 


plate constants can be written in the form 


BEAR 


one of the two analyses must be incorrect In the above 


( GJ AB 
B kl E( 2hH*/12 2a. 1,E 
denote torsional and be nding stiffness, re sper tively, of a ligament 
such as O1 in Fig. 1), and /, is ihe moment of inertia (per inch) of 
a solid plate of height H 
Malkin leads off his derivat Vv writing the strain energy of 


heam O1 in Fig. | in the form 


where « 6 tre curvature and twist Then he obtains (2, 
for beams 02, 03, expresses their respective curvatures in terms of 


ally compares the resultant energy 


IL 16 AK)B 
+ 4x,” JA+kK 


with the energy 


) 3LRH® E’/24(1 
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KK bo 


i solid plate, of area 22 & 31/2, which incurs the curvatures 


Keys Ky By choosing 


uation [1], equality of 


ished 


Fia. 3 


he author, on the ot! 


gridwork in Fig. 1 under 


VW 


WV 


the solid plate constants yw’, EF’ as in 


the two expressions 5] and [6] is estab 


ays 


ver hand, considers the behavior of the 


ition of edge moments M.. M,, VW, 


9 * 


per inch. He determines, by means of Figs. 2(a 


bending moments and 


2RM, 


ig a) the arrow 
$ should point up 


torques 


2RM 


RM,, 


or V3 RM,, acting 





‘ 


which act on the three b« 


! 
ling 


dtw 


responding ben ul 


ra V 
By using the definitions 
respect to z axis betwee 
change in deflection angk 
and III per distance 2R 
respect to y axis between 


K = change in deflection 
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ury 
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On the Direction ot Fatigue Cracks 
in Polycrystalline Ingot Lron' 


Rk. E. Pererson.? The crack behavior discussed in thi- 
paper, in the writer’s opinion, would be applicable to conditions 
existing during the initial stage of crack development. As is 
well known, slip lines form in accordance with maximum resolved 
shear stress;? these lines broaden under repeated stress and 
finally develop into cracks which are the source of the gross crack 
The region of initial 
failure in a low-carbon steel is shown in Fig. 1* of this discussion 
The angles which the slip lines make with a line perpendicular t 
the tension-compression direction should be within the region of 


which later spreads across the section 


approximately +45 deg, since the slip lines represent traces of 


+ 


planes approximately tangent to a 45-deg cone. We see fron 


angk za nd cons ently, 1« 
author, the ubout a lit 
ft interest t 
bout 30,000 
in this case,* before the sliy ! ‘ visibl t 340X, and 


consider \ y rf les. about 550.000 cles in tl 


| to the tension-compr ik lireetion t is ¢ 


norm: 


note t t re number require 


case, unti 


1 By F 
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54-56. 

? Manager 
inghouse EF] 

*'Crystall 
pecially by | 
vol. 33, part 2, 

4 Discussion of 


Mecuanics, Trans 
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Che point which the writer is leading up to is that there appear 

to be two different processes involved in the formation of a gross 
itigue crack. The one, 
the develoy ment of shear cracks in a relatively small number of 


described in the foregoing, has to do with 


grains located at the most highly stressed region 

erack across the section 
“notched” (cracked 
through the grains as 


Another involves the spread of the 
ire dealing essentially with a 


The crack apex travels rapidh 


Here we 
specimen 
the crack opens and closes in re sponse to tension-compressior 


1 As seen under a micros ope, the region about the crack 
upex becomes grayish In appearance, ¢ vidently due to general 
plastic flow, but with no sharp slip lines of the kind shown in Fig. 1. 
\s mentioned, such sharp lines require considerable cycling 
time), which is not attained due to the rapid crack progress 
Sections taken through a crack tend in many cases to show, at 
some depth, a nearly straight crack, which appears to be governes 
Incidentally, it may bx 


the tensile stress, Fig. 2, herewith 


— 
I 
“ne 
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Pad 
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possihi 
would be 


+} author 


some WM , but " 
Perhaps the author | 
ittle attention 
propagation It 
further work in 


*“Handbook of Experimental Stress 


ns. Inc.. New York. N. Y.. 1950, footr 





DISCUSSION 


AuTHoR’s CLOSURE 


Mr. Peterson’s micrograph of a fatigue crack in Discalloy is 
very interesting, for it points out that the author’s theory does not 
account for the facts in all materials. The author 
whether the difference between Mr. Peterson's two micrographs 
may not be due to the difference in material as well as, or pos- 
The ex- 


wonders 


sibly instead of, being due to the stage of crack growth 
perimental data of the paper were based on the center 90 deg of 
the main crack of each specimen and hence include developments 
at a fairly late stage. If the cracks tend to straighten out at a 
later stage, that could explain the fact that the cracks might be a 
little more nearly perpendicular to the axis than predicted by the 
theory. The author regrets that the specimens are not available 
for studying the crack directions over varying lengths and at 
various depths, as Mr. Peterson suggests 

As for the possible effect of plastic behavior on crack direction, 
one is inclined to turn to the theory of plasticity for some treat- 
ment of a thin cavity in a generally elastic solid. Such problems 
have not been treated, however, and the author has been in- 
formed that they are considered quite difficult 


A Contribution to the Theory of the 
Development and Stability of 


Detonation in Gases’ 


It might be of interest to 
study of this problem carried on somewhat 
qualitatively in the spring of 1922. An outline thereof 


published later by the As the assumptions, then used to 


Epwakp Apams RIcHARDSON.? 
learn of a much earlier 
was 
writer 

correlate the data in some six 


later 


papers which were highly conflict- 


ing (in appearance), wer used, apparently independently 


by anothe ?. and more broadly,‘ they should be of interest 


1 


Two assumptions were made: (a) The phenomena of chemi- 


cal reactions in gases must be governed by laws of ,the distri- 


bution of particle velocities such as those underlying the kinetic 


theory of gases b Dissociation of a particle must be regarded 


as a quantumlike process, since if the maximum energy absorba- 


s less than the minimum energy to dissociate, 
the 


en collision than that 


ble on collision 


according to any one of n possible ways ollision is elastic; 


if the energy is greater required 

for the kth wa util t ni he t vay, dissociation will 

be by the &tl 
Now, for 

velocity n 

the first 

of a given 

A very I ty, multiplied by 


*verv ir quent occurT 


curve of particle 
1 curve, lines can be drawn at 


dissociation, and the probability 
being possible must be calcu- 


lated. the number of colli- 


sions per seco! nces 
If the 


order reactior 


frequet ugh, at least first- 
nto unreacted 
y ] } ' , j he f re ‘ P 
gases tends to be govern speed | ore of reaction and 


If by 


me front increases, then a re-evalua- 


the density of energy li le possible iny Means 
the temperature ahead of 


tion of probabilities becomes necessary The curve of probabili- 


ed in the Mar issue of 
ASMI ) pp. 63-71. 
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me 


ties has the same general shape as before, but the most probable 
velocity is now appreciably higher; hence the area under the curve 
between, say, the second order and infinity becomes enough to 
produce substan‘ially second-order reaction. If this corresponds 
to a greater rate of energy liberation per unit of volume when 
taken with the rate of first-order reaction, the flame front can 
speed up 

A flame front is a thin region in which dissociation and reac- 
tion are occurring, with a preponderance of energy in the direc- 
tion co-ordinate paralleling travel, with particles of high velocity 
being shot into the region ahead, which if sufficiently numerous 
The 


particle velocities are too few, so the “fires” they start cannot be 


produce sufficient energy to maintain the motion higher 


maintained, the steady motion being governed by a balance be- 
tween dissociation and heat liberation adequate to maintain the 


work of dissociation at flame-front velocities. It is a kinetic 


equilibrium, 
one of ither by 


Now, temperatures may rise in two ways; 


reactions behind the flame front expanding the gases there behind 
and increasing the flame-front 
likely by the reflection of the shock waves setting up pressures 
the f 


Nothing of moment occurs unti 


velocity and energy, or mor 


and temperatures which suddenly increase at meeting 0 


flame front and shock wave 


1 temperature level suddenly brings into substantial importance 


1 new order of reaction, accompanied by much larger rates of 
If such occurs, the rate of flame acceleratior 


energy liberation 


ase of detonation that the 


But no matter 


becomes large—so large in the jump 


in velocity appears almost instantaneous how 


large the velocity, the tendency to a kinetic balance of dissocia 
tion and energy liberation will always be associated with sub 
stantial constancy of velocity of the flame front or of the detona 
tion wave, and that velocity will be less than the highest probabk 


velocities, greater than the particle velocity for the next low 
state of dissociation 

At the time 
tively in accounting for the slowing of the detonation wave in a 


tube 


this qualitative explanation was tested quantita- 


ature by 
the 


tube when the gases in the were raised in temper 


small amounts, an effect observed, but not accounted for 
literature of the time 

The explanation herein given is not necessarily opposed to the 
It does tend, I think, to clarify 


Obviouslv, a detonation wave 


author’s analysis the physical 


processes involved tends to have 
a higher velocity than sound; hence no other shock wave can pre 
cede the detonation wave. The physical picture in the foregoing 
is more general than the concept of two discontinuities 
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ience he lost interest ir 


confirmed 
further 


Several Approximate Analyses of the 
Bending of a Rectangular Cantilever 
Plate by Uniform Normal Pressure 


F. S. Suaw.? The author is to be commended for his work 


since, in those cases where exact solutions are not 


yarisons of this nature are extremely useful 
are should be taken in evaluating the comparisons 
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'o obtain reasonable accuracy with a straightforward use 


of finite-difference approximations to derivatives, it is usually 


found that rather more mesh points are desirable than have been 


used bw the autho 


Again, when using collocation methods for satisfaction of 


boundary conditions, i.e., satisfaction of such conditions at a 


small finite number of points on the boundary, it is desirable to 
the 


points intermediate 


results 
to the 
happens that in between the 


examine, in some Way or another given by such 


solutions at boundary collocation’ 


boundary points. It occasional! 


collocation peints the solutions oscillate quite wildly 


he auther would like to thank Dr iw for his interest in this 
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ilt with individually thle that more mesh points 
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loadings. In 


the paper e values of the 


unsvmmetri¢ the numerical solution of the problem 


discussed in bending moment and 


eaction at points inte rmedia the mesh points shown 


ere computed and found to be small 
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On the Axisvmmetric Problem of the 


Theory of Elasticity for an 


Infinite Region Containing 
Two Spherical Cavities’ 


PORITSKY one 


The added 


ng case to the impressive list of stress problems solved by 


iuthors have further in 


in this ease the solution, though exact, is finit« 


not in 


would like to ask what general criteria the authors 


separ ibility of the ty pe sugges sted by Equatior 
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apply proper boundary conditions on S one expands the terms of 


the second series in positive powers of R, utilizing the Neumann 


type expansion 


P(cos 6 
R 


rhe second series is then rear ‘ ) terms with like 


Legendre polynomials in cos @ grouped together, and the 


boundary conditions over S are applied. Similarly, one applies 


the boundary conditions over S; by expanding the A,-terms ir 


positive powers of R, and rearranging in Legendre polynomials 
neos@ 


In this manner one is led to an infinite number of equa 


These 


ations, 


tions in the two sets of coefficients A,, B equations are 


solved by a method of successive ipproxim based on the 


fact that the coefficients in the diagonal t much larger 


erms are 
than the remaining coefficients 
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DISCUSSION 


Analysis of Straight and Curved 
Beam-Columns' 


R. PLUNKET? Practical methods for the solution of prob- 


lems of this ty pe are of great importance to the designer, and the 
authors are to be congratulated on developing another simple 


method for the solution of beam-column problems. However, it 


is well to point out the limitations of such methods; this one 


suffers from the limitations of being applicable only when the 


axial loads are relatively sma'l in comparison with the critical 
buckling load I quation |2| ts deve lope d from the “principle ol 


generally 


work” and neglects one of the Since 


least terms 


speaking, the energy due to direct compression is negligible in 
comparison with that due to bending, this term will be neglected 
in the following 


Putting a load g at int the total bending moment at 


M(s') Wis 


rhe internal energy is 
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where 


Phis is not an 
is P ap 
this 


is the added deflection at s’ due to a unit loud at 


seen to be important 


but can be 


lond For the 
oefficient my, Table 


is) quantity to figure 


proaches the critical illustrative problem 


ounts to about 0.09 in the 2 of the paper 


this problem it is neg 


t, the 


hanging this number to 4.80 Thus for 
ligible. To get an idea of the order of magnitude of this effec 
iiial loading is about f the critical: the writer solved the 


problem by Ne 
nt greater 
mt Newmark's method is simpler than that of 


vending moments 
It is 
Southwell, 
than the 


ethod and got 


wmark's 


than those shown by this paper 


ind in this problem took somewhat less numerical work 


Lethod proposed by the authors 


It also should be pointed out that the foregoing analysis is 


which is 
taker 


valid only if the axial loads do not deflect with the beam, 


difficult to visualize point and iv bee 


This is a minor 


in Equation {1} o is discussion 
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Plunkett for pointing out 
While the 
deflect 


Phe authors wish to thank Mr 


mportant limitations of tl method presented 


nethod is strictly valid only for axial loads that do not 


with this beam, it will usually give conservative results for other 


types of ixial loading This is always the case if the bending 


moments are everywhere of one sign 


The relative greatl 


merits of numerical methods are perhaps 

the skill the them The 
numerical work of the example problem as originally solved was 
published solution At the 


dependent upor persons using 


much shorter than the request of 


the editorial committee, it was reworked the way which might 


be used bi familiar with Southwell’s method 


i person not very 
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Book Reviews 


Engineering Materials 
ENGINEERING Matertacs, Their Mechanical Properties and Appli- 
cations. By Joseph Marin. Prentice-Hall, Inec., New York, 
N. Y., 1952. Cloth, X 8'/; in., ix and 491 pp.., illus., tables, 
problems, bibliography, name and subject indexes, $8.70. 


Reviewep BY NicHoLas Grossman! 


| ABORATORY courses have been an integral and essential 
“ part of engineering curriculums, with their own time-hallowed 
traditions and foibles. Most engineering students are subjected 
to classes in strength of materials and laboratory exercises in 
testing materials, later followed by some form of machine design. 
he failure of the students to grasp the fundamental principles 
und the over-all harmony cannot be entirely blamed on them, 
because frequently the laboratory exercises and classroom recita- 
tions are not properly synchronized 
i 


Professor Marin's new book 
+ a great forward step in bringing a closer co-ordination among 
the several undergraduate subjects in the general field of the 
mechanics of materials. While the book is a self-contained entity, 
t presumes an elementary knowledge of strength of materials 
nd then proceeds to present an organized structure on empirical 
ind analytical information. 
Ihe book is divided into three major sections dealing with 
hanical properties in general, the properties of specific 


ma- 
and the testing of materials. 


Ie, The tradition of dealing 
engineering’ materials and then giving cursory treatment to 
onmetallic materials has been carried over into the present 
wk. In the past this may have been justified, but the renais- 
nee of wood, wood laminates and sandwich materials, a host of 


ew 


vnthetices, developments in ceramics, sintered products, and 
tory materials, 


eira 


udvances in prestressed reinforced con- 

es would suggest either their inclusion as materials of voting 
1 a more modest title for the book 

Che 


ithor makes no clear attempt to separate the general 
il properties and the empirical methods of obtaining 
ur-cut differ- 
ion is essential, but since the author outlined such a group- 


The reviewer does not imply that such a cle 


have been carric 


1 out. Definitions are always a 
and it is unfortunate that they 
in this book 


are not treated more 
The author selected the term 
lesignate force and “unit stress” 


“total 
to mean force per 
ith similar connotation c 
total 


ulling the elongation or d 


strain.”” The concept of elasticity is introduced 


and while the term “plasticity’’ reappears 
book, the reviewer was unable to find any at- 
0 prope rlv define 


it 


eals with mechanical properties in general 
novation was a strong bid to show the reader the 
ng utilization of these properties as they are introduced 


»yplous numerica 


gine 


imples ar 
ed to « 


nt time 


given throughout, and a set of 
While the reviewer did 
ill these problems, he feels that 


ire appen 


ich ch ipter 


it to solve 


the numerical examples and the set of problems are an outstand- 


ing fe 
who | 


engineering 


810 


N 


iture of the book and should recommend it to all instructors 
ive been s¢ hing for 


ur 
The rey 


ance, hardness 


i suitable textbook for materials 


P 
te 


iewer felt that properties like wear, corro- 
resist and fretting have 


been somewhat neg- 


Mechanical Engineer, The M. W. Kellogg Company, New York, 
\ Me ASMI 


412 


reface: 


arolina 


lected. Connection between tension and torsion is a frequently 
encountered question not treated in the book. The chapter on 
combined stresses is outstanding in clarity and completeness 
with proper references to existing engineering codes and Govern 
ment specifications. The section on stress concentration is in 
complete due to the omission of the three-dimensional cases, and 
stress intensifiers in torsion. The section on impact is a thorough 
one including tension, torsion, and bending impact properties 
The section on creep and temperature properties is noteworthy 

because the author introduces the low-temperature embrittle- 
ment of certain metals, with the transition temperature concept 
is a separate phenomenon, divorced from impact 
re 


and this is a 
freshing (and in the reviewer's opinion, correct) approach. The 
treatment of creep in tension, torsion, and under combined stress 
is clear and complete. 


The second part treats the structure and properties of specific 


materials, mostly metals. The topics dealing briefly with the ele 
mentary concept of the structure of matter, manufacturing and 


rming, and some metallography, make the unit self-contained 
und sufficiently complete for the purposes of this book 
The last part describes the testing 


g machines and the more com 
f measuring devices used in materials testing. Tl 
feels that a more | yution of the 


book: tl 
ven pages devoted to combines ! - t 


othe 


g is dispensed with or 


r would improve the general 
ing machi 


ion to some 
hardness testit 


The subject i 


r special testing apparatus enumerated 


while three pages. 
idex is not adequate for readers who wish to use 
1 


reference book and 


s are desirable 


this 


¢ 


is a det 


more detailed topics with cross 


reference 
Th 

his in treating the mech -al 
materials in a more analytical 


1e reviewer opinions that Professor Marin has accomplished 


uvowed purpose properties of 


‘vigorous fashion than 


} 


i ! ind more 
textbooks of the t and succeeds in filling the gaps between 
mechanical properties and application to de 
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n Wiley 


11 ix and 
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practically 


‘ r 
ests ) 


engineering 
withor’s treatment 
consolidation she 


iring-strength 


jus examples, typical data sheets 
generous number of illustrations 
f +] 


’ docu 1 an ritter , 1 such 
yuld be 


student 


reasonably sui » th eds of the advanced 


It should 


ticing engineers and soil 


and the graduate student 


of value 1 reference for pra 


as 
chnicians 
text 


justifies the author's objective 


“to fulfill the need of 


the 
a text for the teaching of soil 


as stated in 


sting.” 
? Head, Department of Civil Engineering, North State 


lege of Agriculture and Engineering of the University of North 
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